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BIOMETRIKA 

A W'rUDY OF YTIK NAGA SKULL, 

Uv lilJSAl^ETIi KI'l’SON, B.A., M.Sc. 

With the ftBHistftncc of 0. M(JRANT, D.Sc. 

In 1920 on expeilitioii orgnniocd by tlie Qovemtnenfc of Burma woa eon t into 
the Noga Hills for the lairposcs of Kuppresaing iho pmctico of human sacrifico thero. 
A collection of skulla and other bones of the viclims of sacrificial rites was made 
and llioae roinaina were dcsiwtehed to the Indian Musciim, Calcutta, in 1028. They 
were studied there by B. S. Quha and l\ 0. Ihuiu and their report has recently 
been published*, It is said (p. i) that: "Including ainail fragments the total 
number of bones svas 217, of which 21 wore whole or iwrtions of arm and log bones, 
81 small pieces and 117 and -19 fronted and occipital parts roapoclivoly of skiilla. 
Only live of the skulls had the cranial vaults complete, though oven in these the 
in fra- occipital region and the greater part of the boaia oranii have been removed.’’ 
Of these cranial speeimona 66 wore loaned to the Biomobric Laboratory by the 
courtesy of the India Office and the Qovornment of Burma, and they form the 
subject i)f the present paper t. On account of the very incoraploto nature of nearly 
all the apwcinions, tho ituuib«frs for which tho majority of t)io usual fnoJisuromonts 
can bo found arc considerably legs than tho oomploment of 66. Owing to blie 
kindness of Sir Arthur Keitli, I wns able to Hupplcmonl my original inetmuroments 
of Naga skulls by those of seven Bpccinions in the Museum of tho Royal College 
of Surgeons. In calculating moans it was also iJosaiblo to use some of the 
iudividiiat moasurornents given by Cuha and Baau for tho crania collected in 1927 
which were not sent to the Biometric Ijaboratory and some of their raetiaurementa 
of throe Naga skulls in the Indioir Museum, Calcutta ('lable XV of the liffport). 
Meosuromonts provided in tho following sources wore also included : 

(a) Sir William 'J'umor! "Contributions to tho Craniology of tho Beoplo of 
the Empito of India. Bart I. The Hill Tribes of live North-East Frontier and tho 
Pcoplo of Burma,’’ ^tVansacliont of the lio^al Noowfy of Edinhnrgh, Vol. xxxix, 
Part III, No. 28 (1899), pp. 708—747, Individual moasuremonts are given on 
p. 720 of one forcalo and sovon male Naga akulla. 

‘ " A Pfiporl on llio HxtmAn nelioh recovDi'cia by Vho Wnga HlUa (Butmo) ExpofliUon fot ibo AboUUon 
otnuman Bncrifico daring 97." Anlhropalogleal BuUtUnt from Ihi Hoologkal l^urvey of Indta, 
No. 1 {July, 19811. 

t A mala Inoomxiloto aolvoria— oonalaling of oomplola rrcmUl, riglit nnd loft porlotal nud toft lompoml 
boims togotlior wltb tlia groalor port of llio oooipltsl~w»ii Boat to tho Biotnatrio Lobomiory with tho 
Nimo romoiiia. Thi« boro no numbor or innoripllon on nrrlval and it was aubsequontly numborod 18. It 
doOB not appear In the report oilod and it Is of a dlifotent type, and prosumably of a dlfforent raoo, from 
(ho ocauln diwaribad (hoco. 
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A Study of (he, Nacjii fikull 

(b) Prof, (afterwards Sir) aeorRo 1). Tlmiie; "On eonio Nngn .Skulls.'* The 
Jownal of the Antliropologioai Tnatitutc, Vol, xi (IfiHS), j>p. 21f) -'-2]!l, Individual 
meosuroroenlB are given of four Nnga akidls in bhc Museum of ihc Uoyiil Oollege of 
Surgeons Tvhich I have ro-iiieaaiircd and of onn other ajHreimcn mt in that mvumum. 

The Naga Hills are in the province of EuBtem Bengal and Ajmin ctoan to the 
north-west finnticr of Burma. Alt the omnin collected in 1927 were Utken from 
villages in Burma lying in an area, known us the Triangle, within which human 
sacrifice was piacUaed hoforo that date. This is shown on the map in tho Rep&ri 
and its position is indicated on the tnap (Fig. 1) on p.’ 3. Littlo reliable informulioii 
regarding Llie origin of the victims could bo obtained. It was oacortnined that tliny 
did not belong to the tribes living witliin tbo socrifloial area, but that they jirolwibly 
came from adjoining districts to the west and soulh-wost. According to one chief 
the victims belonged to the Singpa, Walcka, Hirahku, Nukpa, Yaugngaw and 
Kyetsan tribes. It is sirfe to assume that tlio majority of tho lomaitts mpresont 
head-hunting Naga tribesmen, but those of a few captives or stray foroignere from 
other parts may bo included. It is said in tho liepoH that one or more holes hod 
been drilled through each of tho fragmontary skulls so that a string might bo 
passed through in order to suspend tho i‘olic (sec Plato I). At least two of tho 
specimens (numbered in the Bioinotrio Laboratory <ii, tho aotorior lialf of a emnium, 
and 6C, a supro-oocipital) have no such holes, however. Tho thre.o HkiillB in the 
Indian Museum, for which moasuromonts aro imjvidod by Giilm and Btwii, nro 
supposed to be those of Angami Nagae and those wore oolleoted near Kohimu 
which is one hundred and thirty miles south-west of the Triangle. 

I am indebted to Miss M, L. Tildesley, Curator of tho Bopartmont of Human 
Osteology, for the following particulars of the Naga skulls in tho Miisoum of tho 
Boyal College of Surgeons, No. 6’621 (Flower’s 1907 Gatalorfue No. 652^) was Lakoit 
from Ninu (96° 18’ E., 20° 47' N.), a Konyak Naga village thirty miles to the west 
of the Triangle, It was decorated with twelve rings of wire attached to the sygomnlio 
aiehes, orbits and nasal cavity. It is complete with the lower jaw and it has not 
been pierced for suspension. This is probably tho skull of a member of tlie Konyak 
tribe and nob that of a sacrificial victim*. Nos. 6‘0221 and 0'6222 wore taken Ihim 
the Konyak Naga village of Ghongvi (94° 49' E., 2fl" 32' N.) fifty miles to the west 
of the Triangle, They wore decorated with horns and tassels and the former still 
has these ornaments attaohed, Tho posterior parts of the calvarioo aro nisHing ami 
No. 6'6222 has a bole pierced through the frontal bone and its mandible is rasteoed 
i"'-' on with strips of bamboo. The two individuals ropresenlod hod oorwiiuly been 
saorifioial victims and it is believed that they wore probably Konyak Nagas. No. 

No, 798 “No, 773 in Barnard Davis's Theaawtu CTrofu'oruiuf} is the 
complete skull ef a fveebooter who was shot on a plundering expedition about tho 
inidiile ,ol I he oiuntofinrh century. The tribe to which tho individual belonged is 

* IV 1 1. Ilii'.ion lull (jivim his opinion tegwnJlng tho origin ol Uta Nsgs akolla bi the Kojal OoUase 
of K-.it,;i’r-v.< ;ii 0 ■i-vi-ral uf (lie remarka quoted hero ara on hie nnthorlty. 

li ir .,:uiln t1.iyNi'.iii„gi:uthAt the "ooolpital, atlas and denuta” an all oaalflad together. BowerOri 
ilir iLiliu: cf li’v es I'rofeeaor Thane has provlooily noted, was novei liued to the oooipnt. 
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A Study oj the Na^a Skull 

not known, but he is most likely to have been nii Angami Nftga. No. G'(i2;i2 (lUtl 
No. 794 = No. 774 in the Thesmrua Ciwiiorum) is the coniploU- I'min’iiin (vvitlumt 
the mandible) of n youth who had been a servant to Colonel llainiey. He is mid to 
have been about eighloen years of ago at the lime of his death niul (he (ribe to which 
ho belonged is not known. No. 0 (123:1 (Ikd No. m « No. ITfiO in the 
to T/iesaarus CVanierttin) ia the complete crmiitira without tlie itirnidiblo of a Nn.gn 
named Lcntee. "Ho was inunlered. it w«v« aupiMwml. by his wioiniti." Tin* trilh- to 
wliich this individual belonged ia not known but lainUm is wiid Ut be ft cttnimuri 
name among the Ao Nngas. while it is aeldoin, if ever, incl with uinong nllier IrilH'S- 
The Ao Nagaa live to the south-west of the Kouyak Nagas. Non. fi (12'.14ftnd 
are two almost complete crania, without umndihles, prcsoiitcd by ].7r J. H. Hutton. 
They were taken from the cemetery of the Ao Nuga village of Mangmuiiyimti (wJ. 
94° 45' E„ 2(3° 27' N.) in 1928. This is approximately (30 inihfs west of the Boiithem 
corner of the Tiianglo. 

I'lie skull E in Professor Tliaiic’s [wpor is the only ctno he dr-scribes which is 
not in thoKoyal College of Surgeons, »iul it ia wrkl to Imvo hoeti obUinotl fi\jin tin* 
same neighbourhood as No 6'62i in the mu sou m there. HoPca it is probably Umtofa 
Konyak Nuga. The eight skulls dealt with by Sir William Turner were taken from 
the bouBO of a Tonkal Naga in the upper village of Hwining whicii msome forty iniloa 
north-ooat of Manipur. This is approximately one hunilrod and fi% milcj) wmlh-west 
of tho 'rrianglo. 'The custom there is to bury the dead, «o theac specinunis wen*, 
evidently trophies although they arc almost complete crania. They arc believed to 
bo those of Tonkal Nagas from other villages. It is probable that the vast majority 
of these crania, for which mensuromonls are now available, are those of Kagiw of 
various tiibes who lived in an area some uno hundred and fifty loilc.s long and 
eighty broad extending north-east from a point twenty-five miles north of Manipur 
and lying parallel to, and possibly across, tho frontier between Burma and Assam 
(see map, Fig. 1). A few individuals from outside this area, and jawaibly some wlu» 
were not Nagas, may have been included. 'Tho sample is loo small, and tho (Wirticulars 
regarding the origin of the apeoimons are too iJtdofimUi, k maku any cumjH(ritKm« 
between different groups of Nagas possible. As fur as I could judge from the skulls 
I was able to handle, tho group is a racially homogeneous one and tlm mensunsmoiitH 
of tho total samplo appear bo suggest the samo conclusion. All the tnalorial was 
pooled for tho purpose of providing moan measuroments, 

Tho Boleotod group of tho skulls oolloolod in 1927 which was stni l to Urn Bioirmlrio 
Laboratory boro no numbora or inscriptions by which they could be identified on 
arrival, They were numbered aerially (1 — 06) there, and nothing further vvasdoims 
with No. 18 for tho reasons stated above (p. 1, footnote). From the pliatogmplm 
provided in Quha and Basu's Report I was ftblo to identify twelve of tho a{>ooiinQnN 
with certainty*, and wlmt may bo called tho corresponding London and Calcutta 

^ * Vli. the skfllla ncttbciad % 8, B, U, n, *4, BB, 80, 87. it, 51 mid BO Ja ikeniomstrioIrtljoraUuy. 
Our NO. 61 oQtreapondB to No. N. 4 of Gulin nud Bnuu and it doss nol apiwar lu our (nlilo of indlvMtiAl 
peasuromentfl ne 11 Is an nnsoxsd fragmont. Thoy also give photograph* of skull* wliioh llioy mrWb«red 
' 06, Ns 170 flnd N, 102, and theae mxe aot, aant to tho QiomotTia lAborAVoty* 
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immlwiR for thpac will be fovmd in 'L'ftble VII of individual inciiauvcments givon til 
bhti end of tliiH iiiomoir. Hy coinparing mciuuironioiitH ib wn.s also jio.Msiblo In ideiilify 
twonty addilioiuvl npocitiunta willi ti Huliicienfc degreu of probiibility. 'I'lie majority of 
Lho r<!iiifiining lliirby-lhroe crnuiii KOtil to tlio Bioiiiotrio Jjulioralory, for which ftuha 
nnd Hiuju'b inutiVtorn wniiot Vttt foimd, arc tboHO of jiivoiiilc individiiida mid iiicasiiro- 
niotilHof thoaoaro not given in tho Itepoii, Tins ttx'lmiqiie of inoasnrctnoiit followed 
there is ihatof iho Monaeu CougixiKH*, with a few inodificivtiona and additiotiH, and the 
majority of tin* deflnitioim msod may bo Hiipposod idontically tho .same, for practical 
pnrposiw, na those i^f the biometric. Hchmnc which I followed. We are thus given an 
opportunity uf coniiKiring the ineamireinentH taken hy diUbreiit nbservers on Olio same 
thirtyt skulls, though nearly all these are, iinfoitnnately. very incomplete. The 
dislribiitiona of the ilill'erenceH between flulia and Hush's measiircnients and ours are 
given in Table I for fniirteon clmnieters and it cun bo Hceii at oneo tluit there is a 
deplorably bad correapundoivco in nearly every case. It is known from laboratory 
praclico that if inefumreincnts on the same skulls ure repeated hy a single obHcrver, 
or if they are Hikoii hy two (lilTorcnt observei-s, then tlie ma.viimim dillmmcoa found 
should never exceed 2 iiima. in the esise of the charucters considered. This will only 
bo 80 , of course, if the, workers have been adenuatcly trained and if lUuy interpret tbo 
(lefiiiitionB of the ineosuronionta in prccisoly tho wnno ways. It is evident that those 
comlitiona do not hold in tho proBont instawoe ttinco only three of tho distributiouB 
of difioronces lio within tho limits - 2'05 and + 2 05. My queried nieasnremonts 
wore omitted in compiling the table and thero aro none bucIi given by Oulia and 
Bnmi. Whore my reading dilTercd from theirs liy more than If) mms, it was taken 
indopondonbly by Dr 0. M. Morant and those oompariBonB confirmed tho fact bliab 
my monaurementB had been taken in accordance with the customary hioinctric 
technique. Some of the larger differonecB in Tablo I, particularly in tbo ease of 
Lli nnd iSi, are almoBt certainly duo to errora of 5 or 10 inms. in rending a scale, 
but otboi* largo onoB can only bo attributed to the fact that Quliaand Ihusii hud 
radically difForont concoptions of the ways in which tho moasiirements were to bo 
takon from ours. Tho diBoordmico is most marked in the coso of tho palatal length 
and wo oannot imagine what doHnition can have boon applied which would give 
oonsistently smaller readings than tho iMonaco lottffueiir do la vadte pnlu^no which 
is our Qi and Martin’s cliorti from staphylioti to omlo. It would clearly bo unsafo 
to uccopt all Gulin and Basu’s moasuromonts of the Naga crania coHected in 11)27 
which wore not sont to tho liiomctric Laboratory. For the purposes of computing 
moans I usod tho values of B', LB, J, »S'i, G'JI, NB, Oi'L, L, B, iij, Si, 8t\/nil 
and fnib given for these skulls and thoir values for tho first seven of these meaauro- 

* d, PapillnuUi "lintonlo Intoruntlonalo pour I'UnKloalion (loaUaBurDnorAn'iom^ilrliiiiDs cicl’iiibnlo* 
mdlrlitiioB." Congrit InttrnaHoiial d'Anihropohgit et d‘Arck4alogU Priliiitorique, Cmnpte lUtidii tU la 
IreUlima Seui'on, Jiloiiaeo iSOO- Totno 11 (1008), pp. 877 — 894. 

t Thoro nra lliirlyawo b1<uRb sont to UioBiomoltio LnborAlory for whioh Uiq niimbors in Quiia snA 
Basu’a Jtsport can to fouatl. Onoof thoso (bondou No, 51) is on oaoipital {ragmcnlonwbiohno sullioioiitly 
aoourAte moasiiremonls can bo iskon Altbough Stand 8 % Aroeivon in tbo Jleporl: anolbfir (No. 3) Is a 
juvonllo spoolmon (or wblob no measuromoota aro elven Uiam. Anolbor juvonile (No. 14=:CaIauna N. 176) 
is iiioludod in Ibo tnblus of (omnlo ndiilt moasuramoDls in llio Jlepari. 
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ments were also usediu computing standard deviations and coel^tcient'S of varinlion*. 
The comparisons between Quha and Basu’s readings for B\ LB and Q'Jf are not 
altogether satisfactory, but it may bo assumed that tlio inclusion of their values of 
these tneoeuroraents for the additional sku Us will not ulToot the oorisUinta appreciably. 

Thesexing of the Naga skulls collootod iu 1027 is particularly difiloult wv'mg 
to the fact that most of them are very defootivo. The soxual ohoracteiti ap(xiar to 
be as well marked os for most lueos, however, Among the samplo actvt to Ihft 
Biometrio Laboratory wo distinguished niuotoon male adults i sixteen of these vrerc 
supposed male by Quha and Basu and they give no sex far the other threa which 
are occipital IVagments. Of our fourteen female adults five were aupposetl male 
and five female by Quha and Basu, while the remaining four cannot bo identified 
with their numbers. They distinguished sixty-one male and twenty-four females , 
ip tbeiti total sample though there was probably no such clear preponderance df 

! The«S ftre slim weaenremeiits (aVan by auhs and Ba«q on Uio tbraoKnea «koUa la Iho 

' Indian Mua«ijm vibkh 1 Uwo oaed, 
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lUDiiivti'lkii, Vitl. XXV, Tiiris I iiiitl ?1 

i"ll 1\,1 vriJi, 1 Sfn'hf iif tit' X'lji/il >7, ,r// 


A. Typical Male Najik Skull. Nonna v<!rnca//s. (R.C.S. <i'6231 .) 


C. Male Naga Skull (1927 secies, B.k. No, 4'!) 
skewing unorupted tilled left rnol,7i‘ 
hoi'izoncal and preventing die second molar 
from erupting. 


B. Male Naga Skull (R.C.S. 6'6232) with 
wormian bones in pl.ice of nasal bones. 
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one 80 X over the other if our aexiiig is more correct. The remainder of the sample 
of the 1927 skulls sont to the Eiotnetric Laboratory is made up by tweiity-ono 
apecimnna reprcmJnting immature individuals and eleven fragrnonta which probably 
roprcflont whilts and for wliicb no soxca can bo given. The immature character of 
a few of the skulls placed in tho juvenile group ia somewhat uncortaiu owing to 
thoir incomplete nature, but one (London No. 14 « Calcutta No. N. 176) with a 
eoinploto imlaUs which was undoubtedly juvcnilo is included in Quha aud Bnau’e 
tables of female adult meoaxjrcmonts. Our individual mensuromenta of all theso 
skulls whioh ware aont to London, with the excispiion of tho odult unaoxed fragments, 
are given in Table VII at the end of this paper together with thoao of all the Naga 
skulls in the Iloynl College of Surgeons. Ono of the last is immature : tho sexes of five 
others were either known, or they were cHtimated by Barnard Davis, Flower and 
Thane and their consistent determinations wore accepted; the romaining two wore 
collected in 1928 and I have supposed that one of these (No. 6'6235) ia male and 
tho other (No, 6'02:}4) female. I nccoptod tho H(ixos given for tho skulls for which 
1 have vised previously puhllBhcd mensuromonts aud these include those in Quha 
and Basu's lUpoH which wore not sent to London. 

Bomarks on sutures, for adult skulls, and on teeth for all t was ablo to oxamino 
are given in Table VII. Unless otherwise stated, tho coronal, sagittal and 
Inmbdoid sutures of the adult specimens are nil open. Tlioro appears to bo a clear 
prepondoranoo of young adults over fully mature individuals in tiio cose of both 
sexes and only one (No. 0'G236)*, which is a male, can be called ageing. Turner 
found erne aged Tonkal Naga skull among the eight sacrificial specimens ho examined. 
No. fl’6285 came from a ccmolory so thorc is a suggestion that young ntlulbs and 
children wore preferred as victims by tho Naga head-hunters. Tho raetopio 
specimens are three (Nos, 31, 0‘0232 and fi'6233) out of twenty possible male 
crania, throo (Nos. 4, 40 and 47) out of sixteen possible female and two (Nos. 43 
and 49) out of twenty possible juvenile specimens. Quha and Basn say for their 
total sample that tho motopic suturo is present "in fifteen specimens in vorious 
proportions.” The number which they could examine for this anomaly is not 
stated, but it was probably about ono hundred. It seems reasonablo to conclude 
that, judging from tho Naga crania known, tho motopic suture occurs in more than 
ten per coot, of cases without regard to sex or ago, no speoimons so young that the 
suturo would not normally havo cioaod being inoludool. Tho froquonoyis unusually 
high for n non-Europoan race. It is possible that it is inaoourato owing to tho fact 
that tho collectors of the crania favoured those whioh wore motopic. One male 
cranium with interparietal bones was found among five male, four female and two 
juvenile specimens whioh it was possible to oxamino for this anomaly: this (No. 60) 
has the ossa iriangulai'ia, only soparatof. Wormian bonos wore found in more 

' Tho numbora boglnniuK 0* oro ihoM ol the ihulU Iti Uio Itoyol Oollogo o( Surgeone. Othori from 
1 to OS given In the text ue Ute Biam, 4 t(ia Laboratory nambeta of tho akuIU oclleoted In 1927 whioh wore 
aent there. 

+ Quha and Baan glvo a pholegraph o< an uBsexod ooolpltal fragment (No. N . 96) having the oompista 
form of Intorparlatol bonos (Plate lY, Fig. 7)i this was not sent to the Blomotria Laboratory. 
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than fifty por cent, (if each sox and of the juv(!nil(;«, whili; epiploric Iioih r 
with the like pcrcontugi^. The region of thii pterion could hi; cxainini'd on bith 
bkIgs in the cane of acveiitcen male sknlla and liievo ift no exivinphj of frouto- 
temporal articulfttiun, though one sjH'citncii (No. 31) hIiows n clow; approach Hi's 
condition on both sides: the same region could bo examined for HevpnU;en fi-nia1« 
on the right and aixtcuu on the left, whUe there is eue ciuho (No. 'K)) of fronio- 
temporal articulation on the loft and the right pterion of the wuno skull is norimd; 
for the juveniles the crania which it was possible to examine rinmlKw fourWeii on llm 
right and seventeen on the left, while there is one case (No. 17) of froiit*i4<'ni|Ktml 
articulation on the left and the right pterion of the samcskidl is defective. Turner 
found two cases of fronto-tompond urlicidation on tho Ifeft side only anujiig Ibe 
eight Nngfl skulls ho e.xamined. There arc examples of singh; or imdlipUt lympnic 
perforation in ail the groups, A foinalo specimen (No, 0 (5234) shows of ihe 

Buturea between tho ex- and aupra-occipiOdB on both sides. Most of the teeth «>r the 
adults preserved are considerably worn but in a good stale of prwcrvalion. There 
are eighteen male skulls on which the. palates arc almost coinploU; and for fifloi'ii of 
these no teeth had bcoii lost before death. Molars were the only t(?clh lost in (he 
COSO of the other three and no carious teetli other than molars were found for the 
sarao group, Owing to their failure to ompl, two of the eiglitcen sjiecirnons bad no 
third molai's on eilhor side and one other liad no lliird iimhir on tin; right. Them 
arc several examples of ‘shovel-shaped* incisors (see Figs. 3 and 4, I'lalo V, in 
Guha and Basu's Report). One male fNo. 44) htw tho uneruptol third molar on 
the loft side horizontal and its crown is in contact with the second molar W’hich lia« 
thus been prevented from erupting (seo Plato IV Gbolow). A males skull (No. (3(1232) 
has wormian bones in place of the nasal bones and llio ethmoid i« oxiJtwtul below 
them (see Plato IV B). Tho nbsonco of the nasal bones ajsjscars to be n very rnrt? 
anomaly. Three examples of it wore described by tho present wriUsr in a juijwr on 
a series ofToita skulls from Kenya Colony*. A few healed wounds were found on 
tho Naga skulls. None of these is largo except that on a strong male B[)«simftn 
(No. 97) which had a bovovo awovd-cub on tho right aide of the frontal Vmno («i;e 
Plate VI, Fig. 1 in Quha and Basil's B^xyrt and Plate I below), 

No geographical divisions of tho Naga crania for which mensurenionw are 
available can be made, but it is of iuteroab to compare the means of tlin»<; 
groups (pbtainod in different ways. This comparison is mode in Table 11 for the 
characters which can bo measured on the largest numbers of Hpucimoms, Tho 
groups are; 


(а) the crania coltootod in 1027 measured by the present wriu:;r, 

(б) tho crania collected in 1927 measured by Quhn and Basil but not by the 
present writer, 

(o) the crania measured by Turner (seven male and one female), the femal« 
measured by Thane, two male and one female crania in the Indian Museum, 


, “A Study 61 thu Negro Skull with epeoinlBeloroDcoto tlieOrntila from Konyu Colony." 
yol, xim (1981), pp. 27;_814, Sim pp, 264—286 and PUte IV A, JJ and 0, 


tUomitrika, 
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CnlcuU«. f(ir wiiich iiuiasarcmouts arc provided l>y (hilia and Bnan, and tlu! Rrania 
ill Ihe Unyiil (lollnge nf .Snr^'conn iiiHWiirod by llic prcHenL writer. 

TInw lliree pmn|w nre iiidflo up nf mindl miiiibera mid ci)ii.sidenible diUbrerices 
litilwei'ii ibo tnemiK may be exiH'eteil if only eii ueeouiil, of nnidom Hftinpliiijj. There) 
novorllu'le.Hw. a Tiurly [(iMiit etirnfuiwiideija! throu|»h(Mit wliilii ihoro in a rcmai'kably 
clow' Olio Iwtwwti j(r(iiijw (it) mid (e), Tlie memiH for the {b) group solely difl’er 
appriiciablv from (hoHc for the other Iwo by having .Hintdlor iiialo val ties of li', >%, (r J[ 
and J, Only n wnmll part, if any, of these ililTeronees cun bo attributed to tho fact 
tlmt dilTerences would be found between (.iiilm ntid Dasii's mciusurcinoiits for these, 
ehamclcm and onrs Uikeii mi ilu> mine enuna. The inalo. incnnu eoinputiHl friun 
tlieir ineitHiironuuitfJ for the enuiia whieli wo inciisiircd are: }i‘ = D.'i'K (10), 
12H-1 (J2). (t;i) mid iST? (14), All these differ by less than 

one. mill, from the t<irnjHismdiiig memm of imrs given in Table l[. It is probable 

'i’AHldO ir. 

Afcmi Mciwyamaits fur Clrmjix of Naga iHkulls. 
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that the npprocinble dififerDiicoa found botwoon the inalo moana of the two BamplcH 
of akullfl enllected In 1927 tiro duo to soxing. lb has been seen tlmb flulm luicl Basil 
were inolinecl to mwign u lm|[or proprligii to tho male sorioB than wo wore and 
Imnw. their ixirIb mcMtua 'tumid lend Uj be timaUer then ouw. Tho floxeti of thvoo of 
tho skulls in Group (e) wore known and those of tho othom wore imsigned by Turner, 
Flower, Quhn and Biwu (throe) and Kitson (two), Tho close ngrooirient nf the 
mouns for this group with oura for the 1927 gorios encourages tho baliof that our 
aoxing of tho 1027 aeries is subBlniibially corroofc and, if this is so, Quhn ond Basil's 
ia probably in error, It enn bo atiown tfint the sox ratios given by their ineana 
are particularly amaU. Tho samploa are too atiiall to make it possible to decide 
those cjuestionB at all dellnitoly. 'The moans for the three groups wore pooled to 
give tho beat moon values which it is possible to obtain for Naga skulls at preaont 
and it U unlikely that these figures differ appreciably from tho true means of tho 
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TABLE III. 


C’onstanis 0 / Fanaiiod for Naga and Sgifplian Skull4*. 



BtaDditrd (taTlatloiiB 

Ooefflolnau of rwiallon 


Nftgafi 

Nasae 

KiuiUiww N j 


Mato 

I'omalo 

kfalo 

Female 

Mule 

Female 

B 

LB 

5, 

O'E 

EE' 

ED 

J 

Oi'L 

Q%L 

4-97 ±'29 
4-01 ±'34 
6'2e±'3B 
4‘78±'2D 
2'B5±'23 
1-041 '10 
6'8a±'41 
1'70±'13 
2'ia±'t9 

4'27±‘33 

4'lfl±'30 

I'BOi'lD 

1'00±'18 

6',70±'3l 
4‘02±'34 
4‘tC±'30 
7'23±'46 
4'00±'44 
0‘IS±'37 
4-43 ±'32 
4'01±'33 
9-27 ±'07 

. 

4'80±'3« 

0'S4±'M 

018±'6S 

a-iOfia 

4'Sl8±‘a7 

3 'Wit 4)0 

4-88 ± 'Oft 

O'OOflO 

6'(l&±'09t 

7-271; -12 

O'flOt'OO 

4't)0fO7J 

fl-MfOft 

4’n ±*08 

3'oa t 'W 

4‘«i±4>a 

ft'84±n 

3-31 ± *101 

O-ttftl'H 

a-tW'±'(fcs 

a'8a±*ii 


* Tha number* o( akuU* on wbloh the Neg* oon*(Aiil4 are bwed e»n be oeen from Teble IV 1 Ibe 
emnlleet le HI, 

t Thasa are (or the FrAttk(ut( oaaitl liolghl iJJl, T, In plAoa of Nit', 

t Tha»e we tot otblUl btoedtUa louad by PawocU’e aurvaVuio method la pUoo o( dwsryel brei»«J»bft. 

Avai1al>le sample owing to errors of soxing, The pooled moans for all the ohAmoUtra 
conaiderod ate in Table IV, There ie a very Bfttisfattory agmmont bolwoeia vhe 
corresponding male and fomnlo Kaga indices and angles^ allowing for tlia fneb Umt 
the samplea are very small It is generally found, os in the prmnt ca»o, that the 
female ocoipital {Oo, X.) and orbital indices are greater than the mnie while the 
male simotio (100 SSjSO) and palatal height-breadth indices (100 SUfOt) are 
greater then the female. The measurements suggest that the series for the two 
sexes represent the same racial typo and a direot comparison of the skulls wo ware 
able to examine bad suggested the same conclusion. The following moan indices are 
found for the immature crania: 100 Q'fffQB = 6'f-6 (16), mSB/NIf, H ^ 64*2 (18). 
lOOOyOi, t-aSS’S (20) and 100 fifiS/W » 24t'2 (18), As for as can b® soen the 
juvenile specimens roprosonb bho same racial typo os the adult, 

The standard deviations and coeffloients of vamtion are given in Table IH for 
all the oharaoters which can bo measured on 27 or more cranio. No signiflcaul 
differences in varinhilit.y are found between the two sexes. Comporison is made in 
the table wiih tho cocflioionla of variation given for the long Egyptian S senes of 
20tli-:-30tih Dyuoacy skulls^. It is known thot this series, which oaroo ftt>m a single 
cemetery, ie less variable than nearly all that have been obtained from European 
sites. The constants for nine oharaoters can be compared in the case of the males, 
the Naga value being greater for six and less for the other three, Tho diffotoaoo 

g Karl Paatwn and AdolwdB Q. TDa^ini '<On the Plometrio OojulanU of the Baa«a Blrall" 
BUimttrtha^ VoU xn (1S24), pp, 828 — b8S. 
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• DaftnlVinnB if U»* miMureiwinW donoled by ib« (Bdax-loHoti will be fonoU (n Biatiutrfia, Vol. Wi 
U9»), pp. 82-4M. 

V ,+ (oUowlnw MldlMocma moMxe e*n be for- the Bortnew from Ineeln Prieon 1 <7»1404'0 (90), 
OI«b«UMr OrnMO-S (28), Broeit’* Q'wBtH'B (99), BlMlerlonle flwl07-0 (90), IiMrymrt (99), 

109 OeffiMr/MMil O, is^96'9 (99). 

t Vhi* t» R(o«»'a anMl IvrteM from Um bmIob to tbe ‘-beM" el lh« Mterior apbi*, 












12 


A Study of the Naga Shdl 

between the cocflicicnt-s of varintion exeeoflK 2-5 tiiiieK itfl jintbalili' ernr i« lb** 
ease of /J'(A/p.c. A = 3 ‘i) W'/f (2'9), ,/ (2-7) .uul iV/i(21J), wliiU* 
is greatof timn the figyptiim for the fimt tlin-e of these elinrnetorf*-^ ‘t’lirw -5 
the four female constants whieli can lu) compjroit nre gniaUiv f<»r the than 

for the Egyptians, hut the tliftoroiuie is only signilicaiit in t)i'! cas'* of f 
The Naga aeries is rafclier more rarinble than llm higyptian, hut, w far r^m Iv 
aeon, it is not morn luiterogoueous than must which luivo to he nm.'pt«”<i an » 
seating a single racial type. 

Cmnpaviaoua bctwooii tlw! male Naga ajul other Asiatic cnuiial »(;rios were nw-le 
by the method of the coefficient of cueial |ikeiuu««. These cfH»Hici(‘ii(,a Inu c re«i(’nMy 
been given between all paira of 20 Asiatic series* and weuclecUHl nine from Ibw*.' 
either on account of the fact that they represent neighlwuring ]«»ptea, or Itetrauw’ 
a rough comparison of the means HUggeated that they might bn nlH'si On* Nagas. 
The series chosen rcjtfoaont Tagais, n supposed nuu-m,'grit*» p<*p!c fnun the 
Philippine Islands, Uayaks frotn Roineoflioth meoaurwl by von Ihpiiinh Tiln-toa of 
the A typo from tlm south-west of Tiliel mul Ko[talese (Monmi), Chiniw; from tli<* 
province of Fukien (Hanowee), lute prchisUitio GIuucko. fcnni Ktuwu atid 
(Black), Burmese of the ^<1 type from Moultneiii (Tildesloy), Aituw (Kiigancij and 
Hindus from Bengal, Orissa and Stt\\thetn India (Ilmu«lli,'rurncv atul Miiulegas-SAl 
Comparison was also made with a series of 2!) crania of IhiriricMo lucn who diwl >» 
Insein Prison, Ijosvor Buvnuv, Meoanvomouta of these \vore given Viy Kir William 
Turnoi’f and the previously unpublished means are in Table IV. Tho wHkieiUM 
of racial likeness between tbo Naga and those tei\ scries nro given in Table V 
and the relationships suggested by these criteria are sliown in Fig. 2 which is 
based on Fig. 8 in the paper by Woo and Morant cited. Tlmy concludisd that 
the most reasonable olassifloaiion was given if only tlm lowest ortlurs of re*l«c<'4l 
coofficienta were consider od and for this pur pose they ignored all grtuvUir Umn 19. 
There are four with the Nagos below tliis value. The lowest is that of 4 HY with tho 
Tagals Mid there ate several Asiatic series for which the lowest mUiwnl <!<mfRcjent 
which hosyet been found is greater than tliia, The connection with tlm Dayakit 
is nearly os oloso though it is less intimate than that hotwcow this Tagaia and 
Dayaks. The Tibetans A and the Nepalese are further removed from the Nagaw, 
hut their rescmblanoe to them is still fat olosor than that hetwoon Ui« Nngn and 
any of the Asiatic types with the exception ef thoso just mentioned. Tim Nngw, 
Tagals, Dayaks and Tibetans A may he oonsidered Vo form a closely itiUirTOlnlisd 
group since their relationships to one another are more intimate than any between 
them and any other Asiatio typos for which omniological data uitj ttvailablo. As fer 
03 can bo seen at present it is only by tracing rolationahiiM through this group that 

• T. L. Woo wd Q. M. Momnt; "A ProUminaty OlMBlficstlop ol Aslmio lV«o«8 b#s 9 d on CmnlsJ 
MeftBvjiDmentB.'* Momnrifia, yo). irxjv(,l!)8S), pp, lOS— ISi. Tto inoattB Ihomsolvos or rofaivnms lo ssttiws 
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* Th«< number Jn roitnd tva^ibeu fullowjog tlin oonnkiculr iJi llio nuiiibor of olmrootum uu wliloli i( iu 
biwsd. Thfl numbotit l« squiw* braeJioyi Uetnw llm coofllolonl uro ilio itiean numborA of ukuIlH nvnilnblo for 
(ba etiarafliiitri^ iiMd in ornipuling ii; Ibn fliDt in for iho Kogti ri »1 iIir rdoomi] for llio oUittr acrioo in tho 

coiupiMiRti», 

till) IndiRfi mcoa tsati lw» linkiil up with tliu Northorii Oriontiil mcufi, thu Chinoso 
and Jftpftnuw), on the one hnrul, or witli tlio Soiitliorn Oriental nicoH. tho Southern 
Burmese, Juvaneso anti AfiUia, on the other hand. The members of the aforo- 
menlionctl closely I’nterrelatcfl group of intermediate types also stand botwecii tho 
Northern and Southern Oriental group. This abato of affairs accords reasonably 
well with geogmpJiical considoralions. The Nagas and Tibetans A are more or less 
centrally placed with regard to tho peoples of India and the Orient. Tho Tagals and 
Oayaks inhabit islands bo tlio aoiith-oaat to-day, but there is some evidence, considered 
below, which suggesta that they catnc iVom the samo inland area. If this ia bo it is 
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Isws 8«>j 6 jw 5 Owl wfe« ar*? flwiroilar lo the Soulheru 

m,n I'i'P’ s}j^ With fey tfe<s Tji^afa ami Ifeiyah*. The Nagaa have 

A fwlitewl rwWk?i»?i(l %4 «»ife slje BwitatW! AJfri« Irom liwiin Trimm and the 
a 1»»9. t4eti>9srisil TaJsm ft! g-S0^ wiSfe ifee Bi}rm«»s A Twm ^loMlnsein. Theso ivvo 
^ifafre'm jsr-jajhlwmfw^ towtes 5!Ma,v«» ajradeTOeltkjftnter^'S? i '26 fur 17 characters 
(umI the r«fei»*l f 

Dr J. H- ilw'ak wijfe jfeic? ©f the wriginof the Maga tribiBs in 

gtmeml itt bw r-itit titi? trife** It i.® «5<1 th«t the weight of iraJliUon 

paints tij ftwn im fined waSis^ly to the mnith of Ujo region ficcupied 

bji lb« jwwjdis lK*-«lav " Wfefsfw site fiagM «toe b«in before they nsjichal the country 
nw MamijHir m a wiorfe m^cire dillkstjlt psrofefom.,.. A^ll sorts of origin# hove been 
ascribsd to ibe nte?. They fears b^n *WttO®cS«I with the htNui-htinleiti of Malay 
and Uii! mm tbe ffciatfeerti Sewa «i ihr* iwne hand, ami trawl back to Chino on the 
Other,.,,, fin tfee fewt? (dTwgoBge their wngju i.» a«ig»nsl by Sir Q. OrierBoo to the 
amsmI ware of swjgralkiifi, that of Sbe Ihl^itodinmntna, from the trndiliotml cradle of 
the lotfodbinswx’ r»r«? in Kwrtfe, Wjrsistofrti Qiiiaa,...'' In n footnote Dr Hutton accepts 
tha view ibot'"tfee ^^agw> fear** rery si rang etillural alHniUes with the untivos of 
the Ariatic Ijdamrlw, m»linfely lUnmm* and the Phrlippiuft Islands, tuid perha^M physical 
aflinilies with ^rewe »f tfeemr Tfew foci tbat there wreatrong nfflnities betwoon soma 
sRpccto of ibo rfiiltoreai s»f tfecsw jwpS^ fe BBS which has Iwo aUitod by Mr Henry 
JklftHtrf. Dr CharW Mow wfora to the «me eultoral connection in a recent book \. 
He writos: ''Dr Muiiwi, C«? om 3 L W. HhabMp^r. Mr T. P. Milla and otheni have 
writton very valMaWc' ami totorwting br^k* on the Kaga tribes,. .and there aooma to 
toe to bffl ft wftry dews utiwiitarity in the legends, Buporatitiotu, customs, liabito and arts 
ofthwi Iribwand jlfe«««f] the wljawiii highkiKkorihe rerawnder of the Brahma- 
putra bssiiM, which to BhafftctornistiB of ona nr other of the ruder lank-hairotl tril>^ of 
Borufto, Snmttlaia, the Philsppiimattd the other islands of the Malay Archi{»lago.'‘ 
Theeoeffiemto of raekl liktin®^ betwoan the slender cranial series availnblo suggest 
forcibly Uwi there is a clmw pbyirieal, aa well a# cultural, relationship botwoon the 
Nagna, the Ikyaka and the "^noa-oiBgirito'’ inhabitants of tho Philippine Islantla If 
the arrangi^ment abowo in Fig. 2 iilaatwta tho true oonueebiona of the Oriontol 
aod Indion rmm Utett it fo polttble that the Dayaks and 'Pagala oatne IVom an 
inland arm whteli may well ham been eltoo to the region oooupiod by the Hagaa 
to-day. U may be tiotod that, ^n Hvinf l«sople belonging to fch^ moos and the 
living Tibetans are genemlly said to pwwss Mongolian traits though they are not 
pure Moogoliaito. fhoyBjrtflwiuontly^d tobaver^nlteclfromablendofOaucasian 
and Mongoloid olotnonto. 

The nurnbors of iorUridimla making up the Kaga orwial sorios are so small that 
it would not bo profitohle to make any detailed oomp^sioabolwoon tho lUMns for 
single oharoctors and thtm given for other Aeiotiosories. Tho mean cephalic index 

* rjw .rfsfsto/ p- a< 

t Th4 Jemmi af IA« Heyal JtUhn^oUiff^l rwlftofe, Vo>. vwv (IDU), p. fi7. 

t Nmiuml Mm, 4 Mnm (IW), p, W* 
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for 14 mule akulls is 76 l» ml for H fomalfts it is 70?. McMiinnnojiU Kivrn l>y 
Dr Hutton* for 23? Nagft mnn bofoiiging U) vnrioiiH tribes Itwtcl n mean neplmlic 
index of 7M. lloimunbering ihnb tiic living index i« oxiKwleil Ut bo ulKiUt two iwinM 
greater tijftii the oraniiil, wu have gowl loiwoii to boliovu ihnl onr valnos sro very 
close to tho true ones for Nagti Hkulla in goncrul. The ctMilTicienL of moiftl likeneim 
bobween tiio Nngws and 'i’ngala eonld be baaed on 24 eluUftkrfi w\d only one «f 
these shows a significntifc tlifTcrcJieu, i.c. un « gjonltfi' than 10, this i« fur 
(?'//(« « 1009). The miiiKi thing i« found in tins winprisoii with tho Uayaks 
(a for ff7/= 19'30) and the Naga upper facial height is ahortcr than the other two. 
Tho coefficiont with tlio Tibcitana A could be based on ‘ill chamcUjra and oiil)? orto 
of these is found to indicato a HigniricanbcUfferoncc, vix. //' ((ts® 14T0), and the npjw 
facial heights are not differentiated in this case. Three or more characters nns foHmJ 
to differ algiiificanbly in tho cose of every one of tins other tiouipiiritonB. Tho Nagos 
differ moat markedly from the Ne^udoac and Hindua on account of tlurir jprttitor 
bi'/.ygomabic, calvarial and nasal breadths, from the Chinese, t»u Ris;annt i»f thnir 
lessor upper facial Imighfc and from the Snnthom Bumieao on account of tImirloWBr 
cephalic index, lessor upper facial lioight and calvarial and nasal breadths, but 
greater calvarial length. The Aine eephtvUe ivrdex nC ?d’5 is very elesc to thv. 
value of 76‘9 and the coefficient of racial likonoss wjw calculnUal in ibis Com.; nlthmigli 
no close connection was expected. Of the 10 cIiamcLors compnrwl six are found U> 
differ aigniftcantly; thcao arc £ fi (a !=> 48‘2G), i£(’t3'ffl), /f'f2(VH2), (/*/£ (26'2l), 
N i (2T7(J) and (1CT7). Tho Nnga typo has ft smallor facial akcloVon tlvun the 
Aino. 

Of the adult Naga crania available in the Biomotrio Loboratory there were only 
six male and four female complotc enough to be uacd in tho ordinary way for the 
purpose of providing oontoura. No tronavorso or horiKontal cjontoura were drawn, 
Tho sagittal drawings were mode in. tho usual way for all tho ntlult ftpeeimeu® on 
which both tho uasion and bregma could bo located. Whore jwssiblo the miiiuoj 
Was orieivtatcd by making tho ntwion, bregma and lambda the saroo height abovo 
the drawing board, but if the lambda was missing the anterior noaal apine, nlvutilar 
point or basion was used in its place. A now metbod of constructing tho typ<i bad 
to hft devised iw order that \iso might be made of tho outlmcB of the ibcomplciiJ 
specimens for which the iilfy base lino is not available, Figs. 3 and 4 arc the ttinlc 
and female types and tho mean moasuromonta from which they woro coiiairucU«l 
are given in Table VI, The boao lino is, os usual, given by six male «nti four 
female crania only. For these the mooua of tho otvlinatca VI -IX mid tho «'s and 
yh of tho iarobda, inion, opisthion, auricular point and sub.orbital point wore found 
in the paual way. Thoy also provide the moan values of the angle BiVy. The jw^i- 
tion of the bregma is then given by the moans of tho A'/9 chords available for 
IB male and 12 female crania. ^This lino. — oxteudod where noc0S8ary-™us usctl oi 
an accessory base lino and it is divided into tho tenths and other divimons indicaUsd, 
. The tip of the anterior nasal spine (27S), tho alvoolar point, the anterior (p) and 


' op, cP., Appendix XI. 
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posterior (p') cxtrciiiitieH of iho piilato Ixjiich, the Hphenoliiinioii fuiil bwiftii nil liavii 
their ir.co'orcliiiate8 nioosiired from N along mid their y-Ro-oiiliiinlefl pr]K'ii‘ 
dlciilar to this line, In order to obliiiti lulditioiiiil piiiiJtHin LliupriMimxillriry n’gii'ii 
it is also necessary to draw u llini blirougli ihu idveolar point pumiy Ui 
ordinates kingtnkon from it at distanccH of ^'^th and ^tli of from lln* alveolar 
point. 

The typo sagittal 00111011™ ciawtriictod in this way are based on very NinJill 
numbei'fl of crania and no dotalled compiiriBoiiH with other types would Iks jiiftlifiwl. 
Their most peculiar characteristics arc llmHinooth and almost verticjil sections tif tin* 
frontal bonea above the noaion,— the inalo figure having no dmlingnishnhle glabella 
prominence,— and the lack of projection of thcflcctioiiH of tlm nasal bniu'S. Thosti 
are characters which wo should expect to find in the case of an Oriimlnl typo, 
A comparison with llio type contoui’S provided for othor Orieiilal Hifries shows that 
id) tJiflir frontal and nasal sections are remarkably alike, The Tibeto A and 
Nopnleso differ from the Nagas, Ohinesc, llunuese, Javmicso, Dayaks and Tagnla in 

having more projecting nasal bones, 

■ 

i:)ESCltin,TON Oii’ TLATliH, 

I. Nomml rattlofi(lop row), nornul fonifllDD (iimlilli) row) nmi juvenllwi (bolloin rnifr) fmm iha 
orftnift oolleoLcd In 1927. The Uiomolriq Lnbornlory niunbws of Uimo upwlmene, iwnllng (rgm l«A i« 
right, firo: top row 87, 8H, i\ ntid 18, middle row i, 9«, 19 nnil Ifi, Loltom row 8, Ifl, 0 and 48. Np, 37 
Las n Urge lionlod wound on ilio rigin &ldo of ilioiroaiftl Lone, 

II. Typiofthnnlfl Niiga ekull (ll,0,S, toafll), Nonno/ddufli (en, 0-8 n«lur»l nine). 

III. Typical malo Ncgn skull (B.O.B. 0'B2Bl), Woriim foferoifs (ra, O'BB nalurnl aUe). 

IV. A, Typical tnaloNcgu akull [R.0.3, (l'fl231). Norino uerifMlis (««. 0'7 nntiira) ilnn), 

B. Tbe nnsul bridge ol a male Nnga aknll (R.O.S, 0‘0898) allowing wormian IkmM In pin** of 
the nasal bonce {ca. 2'0 nulural size), Tlio imsal bridgea of two African negro (Telia) crania having ihe 
aanio onomaly aro etiowh in A .Sd/dg 0 / (hi Uegro ATull (Wfomeirflro, Vol. .\Xljl (1831)), p|«|« IV 
Band 0. 

U. rhfl palaio ot n mala Hogs aknll (1027 aerieB, B.L, No. U) nhowing the nnrruplwl third led 
molar honzmiW and provonJing ilm aocond molar from crujKing (en. nafiii'di size). 
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THE ALBANIANS OF TI-IJ5 NOBTH ANN SOUTH 


(1) INTRODUCTORY ACCOUN'l’ OF MISASUREMBNTS 
AND PHOTOGRAPHS TAKEN IN 1929. 

By MIRIAM L. TTDDESDEY, 

Thk Albiuiiftii jKioplo, whoso touaiicy of the Rulkaiis is said to cxtciKl favLlier 
back into the mists of anti({iuty tliuii that of any other Balkan taco, and whose 
language— save for borrowings— has no allinitios witli other European tongues, is 
divided into two gronps, Gege in the North, Toskii in the South. The quustion at 
once suggested In the physical uiitlu' 0 [>ologist is whetlier the diffurciico of nnino 
covor.s also a rljilbroncc of type, Tho moaaureiiiciils and profile photographs which 
form the basis of the btatistical study which follows this pajior wore oolleofccd in an 
attempt to furiiish aomo sort of answer to this question, the subjects being thorefore 
chosen in approxiinabcly equal mirabors from North and South. 

Light upon the physical charactovs and rolationships of the Albanian people was 
however not the only, nor oven the original object in making these investigations. 
They were prompted also by a ([uitc different purpose, And sincu the civciim.staiicos 
which gave rise to this other pnrjrose affect the records thorfiseWcs, it will be necessary 
to explain them briedy here, 

In 1928, iinprossod by the enormous waste of effort and opportunity involved con- 
tlnually in the making of anthropological records which are to a largo ox tent noH’Ccm" 
parable among Ihemselves, the writer published a paper entitled "Racial Anthropo- 
metry — A plan to obtain Internatioiuil Staiidardimtion of Method lu the course 
of it reasons wore given for supposing tliat the technique oiaboraled by Professor 
Rudolf Martin probably formed the most hopeful starting-poinhfft^f'i which to build 
up im iutevnationally acceptable technique. The rcaaons given— the ehiof of whioh 
wna tho wide following already obtained by the Martin school— worogonornl: they 
included none based upon firak-liand oxporionco of the tochniquo by tlio writer 
herself. As such experience would clearly bo useful both in subsequont discussions 
of the problem and in estimating the reliability of records made by others in 
tho hold, she took an early opportunity of obtaining some instruction in tho 
tochniquo and then of practising it under field conditions, Both the amount of 
time spout in study and that ovailablo for field work wore unavoidably restricted 
owing to various ciroumstajices, 

* Joiirn. itoy. Anlhrop. litst., 'Vol, lviii (1036), p, 861, [Tlio Edilor fools bound to ntnlo tlist In 
publisbiog this Aooouut ho boo not cverlookeU (he humour of this otpinmtilon of tlio wdior'e purposes.] 
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The limited mmmiit of tminiiiK mnut Im clejirly rmlised: it wmild he mi.^t 
unfair to lior iuHtmctorfl to poR- an a fully Muitictl unlliropmm^lriHt t.f lli»‘ Martin 
school. The antliropolfjgical trainiiifj {'ivou lit tluj Aiilhr<>iH.loKiwlniH Iimtiliit in 
Muiiicli extends over sovonil yeui-H and inchides ii for liiiiji[er luid iiiorc lIutoiikI) 
practice of anthropometric technique Ihuu it was poH-silile to crowd into the llm'o 
brief weeks of her stay there. Slie lias to record her d(!(J|i giiililudu to Trofi ssor 
Theodor Molliaon and I>r Wilhelm Oicaelcr for the iwiiiiH they took to umki- tUiu 
short stay yield the maximum of profit, Iiitenaive aiillirdpometrie iiiHlnietiiui wnsi 
given by Dr Gieacler to a cUus.h of two —lhn other Hliident being Mr K. II. 
whose visit to Europe has enabled him to record in detail wiine of the dilVenuices 
between the techniques employed by varimis lenchersof atitliro[Huin-try in Hiirn|K>*. 
Practical instruction in photography was given by I’rofe.Rmr MoIIiriii; anrl advice 
as to instruments and equipment by holh. The writer cannot f-irlu'iir to esproRi 
once more her grateful acknowledgment of the lime and elTort so generously 
expended. At best, however, it could be but tlirco wocka of preparation, ami llie 
question arises os to how far one can rely upon the nhservarujiis HidmcqiU'iiUy taken. 
It was part of the plan to get at any rate a inoaaiire of the observerH (twn variability, 
by making the observations on a aeries of individmds Iwice over on diffvTcnliwiaaioiw, 
also, if possible, to test her personal eqnatiim against lliiit of sninc ollmr user of 
Martin’s technique by iudependent mcmmretmmt of the sjuuo scrii's. thirortiinjiUtly 
neithor of these projects could bo carried out on the reliirn to England owing U' 
the demancla of work accurnulatoil in her absence; and it would Inivi,! kten unwKw 
to do SD after some months' interval in which memory liatl lost its nharp nnllinw. 
There is no certainty that the personal equation esinblishwi tiuring a few weeks’ 
application of a technique will bo found nnohangod months aftorwanlH. 

In this particular, therefore, execution fell short of the plan. And iirirortunaUdy 
it must bo not merely admitted but cinphosized that this failure rolls her meottls 
of a good deal of their possible value. The foot that moat oilier piihliahed measure!" 
merits on the living body suffer from tho same defect docs not help mnltenii, No 
measuremoiit on the living can bo taken at its face value as rejueaeiiling al»t)* 
lutely the size of a given character in a given person, for this will have u cerUiin 
range of inherent variation as well ns variation over which the observer has iwine 
(bat nob absolute) control, namely the posture of the subject and the olmervcr’a own 
identification of terminals, his accuracy of reading and his ability to twrforni the aamc 
movements and pre^puros repeatedly in exactly tho aamo way. From the Btandan:! 
deviation of the difference between paira of observations by himself on a Rories cum 
CQuld work out tho value of tho standard observational error for any uf his coMsUmts; 
similarly one could evaluate and allow for tho effect of clifferonco of personal ocpintioi) 
between pairs of workers. Given enough of these roooi-ds, one could foil back upon 
the most probable value forecast by them in coses where no direct moasiiro of tho 
, difference was available for the pair whoso measurements it was desired to pool or 
cca'ipai-r. I(. is sh-.-ugiy acted that tho combination of standard error, standard 

.* p,':» odi Iflbendon Monsohon, Uanibtieh il. biotoff, Arbeltmtihoden, IM 

Ml MV.il;, S. lul. ' 
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ol)Rerviitii)niil error, nnd perHoiml-ccjimbioii difForenco would frequently bo found to 
mask iwituiil iiUw'-vtuual dilVorenecH for many characbcrf) that anthropologists now 
uieaHure; (uul when to these factora we add a diirer(Uicc in the actual dofinitione given 
in tlu! differonb techniques employed, the unreliability of faco-viviue differcncca in 
the results obtained is of coiii'se greatly iuoreosed. If the systeirnvtic recording nnd 
publishing of standard observabionni errors aiul personal-equation dinerenees 
ahould vcHuk, as ib ju obably would, in the abandonment of a good number of observa- 
tions now taken on ihe living, the elimination of these futile and timo-waating 
monfliiromonta need not be regretted, o,ven if they exposed tlie worthlessness of 
results obtained by much liard work in the past. Tlio past cannot bo recoiled, but 
bhe futnre ie ours. 

The ftotual ineosureinonts recorded by the writer, thoroforo, have oidy an un- 
certain value. Since it is imw impossible to give any exact measure of thoir 
reliability the beat sire can do is bo record certain impressiona and experiences. Also, 
she is not the only worker who has used a bechuitiue without adequate training, 
and done so uiidor the dilbculties oxperlouced in the Held. iSoinc in fact do so liaving 
had none at all; and others who have had ns much os she may nob liavoput it into 
pnvctice fresh from instruction, ns aho did; also their field conditions may oiwily 
have been more difficult. It is probable therefore that her oovnmenta will apply in 
part at any rate to other published figures than inoroty her own, Hoforo detailing 
these, howover, she must explain whnt tho field conditions wore, and what subjects 
wore mcnsiirod, 

Tho 8nbjee,t.s on wliioli obsorvatioms were made in lD2f) wore soldiers in Albania’s 
consoript army. Thoir nominal ages wore 21 ami 22 years, but those figures are 
among those that cannot bo taken at bhoiv face value, fojfrtwo reasons. One is that 
oven many of the move educated Albanian townsfolk have not up till now been ac- 
custoiuod to keep any record of thoir ages; still less tho uneducated villagers whom 
slio monsured. Their exact ages, therefore, were not known, and were only imputed 
to them in tho army records. Secondly, conscription having been only very rocontly 
instituted, many young men were drafted into tho army who would have been taken 
some years sooner if a regular army hud come earlier into oxistoiicti; it was quite 
obvious that in some cases tho men wore nearer thirty than twenty, nnd a few of 
them probably on tho far side of lliirty, Tliey wore drawn, as has boon said, in 
roughly equal nnmbom from North and South. Tho aolual districts worn largely 
doLorminetl by tho mimbor of men from eacli present at that time in tho regiment 
at Shkodor (vSeutari), It was hoped at first to mcasuvo the Qegcii of Dibra. This 
choice had been suggested by a groat authority on Albania, Miss Kdith Durham; 
also, svlienover tho subject of ataturo or phyaiquo camo up in Albania itaolf, the 
remark was goiiorally made "You sliould sec tho men of Dibra. They arc tall, fine 
Albanians." As however there were nob enough men of Dibra in the regiment, tho 
Albanian prefecture of Kukfis* was chosen, lying to tho north and north-west of 

* Tliia proIoDture Ir part of Ilia nxtonsivo clislriot oxtonilinR muali to Iho north of Uia proaont 
bouiulftry of Albania which under Tuikish dominion waa callod Koaaovfl. II baa uotlung lo do with Die 
town of Koasovn Id lha Bouthoni area. Tho naino la alhl In use Ihough not luarhoil on inodarn inapa. 
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Dilim, and occupying the nortli-canb corner of the prasont Albanian kingdom. The 
district is ahadcd in on the accompanying map, which aimiltirly shows, in the South, 
the area from which the Southern Group wna drawn, lying almost entirely within ' 
tilt! prefecture of Qjinokoatiir (Argyrocofitro). The larger towns wei’o avoided as 
being perhaps more likely lo bo affeefced by racial mixture. Also Albanians of the 
North being (wrtly Moslem, partly Catholic, with Catholicism os the religion of the 
anutkern Sorha; and those in the South being oifchor Moslem or Orthodox, with 
Orthodox neighbours over the Greek border, some preference was given for Moslems 
in both districts, again with the object of avoiding as far oa possible racial mixture. 
Among the Albanians theinaclves, the difference of religion corresponds to no 
difference of original stock, but to the subsequent accidents of conversion some 
centuries back. Tho lost large-scale conversion was that to Mohammedanism, im- 
l>oBod hy force, imdor the Turk, Different comiiiunitics may share the samo village, 
but move often inhabit different ones in tl>o same district. Inter-oonnmunity marriagoB 
and individual conversions are both rare; the latter are said to he discouraged 
almost 08 much by the community joined as by the community abandoned. 

The individual slmota of obaorvations record not only tho man's own village 
(which was of course that of his father and probably of all his male progenitors for 
goiiorations back), but the distance between it and his mother’s village. It wiis 
interesting to discover that the men of Kukos tend to go rather farther afield for 
their wives than tho men of Qjinokastor, Whother this can be associated, either as 
contributory cause or part affect, with the reputed bettor physique of tho men in 
the North is a matter for speculation. The following arc the distributions obtained, 
distance being measured by number of liouia’ walk : 

flame ^ I 2 24 tt SJ 4 C fi 7 H 9 10 11 13 over 

OroLip vlllnso hr. hr. lira, hra, hra, lira, lita, lira, lira. lira. lira, lira, lira. lira, lira. lira. 13 lioura ToUl 

Northern 74;i;)$)H9l03a3h2204 » 78 

Southorii -16 fl V fJ 7 1 4 1 2 2 3 0 () I) ] 87 

It may be auggoated that tho village.s are perhaps farther apart in tho Kukiis pre- 
fecture. Such may bo the case; the mostdotailed map available* corlainly gives that 
impresaion, but thin may perhaps be accounted for by tlio northern villages being on 
tho whole smallov anil (bwor of them voconlod. lufurmatioiv wan obtained cotiCoruing 
the sixt! of tin) villagOH from which 110 of (iiir Uogi'a (North orncra) came, and it gave 
ii moan popniatinii uf tlllH ; fur 47 of the ToskoH (fHouthoniors) tho moan wa« 005 f. 
I'lvsmimhly the iiiemiH for the wl)ol(! of mir two groiiiiH would atill show tho average 
Gogd village to ho Huudlor than the average Toakii, and thua eoiitrilnito (ino roasen 
why the Gegi'; should need to go farther afield to aeok Ins bride, being bound to 
avoid marriage with any woman whoso main lino of descent wua known to include 

* In M, JtiHliii Oodnrl'H L'Albanif. tn mil. 

t DnU otiAiiiiHl Iriiiit the 1||27 cuneue, publiehod iii Tirniin, 102N, entilled .V6)i>rln 1397. It 
waa not jioeeible to klcnlily in all cases the \illA;;a« onteriKl an the mcamucinenl elips with Ihoea 
{inbliahiKii in the cenune, owinp In vntialiona in Ihn epelUnR. The vrtller withtss to exprcee bet thttnke 
to Ilia Exoellcnoy Ujctnil Ui<y Diiin, Albanian Minintor in l-^ndnn, for his khnl help In tho idonlincaVion 
of llio diNlriolA in ijueelioD and for (lie loan of llio boob t|ui>i«d. 
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iiu iuic«stnr in iiiH-owii iiijiln line. This iluts luit, sccik, linwiiVf-r, (n Jw" (hi' 
oxpluiiiitioii, for it' wo conlinii onr mmlysis In thi'f'- uu-n wh>t o4imv, rr«nn th<* larK' *' 
vilbgcH. with ovoi- ;t|5() iulwhitnnlM. wo find Hint mit. nf 1!) rhr niMthor-^id 

only two hful cmno from ihn fiitlior’s villujfo; ii>ifc of !t7 'I'oskvH fhnn tho Inrgor 
villftfics. luut hnlh imiviits fi.itn tho wirno vilhiKi-. Only throo th-^m rnim from 
tdwtw niindiei'in/^ nmn! Uitin n lilnuisitiKl inlxibilwnts, l*•nd iwti innltKTi* “ut «r tin* 
Ihvcu c'.wc ftom cWcwhero, 'IVu Toskon ciutni I'raiu mwits of lids sizo, nnd tin* 


mother of only one wuh hnnij^ht iji from ontsido. 

^Yil)ll)1lt tho pi’ivilcgo of noeOBa Vo the nnny tind iho nwsiv^yvnwo imd 
conrtuonHly aewnded it vvouUl luivo htioii inumsHiltln lo olilnin in flio fiov wo»'hs 
ivvirilwhle the metwmomonU uud phoVogrAidw which rvoro ovcnlnnlly hroughl honO'. 
nud the writer wiahcH to oxju'ohh her tiiosl giJitofui ihniikH for tho gron! kindni’^*'** 
she cxjijoriwiccd in Albnitiu. It nmy ho inii'iginwl how dilVcvrhi wnuld hnve Uvn 
the rate of progiosH if it hiut hoou nccoBHaiy ( > waylay individual villogorH ns Ihcy 
fiaino to fclio ScoLari imirhot, und to iiinkc to ihoin iho ooiiHgrons )tro[X‘idS)o>i IhoV 
they should sulimit to the imltgidiy of bring hiiiidlod, clad <jnly in ahorls, hy mD!- 
of the subject-flex. Tlie ronaoii alleged boiiig inriinijirohciiKibh,' and nVwurd. the n .fd 
reiUKin would probubly he (duisler, and in auy ctiao would hr susjM'U d. Th" rrsiiltn, 
if Aliy, obtained in these conditions would liavo been n>lativrly frw and rx|K'nsi\ir 


For the nuicli more favourable cmidilimiH in wbieh ihr work was rventindly 
Carried out the writer must first «if all exjirena her indebt«<tuc»H to her frit nd 
Mr QaKim Kaatwti, whose help, Biiggeslioiis, and iiitli/Uive ibroiighoul, she fn«e*V 
' gratefully rccovcla, and in svhoHO family aho won privileged ki enjoy the wonderful 
oxporieuco of Albanvim hospitulvly, Military pboUigmpha being forbiddi'n, no b« 
authority thou that of tho frium Minister was needed Ui uveriide ihiH ndinjf- 
Through tlie kind inslriimcntality of the Briliah Consul and (he liriiisli head «*f 
gondftvmorie she was able to state her request in person m tlm Ih'cjnicr, Ilia 
Bxcelloncy ICo<;£) Kotn, and to return from the enpiud to Mcuukri aririwl wiih vhe 
necessary instructions. Finally, she wishes to espsasss her thanks to the Coninnmdrtnt 
of the regjinont, and to Adjutant Iborahimi who, being detailed u* provide the men, 
accommodation and facilities required, carried out these tasks witlj great rmirt'iay 
and good will. 

The field ootidibions were thus much easier than in sonio oasw, but yet oerkviii 
difficulties existed which doubtless had thoir effeot upon the reeortls. Thms wero 
chiefly difficulLiea of langmigo and of time. Tho rogimont had Ui rlujwrt for Tirana 
three weeks after the work was begun, in order to take part in the mdebraliun 
of the first ft.uuivev'aftry of tho ncoession of H.M. Tting Jtug. The elTeelive purl rif 
these tliree weeks was ahortouod by dolays which Homotimes ncmirrod, wildiisra 
being required for otbor duties Llian tho duty of heiiig measured^ As my friends 
Mr Qazim Kastrati and Mr Teufik iCalatei were only ablo to iwsist part of Iho 
time by rcpoHing the moasuromenta— for whicli I thank thorn— the work hod to 
la f.vii;; ill -,1:1 f. the assistanco of two Bfivgeanta who had a smattering of 
i:-.igh?li ■>! J’lTi.r;,! .11,0 imperfect bo remove all danger of mistakesj and partly 
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with Ulo (if a corpftrni H[)cnkir»p; only Albutiian. In Uic latter caae aho oithcr 
IhiUj mrivniirml »>»} rocnrdertiiir inmsiired and dictated the figures in Albtiiiinn. Aa 
hIjc wft#* not well, and the lient very great, and as fcliu hours worked were long, fatigue 
was nut nlmeui', and wlnai fatigue snperveiiijs.tho translation of figures into unfainiliar 
woffl-* is ncitlier so fluent nor porliapa so accurate as it would otherwise bo. It is 
proiiable iilst> ihut observations made in these conditions may thomsolvoa bo less 
iicciirato, in npiks «>f every endeavour to keep tlioiii tip to standard. The extent 
to whieli Rufch facUint are likely to motlify the results remains unknown; but as, 
pRfluinably, nrront due to these causes are iw likely to be in excess ns in defect 
of the real vtwlmm, the nicaiis at any rate may ho very little affected. 

To come lunv to jmrticulur mcaaurcmeiitfl ; the values for chest girth when the 
lungs are fiiliyinllatud or fully doflabod can certainly not bo relied upon. Complote 
deflation wii« soinetimes obtained by loakitig the soldier laugh; the tapo wtt.s held 
with one hand, while his ribs wore tickled with the other and the Albanian 
word for "I/augh" uttorwh Whether his riba or his sense of humour were more 
tickled by this procedure is not certain, but in most cases it was immediately 
elTcctivc (iiid Imfh liamis were tium quickly used to tighten the tapo round the 
collniiscd chest. SotnebitnoH, however, his gravity woo portentous, and the Itmgs 
far from collapsed. Dolibomlo inflation and deflation being ipiito new to him, 
neither for the most part was performed very succoBSfully ; and though normal 
chost girth was usually tho best monsuroment of tho threo, there was a tendency 
to intlaln soniewhat as soon aa the tapo was piissed round the chest. Where 
operator and aubjoct have only a few words of any language in common and time 
is limited, it must always bo very difiicuU to make those measurements oom- 
parnblo with those taken, sny, by Germans on Gormans who hnvo been trained 
to breathing exorcises from their youth. The "balling" of tho vijqwvavm muscle 
seemed on the other hand to bo understood and performed much better, so that 
maximum upper arm girth is probably fairly reliable. So also is span. Tho closing 
of tho teeth for moosuroment of total IPaco Height almost always offered some 
preliminary difficulty, The investigator is not underhung, but the soldier always 
responded to tho domonstration of her own closed teeth by shooting out his lower 
jaw in front of the upper ; and so convinced was ho that ho hud to do Bomethiug 
unusual with his lower jaw that it often took sevoral moments of voluble ox- 
planation and domonstvatiou by tho corporal in charge and by those soUUors who 
had already been blintiigh the process, assisted by physical force, before his 
laiwildorml waudibh*. could bo got into tho correct position. Haying got it there, 
how(;ver, ho iisuully kept it well elonched, and tho operator's impression is that 
the L'’ac(> Height moasuromeut was fairly woll dono, The identification of tho naaion 
ii3 lli(s living is notoriously opcji to wide diiToroiices of practice, hub she folt few 
doubts about her practico of the instructions received on this point. It was 
otherwise with tho idoutiflcalion of the terminal for measuring Knee Height, and 
this chaiuclor \va.s theroforo abandoned half-way through. Also with that for 
iTieasiiring Ankle Height-, though this was not abandoned, Those projective mensure- 
lucnts which depend tipon posturo — height from the ground of shoulder, elbow. 
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wrist, top of broiist bone, etc.— iirf; well kno'vn n« being very flubjwt oWrvfi- 
tionftl error, error which will, |iowtiVt?r. bo leu-*! with tin; very cxi)»^ricnc<jti ulMmcr. 
Aa all© was iiotao very cxlicricacdd, tlujsu must lii.i to soino uxU'iit mmiK'cf/ ir» Iut 
case, theugh she wna not cuiisciuiw of any pnrLi«nilar misgivings while Inhitig litem. 
Stature seems likely to be the most njlinble of those, us it is Ofwier for tbo anVyiTt 
to oBsumc the correct ijositieu tlmn Ui muintfiin it for soine time. Wnrlin's tuoth'wl 
of taking Ecod Ifeight wtts vegurdort by lior iuHtructom (w uitsaUHfflcUtry end liubb* 
bo very eonfliderablt error; tho results for this eharactor must therefore ituiiblbw 
bo accepted with caution. Heud Length and Broatltli, on the other baud, w,mld be 
among the most reliable mcasuronieuta taken. How far the iniHgivinjgs or rtai- 
fideiice hero expr« 3 saod are juatified, and how far any errom alTecied the rwiuilw 
cannot now be tested except in so far its the covnparative mvasimuin utH avatlalde 
may tond to eoiifuiu thorn. Where thoy do nut, tin; cause may nut lie in the 
writer's departure from the tcclinkpie she was utk'in[)tiiig lu apjdy. hut in (he rmti- 
conformity of the other observers’ pmctiec. with that of liur iiiHlrueimw, A« f»r, 
however, as compaviHou of Gege with 'Iktske is Cflucemed, the wuuc U'Ciditmuw 
apply equally tu both, They wore not luctumrcd atdilTofenb tiiUea. but Gcge and 
Toskd iiiterspoi'sed, whether for monsimuuent or photngmphy. 

The pvolilc phokigrapha from which Albuuian ty{H‘ HilluansttoH have b**cu 
obtained were taken, not in the barrankH, but in the romnH i>r a local pbutngrstpbi r, 
who was good enough to allow tho use of his promiwm, U» asHiat by changing the 
plates ill tho holders, and nflorwartlfl to do a good deal of tho dcvcluping, flia 
poaaoaaion of a limited amount of Gorinau, awiuirod during tho Austrian oocu 
in 1914i — 1S18, gave us a modiutn of intorcoiitso, up to a iwint, but though be. 
could read figures iio was unfortunatoly unable to writo thciiti. Tlii» prwttnM-d 
a considerablo difBoulty in tliat the plates reinovod from the jioldonc had ouch 
to be marked with the soldier’s number, for idoiitiftcalioii. At my uuggeatiou b« 
roprosenbed each numoral by an appropriate number of scnitohes on the plnim, 
though the noughts baffled him and were attempted in various wayB—wnnotiiiH-js 
by ten strokes. This device, however, was BLiccesaful os regartla iiine-tc'iilhu of Urn 
photographs; thoso in which tlm counting of the strokes u« limy wens umdo wm 
wrong, offered a bask of some putioiioo in identifying ilm men, but with tho help 
of the moasuToments recorded all wore idontifiod in tho orid uuvo two or thrtfo. 
The other diffloultios attendant on the photogmphy wore thoso of limo uliorkigo 
(thoy wore taken towards tho oiul of tho three wesoka allotksd) und Urn job of 
copiug, often single-handed, with butohoB of a bcovo of inou wlm foil livoHor out 
of barracks, of posing the one and hooping him motionloRs till photogoiphwl ami 
at tho same time preventing some of tho others from inberroring with tho phok*- 
grapher’s property. Sometimes thoro was tho complication of ft client for llm 
photographer, before which, all olao had to give way, and one's own camera ami 
properties to be Bhifted. A standard distance between camera and subject was 
aimed at throughout and a standard focus ; those wore kept fta exact as possiblo 
in the rather unplaoid oirouinstances, It is hoped that the photographs, thooka 
. : to the labour spent upon reducing them to type silhouetteB, may form a dofinito 
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adrlitioii to our knowledge of the Albanian head. One oinissioii, however, has 
robbed them of some of their value, and for fcliis the writer must now publicly 
don fchti white aheeb which has long been her garb iti the Biometric Laboratory 
whenever the snbjocL of the Albanian pliotographa lias been raised there by the 
bkiitor of this She oinitted to take any direct meivaurement on the liead 

which would give exactly the scale of the photograph. For this reason, though 
tho Albanian typo silliouetles give the proportions of the typo head, they fail to 
give their exact sizes, thus preventing exact comparison with other typo silhouettes. 
The omission wtia duo to no other circiiin-stanco than her own failuro to realise the 
necessity of such a measurement. 

It remains to record tho result of certain observations on tho buck of tho head 
and on the teeth. The majority of t!\e heads examined \Yore distinctly flat-backed, 
but a note was iiiado of those that seemed "round,'’ with a roundnesa that would 
be seen more in Xf, verlicalis than in N, IcUmtlis, Tliirby-thrco out of 17 men from 
the North are thus recorded, os against six out of 89 from the South. Difl’erence 
significant. Occipital nsymmotiy was also noted, and found to occur in eight 
out of the 77 Kukfes men (throe on L., five on 11.), and in 15 out of 89 from 
Gjinokftstor {throe on L,, 12 on R.) ; the difference is non-significant. As regards the 
teeth, edge to edge bite was observed in 16 out of 78* from ICukes, and in 14 out 
of Hi) from Qjinokosber, Obviously-iri'ogulsr ilentibion wirs noted in only two 
out of each group— would tho same wore true of our own countrymen 1 Only 
two wero undorliung, and only ono had open bite, these throe being all from 
ICukos, 

The Boioutifio results of tho Albanian Expedition wore thus twofold : on the 
ono hand a gain in oxporionoo wliich tho writer fools to bo very much worth while 
to hoi-self, and on tho other hand theso records, imporfeeb in some respects, con- 
cerning the physical characters of Qoge and Toskii. She cannot sufllcionbly express 
}\or gratitude to Professor Karl Peamon for tlio very great labour bestowed by 
the Biometric Laboratory on theso records and for his kindness in permitting them 
to bake a place, albeit a modest one, in liiamctnka. She is greatly indebted to 
Dr Morant for the loan of his oaniera and tolophoto Iona, and to him and to 
Mlsfl N. Karn for the statistical troatment of her moosuromonta and for tho 
voduotion of the silhouettes to typos; also to tho draughtsmen, Miss E. Irvine and 
Misa M, Kirby, of tho Biometric Laboi'atory for tlio largo amount of drawing work 
involved, 

(2) DISOtlSSION OF MISS M. L. TILDESLEY’S MEASUREMENTS 
ON THE NORTHERN AND SOUTHERN ALBANIANS. 

By tub Staff op the Biometric Laboratory. 

An examination of Table I shows that tho group of men studied by MiesTildesley 
from the North is differentiated in essential characters from the group drawn from 

* HotqullQ nU tlio man woro avatlablo for Ilia ontiro iwriea of obeervationa and ogain for pltologrApliy, 
benoo lha vArtntton In namboTB. 
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The Alhaniam of the North ami South 

tlie South, Taking the OiObroncoH of ulwohite Iwly HiMH—North miuuH.SuuUi— wo 
find the duviutions in teniis of the iirubiibh; eri'oi-H of Uuwt' <lovimiou>i are ft.r^ 

Stature: V'7;Spaii: 7'H; SiltinK Height; Hup™^'’'‘iinl Uvight: (10; 
Acromial Height: 7-4; Klliow Height: 7-0; Wriat Height: (}-7; Finger Height; 

5 G; Foot Length*; 12di; Foot Hreiidtli; 40; OhcHt Breadth: 01; Christ HejiUir 
4-1; Chest Girth at rest: hO; Cheat Girth inflated*; 7'0; Hip Breadth; 45; 
Waist Girth: K; llppor Arm Girth (Btrnighl): 8S), {tloxed); M; liwi (hmiui* 
ference: fl'l. 

In no Cftso waa the Seutlrern Group greater in a bmlily measure me nt than 
the Northern Group. Clearly the man of the Northoni Group is in m arly nil 
respects significantly a larger and more mnseular being than the nmu »( the 
Soutliorn Group. 

Turning now to the faoial ineiiautotiionta the Miiiitnuiii Froiilal BruadOi, Fane 
Heights, Nasal Moasuroments, Orbital Moosurcniuiits and ICnr Idunmlers slimv no 
significant differences, There is no distinction in Neck Girth or lH-?.ygomaiic 
Breadth, Turning to the head tneusureinonUt wo find that the nxcoss of Head I AOigth 
in the Northern over the Southern Group is 14'7 times the pndmhle error i^f lh(? 
difVereacQ, and the defect in breadth of the, former is ft t) the pnihalilu orrtfr nf the 
difference. There is no Bignifistaiit difl'eroncii in the Aurumhir Heights, 

Those racial distinctions are well illnslrnted in the three cophniio imlicun- The 
Bmadth-Longth Index of the Southern Group hoing prohahiy the highest kmmn. 
Such an index may, of cotirao, occur in indivldunlstbutna n ineial mean it is of the 
rarest occurrence. Again the Height-Longtli Imlex of tlio Northern Group is 
remarkably low. The Fronto-Mandibulnr Indices tiro almost certainly aignifiwtnily 
diflforont, although it is not possible in the abaencis of the staiidanl doviniions to 
assign the degroo of signiftcance of any of the indices. No other indicoit have 
obvioi;8ly differences of importanoo. 

The variability os measured by the standard deviations shows nothing like the 
same differentiation, the highest ratios of difforonce to probable error being in Hond 
Breadth fS'S) ond Foot Breadth (4'2), This ia in accordance witli Urn goneml 
experience that racial differenoos are usually those of typo mthor than liiewe of 
variability, 

Wo may take it as proven that the Northern Albanians do differ subsUmtinlly 
from the Southern in bodily siso and, it would optwnr, also in fiend-slmiM. But the 
high value of the first Oophalic index in the Southern Group logether with coruiin 
vague rumours have led to statements that the Albanians distort Iho hearls of their 
children, Thus Eughno Pittard states that tlio variability of tile Albnnian Imatl 
ineaauremonts "pout aussi provenir de« pratiques do ddformations qui sont loin 

- * Thoa« W4ftftttr®0i®ni8 mb oI dlflloaU wmartwy, bat Ihew be no Mm belwwn lbs two Bra»l», 

as tlioy wore maasurea ou the aaino ajiot in tUo aama manaor tbe tadlvldaaU occurred on the au«l«r 



TABLE I. OonstanU Vie Oliaraoieri measwsd, 
(MuiufliromoutH in CDnlimotrcB.) 


OliivrMilBT 


Alisohilo MMiiiiTOinctilii 


Allinnicing of Itio Baud) 


MGaniHProb . 

Krtor 



Btond. Dovinliou 
■bProl), Error 


Menu i Prob. 
Error 


StBud. Dovionon 
iprob, Error 


(1) SUliu-o 

(23) tiittilifi lIciRlit 
(17) S|)nii 

(4) HniirriHLoi'twl Hoijilit 
(B) Acromkl Iloiglit 

(0) Ellww Hoigld 

(10) Wrist iloiglit 
(U) I’ingov lioigUt 

(3B1 tiiiouWor nreatllli 
(40) II ill BroflrUh i 

(30; Cy'host Jircrultli i 

(37) aiieot Doptli 

(52) tlttiul Droaillb 
( 5S) b'lioL Longbli 
(5D) Euol ErontiHi 

(fit) Cliust (lii'tli: at root 
(Ql*) „ I, iiiditUxl 

(flli') „ „ iloHiUcil 

(02) WttiHtflirlli 

(06) Uji()Qr Ann tili'lli (slrniglil) 
(OB') M „ .. (Ixiiit) 

(OO) Iniwor Ann Uirtli 

(011) GalriJinli 

(03) Nook (iii'll) 

(1) Malt. Hoatl Longtli 
(3) Itlns. Mciul Brundtii 

(15; Aiiiioiilar lIoiKlit 
(41 Min. i’roiltnl JlrorMltli 
(ft) bi-r.yi{yinRtia lltxin<llK 
(rt) Mninilbnlaf lircatltU 
(4b) Hood CiroiiiufarDncQ 

(17) ilnir TJ))a to Oliiii 
(IH) NomIoii to (/'iijii 
(21.) NoHdl f ltltglifc 
(13) Nonal llroMtli 
(22) Niwal Ilnptb 
(1 0) Niitorna! Oiiiilar DisLnnco 
(tl) llitorjittl Ooillnr Diatniioe 

(12) I'uiiillnry llistfliico 

(20) Ear Longlfi 
(30) Ear Bttiftdlli 


103-72 -t-HO 
I17-04 ±-276“ 
Hb 1(I11’32 ±-4liri 

B.l l33Ti8 +-3M 

Hfi 13;i-21) i-.100 

8.4 i () 2 - K () +-: n « 

Nfi 7H-43 ±-255+ 

Hfi no-33 ± •23b“ 

Pb 37-nO ±'121 

as 27-«64±-H0 
as 25-03 ±-000 

a.b 19-18 ±-081 

B5 8-38 ±-035 

85 24-3(1 ± -083 

an iO'OS-"± 'Oia 

H5 B7-81 ± -sn-i* 

«5 (Kl-00 ±-272 

Hfi Rft-G7 ±-2fl4 

HR 72'2'1 ± '301 

an 24-53 ±-107 

H5 27-70 ±-197 

MB 20 - lO ±-081) 

8B 33-40 ±-lH2 

34 35-47 ±-102« 

85 17-70 ±-0-18 

81 10-07 ± 020 

H5 12-17 ±-039 

84 10-83 ± '0211 

83 14-10 ±'038 

84 lO-OB ± 037 

8b 55-1 6- ±-108 

«b 17-89 ±-084 

a-l 11-00 ± 042 

«a B-«4 ±-024 

86 3-44 ±-(ll« 

84 1-71 ±-017 

86 8-78 ±-020 

84 3-24 ±-017 

ao 0-42 ±'023 

an 0-10 ±-028 

B6 3-0)1 ±-0111 


c-u 1-31B 

3- 73 ±-194 

0- 70 ±-350 
5-28 ±-275" 
ft-17 ±-283 

4 - 35B ±. 225 + 
3-40 ±'180* 
3-21 ±-108 

l'U5+±'0«0 

1- BO-l±-n78 
1-31 ±-(«38 
I'll ±-OB« 

-•17 ±'024 
1-21 ±-0fl3 
■60 ± 034 

3-81 ±-187 
3-72 ±-193 

3- 88 ±-2(11 

4- 15+±-U15" 
1'40 ± '070 
1-73 ±’()iiU 
l-3b±-()70 
2 0M ±'107 
1-.3B ±'073 

■58 ±'030 
■67 ±-030 
■5'1 ±'02fl 
■40 ±-021 
•48 ±-025 i- 
• r > 0 -±- 02 (! 
1-45+ ±-075 

•88 ±-04fl 
■67 ±-029 
■33 ±-017 
-22 ±’012 
-23 ±-012 
■39 ±-020 
•24 ±-012 
•32 ±-010 

■38 ±'020 
•20 ±-013 


ioa-03 +-n29 
89-10 ±-2-l0 
175-58 ±-03l> 
137-91 ±-403 
137-«(! ±-472 
10(l-.33 ±‘3(13 
81-03 ±-200 
02'K.» ±-246- 

37-48 +-138 
28-33 ±-102 
2(J-054±-««7 
19-70 ±-0(1.5- 

8-49 ±'028 
25-07 ±-0Da 
I0-2D ±-037 

80-79 ±'21)5+ 
03-86+±-314 
Ka-02 ±-202 
73'03 ±-278‘ 
25-14 ±-n7‘ 
28-78 ±-138 
25-74 ±-096+ 

34- 03 ±-13(1 

35- 70 ±-112 

18-05 ±-049 

16- (!5 ±'0-H 
12-10 ±- 0 ' l4 
10-87 ±-030 
14-07 fOlifl 
10-B7 ±'011 
50 074 ±107 

17- 98 ±-005+ 
12 05 ±'0-10 

6-64 ±'033 
3-41 ±'018 
1-71 +-017 
fi-75+± -027 
3-20 ±-018 
fl-4! ±022 

0-18 ±-028 
3-7 1 ±'0111 


Jiidioei,/oicii<i/mi (Ao Jla(io of Meam only. 


Eranto-Mundlbnlar Index (4)/(e) 
Face Index (lB)/(0) 

Anwl Index (30))(29) 



0- 08 ±'374 

3- 20±'l74 
8 '20 ± -HO 
()'42± '349 
0'M±';i34 

4- fl!J±'2B7 
3'77±'20a+ 
3'18±'173 

1- 77 ±-058 
l-33±072 
l-2B±-0flU 
1-23+ -007 

■38± -020 
1-27 ±-009 
--18 ±'020 

3- 84 ±-209 

4- 08 ±'922 
3"10±-18B 
3'(i2±'ia7 
1-53 ±‘083 

l ' a0±'008 
1-24 ±-007 
i-7c±'oen 
1-46 ±-070 

•04 ±-035 
•67 ± -031 
<67 ± -031 
■39± 02! 
■50 ±-028 
■53 ±'020 
1-30 ±-070 

■85 ±-040 
■Ul±'033 
•12 ± - 02.1 
'23±'012 
' 22±'012 
■34 ±‘010 
'23 ±'013 
•211 ±-019 

•37 ± -020 
•24±-013 



' Bnglisb men at alatiilard ago 40-6 yearn: 59-7 . 

'I- Bnglleh man at etandard ago 40-6 yuan: 102-8. 

dhe niimbore In brookota planed bernre (be obnraolern Indieale (he nuu)bern In Die Oorreapendlng 
eenllon* ot lUarllii’e ZeArbweA lUr EiUArepofepfe, the Rieoauranienle doeorlbeil lliDmin being thono taken 
by Mine Tlldoelny. Tbs Kiigllsb nomeo are noi Intonded a> doeorlpllona of the maneuroinenl. They am 
(lioM provided by Mtea nideabiy In tbe liat abe gave Die writer of ineana and atandnrd devlatlana; they 
liavo been aoakaianilly eontraeied to ■lion' of Dig table bolng prlnhsd on one page, end oeoatlonellv 
allgbtly expanded for the aake of laoldlty, 
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The Alhanians of the North and South 

d’Stte abdnaonn^GS par les poptilftliDiiH dc In Pcniiinult iMilkiitiiqiifs PiU^rtl 
givea no rcferencea to (loforuiation among the AlbariiaiiH. nor is it cloar what he 
means by the variability of the hcad-mfiaauronicntJ*, for ns jiulged by llin staiiHarrl 
deviakiona this is not outstanding in Tilib Hley’s rlnla. Ho quolos no standanl dev ia- 
tions and h possibly only refortiug to the ditrcifnce in tyjK! Instween N'orlh mud 
South. - 

Rmarh on the uhove Table, irnforlunaloly when the abnvu innUirinl wft« hniidefl 
to the present writer for diaciisaion, it was found that in the eii*i! iif the 
41 absoluto measurements, seven of the chief characters were only given m far 
08 their means and stundi^rd deviations wwi concerncti to two decimal plaem. but 
their probable errors to three. The remaining 34 Wisro given to four decinmk To 
make the table uniform, the meana and standard deviationa arc all given mdy Ui 
two deuimal places, bub the probable errors to ihrco that there iimy bo atlewt iwo 
signiheaub figiircs in nl) coses. 

No inenaa nor atandnrtl doviations of the indices were provifiml, so that oil that 
it has been feasible to do was to take the ratio of the tneous nf iho abthdute mtsiaiir*'- 
menta, The absence of the chief index distributiona is a loss net mily iHumuiw* they 
would have provided further evidence of diflcrentialinn between the two gnaip, 
but because they would have allowed a wider coinjmri.Hon belwm'ii Mias Tddivtluy's 
moosuroinenta and those of other investigatora Ui be made. The large amount of 
time devoted bo tbo onUrgainonb of the photographic proHlt's, Uiu mcaarirmnent rd 
these onlargoraents, and the final rcciuotiou to ty|)o contours did nut jmrmit of 
further work by members of the Bioinotrio Laboratory SUilT oii this maicrwl. 


It is extremely difficult to gebdofiruto iiiformatioii with rogaitl lf> the trnalment 
of infants in Albania. Tho present reporter appliod first to Mrs M, M, tlusltiek, well 
known for her travels in Albania. She most kindly mode inquiries and wrote in 
him two letters which cannot be said to oloar wp tho matter entirely but nm in- 
structivo. From the first dated "Klbasan 29. xii, 30"t we make the rullnwiDg extracts 
touching this point; 


Albmiian bablos liu bcaido tboir inotbom lilt ibo Inller got u|), Thon Iboy nro toupl 
pormanontly (niglit (Uid day) in cnuHw; Uio methor even lifting tho owlle ou Ut Iter bnw la 
foccl tho uliild. In tho oradlos timy lio ligiitly swotldtod. 

An to head diskorllon, for yoara I’vo boon olioHing Uio «U»ry of UtbicM hoing tiirapiwtl oti 
boards to make lliolr heads Hat. It has mot mo from 7uigori, n Greek dlolricg n HlUs iwrtlj of 
Jajinino, tho capital of Epirus, to Soutari In Albania. 0/ all tho ormllos i'vo invoiAigaiod, am) 
they am pielty nmnorocs by now, not ouo was without its little matlnw* and iU pniuw, The 
averago hood fVom Zagorl up through Albania btut obviously ati unusually flat back, and sa fiw aa 
mypteaonV knowledge goes tboro la no more iu tho atory than llmt. The story of Urn bawds in 


' Bugtna Fittatd! La Ptuptei det Dalkaiu. }teeherch«$ anihivpeloelnun daw {« d« 

lialktim, tp6«talmiinl ehuu lit Jkbrmtjii, p. 380, Oonevsi 1930, 

t No two aulhofj, no two waps agrgo In iho spoiling o( Albanian plsoo iiarntm. 'fhero Appears lo be 
w ytt no Btana^diBalldn, Aoooraingly, we have tboughl It boat lo use throughout Iho spelUng Mlo»l«d 
by autbot oitei ip diBonaalBB Ws vioili, nolwUhaVanaing the appawnl miiUlug medley, 'ph# i«* 
of staB^rdiBlng must ho left (or phllologlota to diapulo over ) wo aw ooslaal to show how neewsary U li. 
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Alliaiiifi tiiuy alHo lio linlpcd on liy tho uiii'ioiisJy i^iliviik-liko stmpo Albniiinn iiioii (nint nmny 
(toawiit wimutii} (jivo tlioir facoH by Hlmviuj; tlio Iwur oi\ tUoiv tcn\iiloH. 

MiHa Oui'liiiiii, 1 bolievo, ilunigltl the Nlory nil foolifilmcNs. Mo ftii- 1 have foiiiul no cubcs in 
Albnnin of tlio tight lutndnging i>r tlio liciui pmetiaed in IV. Arncodoinn nml elBOwlicro iw rocorded 
in niy iiolidtookH. 

pSimih! nionlliH Intor I rticuivot] a second loLfcoi' dated “Elbnsiui 11, iv. 31.” In it 
Mw Uiwluck fiiiyH; 

1 iiopt! you will Iw iutcvp.stcd to lienr Hint I've, run to cns'th the Btovy tlmt Allmuiftn licadB mg 
i!nl nt Iho Imck U'cnnso tlieiv uwnova were Ntrnppod on pvn'iioao to honniH when bnbiou. Within 
Ihi; hint wcokn I hnvo kooii two now-boiTi infniita, both ati'npped to boanla. Unt botwoeii onch 
infiint »iu(l its hom'd tlicro wiw nlivaya ti imvttrcsa nn inch thick, with a thicker iiillow (of vaga) 
iiudcv llio litwl. la Unit not cnowgh to pvovont tho bonnl from iniinoncing tho ahaiio of tho 
iaiby’a bond'/ llolh innttrnsa niid pillow nro as thick na any used among the varioua [lopulatlons 
of iMaccdoniii, who do not strap thoir infants on hoards. 

'I'he women state Unit tlioy alrap tho babiim on tbo board to make thoir hohl on life as strong 
as the boanl. This ignoiGs tho fact that llio (ionr of the oradlo ia wondon and at Inaat almost as 
thick as tlm hoard, Dallies aic alrappoil on tlio board till baptised, if tlio parents are of tlio 
Ortluulox roligiou, and for f<U'ty days if tho \iavontB avo Molianinicdinia, dcseooded from (IvtUodo.’c 
aiicostoiu For Ihn iiioinciil T liavo no infoi'iinition about Ihu Oatholie AlbanimiK, but bopc to get 
Homo witliiii a day or two, Nor hare 1 any aiioiit MolianinicdniiH doaconded from Ontliolie 
Alluiniaiis. 

Tho OrtbiKbix qualify thoir imioliuo, liowovor, Maptisiii followa birth wilbiii a wook as a rnlo, 
in cjujo the baby dios, wbon its aoid would ho lost. Tlioy slato that they put tlm baby in a cradia 
as soon Its haptisod. In praettoo, liowovor, tlioy wait till the moon is full, to oiihiu'q tlm haliy's 
living out tho aliotlml apan, I inolino to lliink lliat tho hoard is UHod as a wi>iThlos.s thing, on 
wliiuii tho worlbloss, Imrdly luiinaii, nnbaptised baby is most fittingly strappod. In Urn Inwn of 
ElUsan, which is oitlmr pure Ortliodo.x or Atoliaimnodaii o.\. Orthodox, and ha.s no wood, a tile 
is UH«i instead »f a Isiard, 

Or, it may bo that the board has survived friim an earlier time when eradlos woin not known. 
Albanian infants aro not swaddled round and round tike ilaccdonian and something lind ohvioiiHly 
to bfi done to kceji tiioiv backs stniiglit. 

Momii Albanians have rutlonabsed thu eiistiun to nm, saying that it has armoii liecanso tlic 
mother’s fallmr must prcsunl the cradle, and that cannot bo bought till tlmeliild has been liorn,- 
ronnting yoor rhickons befove they are liatchcd being iv dangerous laocodnrc in Albanian opinion, 
not merely a foolisli one ns wibli us, Tliis explanation ignores tbo fuel that the gramlfatbcr 
pmsenls a cnutla only when the first oliild is born, and that the (generally luiiiioi'on.H) ehildreii 
wlio follow are laid in tlm savne cviulle. Often, Urn, a cradle is prCHorved for Koveral genorntionH 
in the sniim fainily, ami till) gmiidfiillier is not inqnireil to present a now one, 

lleiuhiiiotihling is as delibui'ately and as eotiiiiionly practiHnd as it was in Macedonia, imd by 
Urn Bimm nwana, a liinidkeiv.lnef tightly heund round the tcmiileH. ‘ Who wants a head like lui 
apple 'I ' they say. Ihil they never assoeiate the beard with their attempts at liend moulding." 

It is in-nliabU) that wu may wifely dismias tlio slrjvpping to a boanl before 
baptiein na a cause of fclio bmcliyeeplialy of tho Albanian iSoiifclinrn lioad. An 
binglisli medical woman who hml abndied gynaecology in Vionna told tho present 
writer that in tho lying-in hospital in Vienna tho babies wore invariably strapped 
to boards, apparently for tlio eonvonionco of liandling, and tlmt tho nurso would 
carry about four to six of these strapped babies at a time. Yet ono does not find 
that the Austrian Gormans arc ns a whole more bracliyoophalic than Southern 
Germans. 


Biomfllrika xxr 


S 



34 


The Alhankma of the Novlh and Sonth 


The last paragraph of Mra nasliick'H aertotifl letter apiwnra to in.lii'nlo llmt the 
Albaiiiana are willing to hiiad-immld, hat that Iheir atloioptH miiht Iro )<ingtil.'»i ly 
ineffectual. A tight bandage round the teuiplea .■^lioiiltl m-hiove two rt<hiiU«, m ) a liigh 
skull and (6) a roiiiul horizontal .wtion. Hut the Albiuuari .Mknll has n very 
low auricular height*, ami itu ('humcteriHtic feature in ihnt very ni»|il«' whip'li 
the head-mouldera are Hacking to avoid- the Albanian luwl in tli- louiiileat liend 
in Europe! The reported distoiiioii of the AUwuuan head haa probably bUb* 
influence, on the extreme hmcbycephaly (ff the. Soulhern Albauiuim. It i« not 
unlikoly to bo a posi hoc oxplnimtum <»f a nunnrknbb! natural elnmaeb'V. 


Accepting the standpoint that the Korlhern otid fittnthern Uroiiiw .Htndietl by 
Misa Tiidesley form in bodily and cephalic chnr»\ctera two distiuet vucinl tyiH H. 
may now consider how far lior mcasurcnionlH arc in accord with those (tf |(r(-vi.nis 
investigatorij. 

^^0 may deal with the workf ofllaffaello /iiun[)n first. On id.’iOH begives nseasiin’' 
mmta of 59 Albanian mon living in Italy — Calabria, Crtaeiwru THiiH A Ihutuitu e-dMuy 
is found in the centre of the loo of luly, but wo. Imvo no clui,' In the [wirt of AllHinin 
from whence the men cainoj. Ifninpa HtatcH that tlioir iin'uii stature wns 1(14 enm.. 
which agrees with thntofMiasTildusloy for lioriSnutliorn (Irenii. Jin gives nrew umle- 
fined rnensuroments of which tho most roniarkid)l(( is the Hoad HreaiUb IW iiini 
No one, 08 far as wo are aware, has HtJggesUsl a lesser breadth tbuii 155 mni. fer 
any Albanian diatriefc and tUo averago for 1111 cosea from variims UKvililiea nf 
Haborlandt and LobzoUer is 168 niin. Tho nicaii Head Isuigth of /lanijHi’N 
Albanians is 18S inm,, which agrcea exactly with Ilnbcrlandl uinl r/ebwltor’s ik«iIp«I 
value for 111) men, Zampa gives for the first Cephalic Index the vnlue 80 11 (H{) 7 
from his frequency distribution), a value far below anything sugg«;«tiu! by labT 
inquirers for any Albanian group. Thus it docs \u>l aeum ^wnaible U) lay any alr<'*a 
on Zainpa’s figures. 

In 189’i' Leopold 01uck§ published a more important paper giving indiviibml 
measurements of 30 male Albanians from tho north of tho coiiulry. Eineeit of ihtw* 
men camo from Prizren, LI from Djakova, I from Novi-lluzar and I fmm Ij^ck, 
these being their birthplaces (see map, p, 24). All Iheac towim lii* tniuidc the 
present boundaricB of Albania, althouglt the fimt two of llmin are within Ul — 15 
kilometres of the boundary of Miss Tildealey’s Northern (iroiip, and liny warn 
within tho old boundary of Tiiiitish Albania. Coiniiariaon, if any, tiuiiii tlieriifMra la’ 


* "lift liftutoui' du oiAiio {illftiiiilro MirionlO'bnjKinftllqiiMj «nl d|jiil0iiuiii( fftltln r(iM, )«* AlbsiMl* 
Toutee leu popiilftlSons do In PAiilnHiiUi dca l)i>lkiinft...cxco]<id le» HerbBft, iiat mm liAulFttr du Mdrt» 
&Hp4n«ftuo a mHo ties In plus ordmi uxiiuibil) vrdiMml paiiiil 

brnoliyodplinlcB do In UdnloHnlo ilu» Unlknnn, II ubi (I'nnUiU pliift lideowtnlra ilit smillHiipr w> Ml uup in 
tftitlodflfl Atbftnfttft oat, 6« moj'ftimo, «no deg pln» 6kv6«ii do cakto rtuion." Hiigdnit LilUirtl' /,« /V»j>rv< 
del flrtfl(«?il, p. 288, Odtiavu, 1020. 

t “ VorglfiSohomlo fliitliropologiaoho EUinograjililo von Apaliftil," '/.titirkrifl (Ur Kil. 

xviit (188(1), S. 167—108 n. 8. 201—282. 

I Sea for theftoqountof (liih BotfclorooiU Nommii DuualftB: OUt Cdfotrifl, IioiiLton, lUaO, pp. 181 iy<d. 
Tha niiHratiou started in tlio 16th oontury with tbo advAiscQ of Iho Turku, 

$ "Kar phyaieoliea Authropaloitm dot Mlnvaeiwn," H'i»niwehtrflbthe .MiUhtjlujifltn nni }lo»ni«i umH 
dll' Hmegovina, Bd. v (1897), 8, 806— -102. 



l)isc:uHHi()ii <^f M. L, TrLHiosr.KY’s 1 )at.\ 


35 


iiiiuUi wiLli Miss Tililosloy'n Nortlun’ii (iroiip. Unforbuimfcely Gliick j»ivoB no 
(lefinilioMH of the nieiifiureiuentst taken. 

lb will 1)0 .seen that Mias 'rildesley’s Norllieiii (ilioup has in all dii’cclionaa kiggoi’ 

ht(rli(!(l and larger type ot’ man, The one e.'ceopbiori is bhe Head Height, hub wo do 

nob know what ni«aHiii'o\mmt Glllck wivs taking, nml wlmther it was from tho ceiilvo 

of the ear passage*, tir again wlieliher it was tho vertical height or not. If it 

wen; Ivon; the contro, B inm. was a (jiiilo, reasonabla din'erenco. To OlUck’s 

"Kntfornnng des Ohrloohos von dor Nnsonwnn'.or' wo Bhall return later; it is 

prohnhly the inea.suremonfc Mias 'I'ililosley unfertiinuLoly omitted to take, 

'rUJcaluy'H NorOium 
(iUick (30 high) Oroup (77 tncii) 

{(rotii UtH Tallin, (Ifom ouv Table. 

t'i)tn^iirti(i/< C7«irnc<en! 8. 37'!— 7fi) !'■ SI) ttruiinbs 

Htnlim; lOHl lODD'S Of tlio Lwolvo comiiiiraMo iilisoliitt) 

Bimim 17<M l/fiO'H t‘liiii'iiotoi’.s (lueri/ one is greater in 

(diRst (iirtli H7‘I 80711 Tilileslny's Norttiorii Orouii, wlien eoin- 

Jlistd (.'irciiiiifoninco .'■i.'i.S'ri (idO-TO jiaml with Olilck's still lum'o nin-tUorly 

Iletul [iG.eglU lail'fi IHllTi sevies. The mhls agaiesl this ivltmo ere 

llww! ItrvMullh IM lOK-rt 'lOil^ito l,ifweiiii};lcelUioi>nlynwilwnlii 

Ih-ayKHiiiiUit; UrisuUh Ills) l'i()’7 I'liiTOlaliiHis of Lhii i.‘hfti'a(tl(aN, Tin* 

('(!)»fi;ili(; Index H;)')) |iriil)al)ility nf llio ohservnil dill'cnsici'.s 

lalminl Oisdar DishtiK'o .'110 in lli'iiil hciigOi and IJetnl Drcudlli 

J'lnil Tasiglli 'JM) 2/)ll'7 iiruiirriii); in 1^ siiiii{)lcis froai llin Haiiie 

Wir rsiaglli 08 (1 (It ’8 lHi)iulati<iii is nf the ni'dov '0001. 

Niwid llftifihl ori WOl 

Niwal Ih-cadlli IW DVl 

N’lisal IiidiK riH-7.1 (iirfi 

Charticfiri intatwnl hy one oullmr milij. 

Forohood iroiglit tiO ■ T'ilth'.sley’s laniisvirorntints ■would givo tis)-;) 

worn it lovitiiiiuLe to siililriaT disOouie 
froiii ginitliioii (o nosioii rroni distiinui! 
froia ('inilhioii to crinioii, 

Forohead Broadth t*^*'*l TUmc. luiist Im an error ia (lUlck's Taldo, 

IIS i,liu value 103 ilons not uKrci*. with his 
YiiliiQ lO'J no )), 371. 

Hand laiiiglli 187 

'‘KatformitigdcsOlirlrMOies 

von dor NiMonwiii'^ol” 103 (Jliick's incasni'o is distnisHfid on our [ip. 

.18 -.10. 

Olnmiclen iwii-eoin/mrtilile owliiy lo ilejiiiitloii oe ti}{ier 40 nol e/inolion. 


Fact) Hoighl 

18.1 

170-8 

Must III) duo 1.0 dolliiition, or to porsonal 
u<)ualiua in duleruduiiig nnatldon. 

iKiwor Fiwa IluigUt 

Ufi 

IWVfi 

IliBbrenev; duo to )ioi’Homd oiiuallou iu 
ihitenniniug invsiou or guniliiou, pro. 
Iwbly llio lallor. Hoe remark in l''or«,e 
himu Hoighl. 

Face Index («»((t}/(l7)) 

7.V77 

78-3(1 

llifliirctiwo follows froin roiaarkH on h'/uie 

Mead Height 

120 

iai-0 

IhiiKlit. 

PoHsihly (lUlok moasiiroil from eoiitre of 
uariwilar inwHago-, Tildesley luoaaurotl 
fi-om the "Iragion.” 

Mandibnlnr Bi'cadth 

ll>:i 

U)8“7 

Must 1)0 duo lo j*erBoiial wiuatiou in 
detorniining the jaw-unglo, 
fllilck’s mcasurcinout, liko Martin’s, ia 
from llic “Augoiiwinkol," hut was it 
really taken from orbital margin? 

IJxlornal Ocular Distniico 

!)2'(J 

S7'D 

Hand Breedth 

89 

84-0 1 

1 lliflbronecs duo to jwi-Konal equation in 

Font Broaillh 

lOO 

loa-o J 

‘ (Inltening hand and foot. 

a-3 
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Tho Albanians of the North ami .SuiU/i 

It will be soon that wliiio Miss Tildosloy's vhIiigh aro more in iiccordtmr.o with 
GKick’s fcliiin with Zam^jii's, the ,livoixoii(.‘o bolwoon tboin itttinlH to umom\ 
north of tlio prosonb Alhaiiiiin lioidor, nr olso to oxtroiiio diviTHily in llO,•^lK'^la <0 
vnewsuvonronfc, which wwlovditodly occviro fov tawtsviiv cluu'tu’lors. 

Wo may coiisiiloi' linro, Hoiiiowliub niit of order, ii [Hiper by I'ilWid of 

1!)22* * * § , since it denlH only with tho Oophiilie Iiuhix. He f{ivo« this index for lid um-o 
from diiluroiit districts in Allmnin, from tlm cnvironH of 8t!Uliiri in llm norlli to tlioso 
of Av[;ironiHtv« ((.!\\ inokattlra) in Uio extrciuo Hoiith. "uiiisi (pu; diw liN'iilKes 
appartunniit h la pnrtiu conlndo do I’Alhivnit;." It is not )Oir[>riHin^ llml I'itUrd 
found (I eiiliu!, b7'9, for Llio lirflt Gophniic Inthsx idiiiost ihe wojjjhted tio-mi of -Mirw 
Tildosloy’s North iirid South Groups, i,i!. 87f>. It is not jKisailile, liowev.-r, !o jt<tol 
tho north, central and sonth AlbnniuiiH in this niuniier, mid we do mil nndet^luttd 
the basis of Pittard's remark: 

Uiio Icllo hoiiin)'Aii'il5..,t!St h HOiiVijjiier fovUnnt'iit, car uit o’rn iMUVCt.iil m'' n* de 
ilaiis la PdiiiiiHiilo ck's Jkdkans ([). SO). 

Another paper by Pittardf iloals with 2li ^ enuiiut from twu etiiirehvK in Uie 
south of Albania iifc ArgirocoHtro ((itiiiKikiialnii. and Alo.ieo[silt) i?--- MnNk'i|Mdi<’ ^ 
Voskopo’fo, sou map, jt. 24), and tliOHU Hhould necordingly Itelong to the T(«skes, er 
Soullutni Allmiiiaiis. For llioao 211 skulls the Leiigili is 170'4 mid llie Hreadth 1 IH 2, 
giving a Cephalic Index of36‘7. If wouftHinne homio 7 iiini.iill»\vjiiice li<r Ileab nnd Indr 
oil tho Maxiimiiii Ciuniui Length ninl l2tnu). on tho I'miolal Hreiidth, Ihi'^o- w.add 
give a Cephalio Indox on tho living of about 90!1 in roastiimbhi iuno<nl widi Mish 
T ddcsley 'h vvdue of 90’3. Pitfciird'a seven lil IhiHsmi imde enndu gi ve >i t, Vjihulh’ 1 ndes 
of 34'3, iilready as a omnial value in excess of Miss 'I’ilduBloy'a Hil l) for lln* living 
head in tho North Croup. El Uossau is just norlli of the .Skiiuibi, iiml it wins 
highly probable that Ociitval Albania would hIiow an index iiitetmudiriU' Imiweeti 
Miss Tilde.sley'n two groups. 

A paper by Max Kivasbaehcr^ deals with fivo Albanian skulls in Ibe Anuloiuical 
Institute of Hcidulberg Unlvorslby, one of tho skulls being ihnt of a jii votiili* Very 
ainplo mcnsureinouta are taken, namely H6 absuinit; nunisurtmienlH and X.'l indie^ s 
and angles 1 No means arc givoii—indouil they would bo of littli! valim on four 
individuals— and the author couciniles, on tho basis of a gmjjbicnt nifilosl dno lo 
Toldt, that the skulls belong to tho so-oalled "Dinarisclinn Ibuwen." No Its-uK is givoii 
for the source of the skulls, anti tho writer huuimh ignomiil of ViiUirdV [si|n»r of 11124 
dealing with much larger mimboiu Tho question of sex does not apjS'sr Ut Ijo 
cousidevod. By a graphical method duo to Mollisim, it is lUweiUid thivl the sktilU 

• “L’liidioo odpliftUiiuc uUoK 116 AltntmiR," ifcRue anthromlnsiiiuf, xxiuilMtiv Riuile (IWai, 
pp. 48—51, 

f "OunlTibutloB 5 VAUido (uilhioiiologiqiio do rAlbnuio. L'lndko cdiilm!(i|mi die iW erdoM U'AI 
baniiia," Instim InlenialloMl tVaiilltropalogie, ijfSHie Prngutj 1621, [ip. 220 -226 (1029). 

t Tlioie in one Biull Irom Sontnrl ond Bovon nmloB ffoin El Bmnnri. Tli« 28 female sVella do n«i 
oonocta U8 here. 

§ ''Metrisohe und vetalelohondo UnlMBUolinoj! an AlbaiioracliHaolu,” Xeluehrt/l fUr dnatomfa und 
KiUwieUmgigeiihiiihle, Bd. xo (1020), S. 199—221. 
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form "eiim oinhcifcHchc Gruppe" (S. 210). The Cephalic Indices of Lho five skulls 
are given as 78'0, 81'4, 79T, 70'V, 81’2; Lheae values conUafit, sU'augcly with I’iUavd's 
86’3 for 34 and 87‘8 for 24 ? .skulls for tlio southern jiortion of Albania. Tlie 
Moidelberg crania may have been brought from the north, in which case llicy 
would confirm the view Iluvt, wlmtever bhoso skulls may be the Albanians tbemselvea 
are not “oine oinheifclichc Oruppc." The paper, notwithstanding its extensive array 
of figures, is of small service for our prosenb purpose, nob only on account of the 
smallness of the series, bub also because no locus of origin is supplied. 

There is still another contribution by 15ugbne I’ittavd from 1920*, In this be 
deals with a largo variety of ineasui'einents taken on some 112 men from different 
parts of Albania. He says that o( this number there were 27 Ghbgucs ami ol Toskes, 
defining the Albanians fiom the north of the river Skumbi as Qbf)gue.s and those 
from the soutli of it as Toskos. It is not clear who the remaining 34 Albanians were : 
they must have come from either north or south of the Skumbi, but they may be 
hybrids, Clearly Tilclesloy'a North and South Groups, which como from relatively 
small areas in the extreme north and south, do not correBpoud with Pibtard's Ghegues 
and Toskes. Thus we liave; 

Tildenloy’H Soulhortiors Pittiird's Ttmkcs Tildculcy'N Norlliarnui's I’iltiud'fl QhdguoH 
Stuturo 1037 (ac) 1073 (la) 1000 (77) lOOa (2V) 

C'ophalio IiidoK aO'8 (Sd) «7'0(r)l) H3‘0(77) 81'7 (27) 

The differences aro in the same direction, but they cannot bo supposed to arise 
from two pairs of samples of the same two populatiouB. 

Meanwhile Pittard’s combined Albanian roa'uUa ahould not show marked 
differences from Miss Tildesloy’s results in those charactois for which her Northern 
and Southern Groups show no marked racial distinctions. 

Nothing is said in the voUinie by Pittard u,s to dofinitions of measurcinouts, 
but bhoro is little doubt that Pittard followed Broca. Now the fact that for a 
considerable number of characters there is almost complete accoixlanco between 
Pitbard’s combined Albanians and Tildesley's — i.o. for Sitting Height, Span, 
Maximum Head Length, Auricular Height, 2ntl and 3vd Cephalic Indices (less 
than a unit), and Bi-zygomatio Breadth — suggests that wo are dealing wibii the 
same mixed population, possibly not mixed in quite the same proportions, but the 
striking difforonco bobweoii bho values of other characters compels ns ahmwt of 
necessity to believe that tlio two ob.servcm are not defining thoir (juantitios in the 
name manner or that the personal equation, to which meosuromeuts on the living 
aro Bubjeofc, is too groat to admit of racial conclusions being safely drawn, 

Wo bake first the nose meosuromenls. Miss Tildesloy give.s absolutely tho same 
Nasal Height for both her groups and very noarly tho same Nasal Breadth. But it 
is clear that Pittard is measuring his Nasal Height, and probably his Nasal Breadth, 
in quite a different manner. Tho result is that judged by Nasal Indo.x wo should 
conclude on this oharacter alone t!\at we are dealing with two vory distinct races. 

* Lti feupUi det Balkam, Geneva (1920) (tha (nil titla U glvou In the faolnole.i). 321: Kto Piltard’fl 
im. 278—201, 
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I’iWntd'B 


Characlor 

Combined 

Albaniann 

Hrmthern 



Croup 

No,: 

Avorago 113 

Avorago 80 

Staturo 

1078 

1037 

Sitting Height 

Span 

Maximum Hand Length (L) 

880-0 

1718 

870-4 

1003 

181 -a 

177-0 

Maximum Hoad Hixwillh (li) 

100-0 

100-7 

Auricular Ilolglit (11)* 

121'd 

121-7 

Alinimum Frontal Dininotor 

111-1 

10()-3 

Lot Goplialic Index (H/b) 

2ikI Cephalic Index (H/L) 

60-4 

00-B 

00-8 

flH-8 

3i'(l (lephalio Index (llfB) 

77-1 

70-7 

Height of Nose 

01-30 

00-1 

Breadth of Hobo 

30-3 

31-.1 

Nnnal Index 

08-H 

ni-0 

Bi-'/.ygomatio itreiullh 

1.10-7 

i-a-o 

Ear Length 

03-7& 

01-0 

Ear Bi-radth 

30-1 

30-0 

Aural Index 

00 'll 

00-8 

External Ocular lIlHtanco 

00-0 

87-8 

Internal Oeular Distance 

30-7 

:j2-.i 

n* ls» vj. 


Tildciilpj's 


Kurilierii 

(hmd'Uii-d 

Oienp 

AverofiC 7? 

102 

KiiW 

imw 

801-11 

hM-3 

1700 

1723 

18()-0 

Ifll'A 

10(1-0 

108'T 

121-11 

121*4 

lOH-7 

IMi) 

83-0 

87*8 

01-0 

80-1) 

77-3 


on--i 

on-'i 

3'Vl 

31-3 

fKI-O 

MI'H 

140-7 

MO-lt 

fll-8 

Hl*7 

37-1 

.37-0 

00-1 

OKI) 

87-0 

‘ t 

32-8 
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• "DlBinAlro autlou!o.bicgiii»ttqiio,‘' PiUnril do*# nol lio'V Ui9 la lobe f«wml nn lltp 

IWtej, bvil. U\« salvio ot H ajtoes eloaoVs stlili llwae ol Mlw 'nideaky. 


If the two observors aro moasuring from difforont point«| then the urgency of Rtuuv 
Btandai'disation in definition and measuremenb becomes obvioim. Much the shiuc 
remarks apply to the aural mooauroments, whore wo rcaclj aimd iiuliccn whnw; 
differences wo may bo fairly sure are porflonal not rncinl. Another like tutto in that 
of th.6 ooulav distanooB, where Mies Tildosley appears consiatent. with heraelf, Uul 
differs widely from PittordJ. It is quite possible that in Maximum Mead HnuuUli 
and oven in Stature (wlioro a good deal of adjustment is needful) jHinmnal iMjUntiun 
is playing its part. Minimum Frontal Breadth has so little variation tlmt one is 
inclined to believe that even the two millimetres difTcronco may bo [)cr8<inAlc^|imtir>n 
depending on the prossutG ef the calipers I 

Another paper whioli deserves consideration in onr present iuqwiry i» that 
of Haberlandt and Lob!ioltor§, This paper has a considorablo ndvnntago over soku' 

t Mnttln’fl Bxlarnal Oaulnr Dl»Unaa (10} l« lo llio oxlornal cnnlhl miO Uroen'o to lli« rKlvtwiI 
roarguia of tho otblu, Tliie may twoomn for Ih? dUleisnoB, bui only Iho moto ftmiiluaUeg ibn nK««l lor 
standardisnllon, 

X Miss TlWealoy, {ollowlng hot InattuolcrBi may be nasunied lo bo sccbing lUn n»wl aulur«, whieli 
Marlin oonaldercd Idonllflablo in the living, Piltard is probably following Broca who incMurc* frota 
the ^iMinedia nez" to Vhe "polnl Bous-nasal" (IfWlrNcIlow ^fn^rflh!^, 1871), p. 189). On J»l». HW-HO 
Brooa aajB that Iho "raoino du nez" or "naslon ” oorroapondB on llio aVolalon to llic naaal Ulilure. 

J "Zw physiaobon Anlhropologlo dar Albanoaon,” Archiv JUr AnOirojmlogie, Bd. xi.vfN.F, xrii) 
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otKerja in that it deals with Albanian soldiers and states very definitely from what 
parts of Albania they wore drawn. The districts arc all in the northern section, 
i.e, north of the Skumbi, and mostly in the extreme north, covering a good deal of 
Miss TiUlesloy’s Northern Group area. Two looaUtiQs ought, however, to be excepted. 
If wo may judge by Habcrlandt and Lobzelter's data for 13 men only, then in the 
district of Kastrati there exists a very tall local race (ITSH'S mm.) with extreme 
brachycephaly (88'2), This district is to the west and to the north-west of Miss 
Tildosley'a area, In braohycophaly, but not in stature, it approaches Mias Tildealoy’s 
Southern Group. The second group of Habcrlandt and Lcbzclter’s measurements 
which ought to be excepted when we compare their data with hers is that of 22 men 
from Kruja. This district is more than half-way down to the Skumbi, and in their 
Cephalic Index, 89'8, we are approaching that of Mies Tildcsley’s extreme southern 
area, i.e. DO'S. Tlie menu Stature of this group is the lowest of all in Haborlandt 
and Lebzolter’s distrietB, i.e. 1680'2, but it is very sensibly higher than Miss 
Tildesloy's 1637‘2 for the extreme south. Still these authors agree with her general 
result that ataturo deercaaeB and brachycephaly increase.? as wo pass from North 
to South Albania. Tho anomalous position of Kastrati requires further investigation *. 
Pooling all oar authors’ data, with tho two exceptions named above, wo have observa- 
tions which can at any rate be compared with Tildesloy’s Northern Group, Tho 
data for Miss Tildesley’s Northern Group are given in tho centre of tho Table below 
alongside Haborlandt and Lebzoltor’a results. On tho extreme loft is given Miss 
Tilclesley’s Southern Group and on tho extreme right the Kaati’ati and Kruja 
groups of tho former obaervors are combined. These two outer columns are not to 
bo coinpai'ed with each other. Purthor there is no juatifioation for our adding mi 
extreme northern group like Kastrati to tho midland Krpja group, Our object ia 
as follows: Wo have seen that while tho stature and head-shape of tho Albanians 
change widely from north to south, yot scarcely any, possibly no, change takes 
place in the facial characters. This fact provides ua with a means of determining 
wliethor different obsei'vem professing to use tho same scheme of measuroincnta — 
hero Martin’s directionsf — roach really comparable results, or whobhor wo must 


' is ilia lilgli lioiul braiultlii 101*1, ot tho Kaalrati maloa whioh iloaarvos npcolnl oouaidorAlioii, ll 
ifl ovai\ groator ihiui MIkh Tililoulay's 100-7 (or hoc AlbonmuB oC Iho oxlcomo ooulh. 

i' IlhhorUntU nud Lobi'.ohor do not diroolly hIdIo Ihnt. Ihoy (ollowod MacUu ; thoy givo no doflaltlono 
ol llio olmrnotarfl (hoy Imvo monourad. Uiil tlioy do any (lint tlioj* iiaod It. Mnrtln’o ''MonoblKtlor” nnd 
in imU It. Pdob'B (for iirlBoiiucH o( war). ttiicUu’B "Moasblftll" I'ofotH to Ibo uumbati iu hla Uandbunh. 
A. dcamipliDn of Pilob'n ‘'DoobnobUingHtbitC' for jirlaonoi'ii of wnr In given by btin In Ibo Miulitilunffen 
(hr anthrapoloffidc/ien QtuUtclu^fl )» JKioi, 13(1, xr.vi (1010), 8. 115—128. Ho ftnyit (H. 128)1 

"Dio 20 Mabbo dloBOB MoBnblAlloB oUid iilto Iu dam Bom«tologlsalion MaKsblalla vnu It. Mnrtiu,... 
Dio Niiinoriarmig aowlo dlo Bononiiung dor oin*oliiQu tlABBO let jadooU gaiiAU dioaolba wio Im MArlin- 
Aohon UcobnahluagAbtAtto, ao dana aloli jedormaun (thor dio bai den aliixeluau Maaaungan gabaiidhablo 
TcoUnik nAob dot Nummor, wolaho daa Mnaa fillicl, im MarlinaoliQii Iiolirbiiobo untocrlobten kaiui." 

Ills dear from this that Haborlandt and Lebzollor are nalag Marlin's teehnlquo, preoisoly as wo may 
eiippoao MIba 'Tildosley's iiiBlruoloi'B to bo doing. I’erAonally the jiroaonl writer does not w'ondor that 
thoy OQuld in a numbor of meaauromanla rcooli difforont results. The deQnilionB and motliode of 
mOAsuiomenl provided by Marlin ate in boihb oases so obsonroly stated that one is not suTiiclsod at 
tbo amount ol porsouat equation wliiob flows from their tiso, and ono wonders if Martin blintoU had 
over applied them to long series. 
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infer Lliat their |ior.sniml iiitei'i)rctn,tif)rin IcJiii Oi ('liarae((‘r-ililTfn*iU'i’H which «rc 
certainly of the order ()f racial {liflFei'(!iicoM, 

Comparing in Ttiblo III the twoecntnil uoliiiniiH for Kurt, liom liii'H|w\v('.si'e tlial 
tus faros the following chorncters ore cnncerinLd : >St a tine, 11 (‘ml lli'cii'lth, Hi-r.ygoiiiaf ic 
Brciulth,MiniintiinFrontnlBiua(ltli,jraiidilnihirl{ren(llli,Nnw4lIlrcJ»'llh,nuil |K*S(»ilily 

Internal Ocular Diotaiice. no iliatinction hutwiom the two neta of uiciVHnvmmoit-K of I he 
Northern AlbuniniiH can ho niiule. When, howovor, wt* turn to Face 1 loight with lln- 
correBponriing Face Index, l(t Nasal llciglit and iJt'iJlh 4vilh llu' ciin( s[h<iiitiiig (,wpi 
N ftsal Indices, aiirl possibly to Head Ijongth and tlio coi’r('H|h)iiding ('I'jdinlic Indiw, 
we niarkdivergetices which in the naao of cj'aniul nieuHnreiiKfrrU wonhl lx; oanl to nuirk 
racial differenccfl. Do they do ao in this onHc.or nro Lhoy dn<! to diirerenfcintcriirclaiiniis 
of definitions, to the use of different definitions, nr to peiwniid isjnalion in iiuvisnrc- 
menfc? Wc think n partial aiiswor can b(! given to thia (jiieation. Take first tin! F.'H’o 
H eight; Tildealey gives niasoimbly likeFnce Heigh t-s for her Nnrlliern and S*>nlln‘iii 

TAHLli III. 

C'ompai'ison of Tildes lei/’ s luith Haberlandl md Lchzelta's nvulls/uv 

Northern Altmidn. 


(MtuMuroiacntH iit inui.) 


Oliaraelcr 

Tildoeloy’a 

linherlaudt and lichudiei'it | 

UouLlicrn 

NortlLcra 

Nnrllieni 

Ka-'lisn end i 


No.; 

Group 

Urunp 

Ctriinpt 

Knija rDUildne'' 

(KB~8fi) 

(70-77) 

(Sil»~KI) 

(33 33) 1 

Statiiro 

1(137 

lOOn 

1087 

1 itW 

Head LoiiKtli 

177‘0 

IHO-.a 

184 -1 

171)'M 

llond Dread th 

160‘7* 


1 00-7 

1(8»'4 

Copliidio Index 

O0‘8 

83*1) 

80-1 

Kll-a i 

Face lloigUt 

IlO'O 

12C)*fi 

11(1-1 

llll-d j 

Bi-*ygonmtic Broadtli 

14] '0 

1‘10‘7 

)4l-{> 

MBM 

Fnco Itido.x 

{84 “1} 

{80 ‘0} 

83! 

Hl-M 

Minimum Frontal Breadth 

IOn'3 

IOH‘7 

107-4 

lOK'd 

Mandibular Bi'oadUi 

lOfl'fl 

108 ‘7 

fl07’61| 

(KrT-tlH 

BKI'fi 

Frouto-Mandibular Index 

H02'2} 

{100-01 

IHI-i) 

Nasal iloight 

no ‘4 

00 ‘4 

01 'll 

01 -ti 

Nasal Broivdth 

84"l 

a4‘l 

33-8 

3t-H 

Nasal DopUi 

17'1 

I7'l 

[22-7|i 

iiT-a 

(Kin 

33 ■« 

1 

Nasal U/U Iiidox 

Nasal D/Ii Index 

10I-0| 

(40‘0} 

jOO-fil 

{50'1 

(10-2 

(.“••I 

Intorual Ocular Uislunuo 

3a'4 

33>(l 

31-0 


Wcsults ii) omlcd braolcots arc llio iudiooa obtainixl ri-oin Urn raliii td iikvuin id 
absolute olmroctcm 


* Omitting one breadth of lO.i (I). 
t Omitting lho'"Berbeii uhd Tflrken aua Podgotioa" group, 

t Absohite meaaureDienlB „ot provided, only tile Pronto-Mandibiilar and Naaal neplb/nrofldlh 
Indicca recorded. The abaolule valuoB are supplied frora lha indicae. 
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Groups, ftiid Huborlaiidb (iiul Lcbzolfcer do blic aaino for iheir two groups. Botli 
observers sro self-conaistonL but differ extremely tlie one from tlie otlier. There 
ctuinob bo a doubt bliat wo are nob liere dealing witli a racial difference bub with a 
matter of definition or iuterpiotation of definition. Turn again bo the Na-sal Ileiglit, 
Tildeslcy's results are the same for the two groups and so are Habcrlniulb and 
Lobzcllcr’s. Both agree in tho statement bhab the Nasal Height does not vary from 
one group to a second. But these observers differ so substantially in the absolute 
height of tho nose, and tlio resulting Nasal Index (broad th/lieighb) that a racial 
differentiation would be legitimately asserted, Imd wo not the absolute equality 
within their own measurements of groups which arc racially distinct in othei' 
characters; the like remark applies ocjually to their measuvemonts of Nasal Depth 
which are self-consistent within the same obsorvoi's’ data and inconsistent between 
observers. 

Wo are inclined bo think tho same criticism may bo applied if in a less degree to 
Head Length. Tildosley gives a Hoad Length wliich is greater than that of niiy one of 
tho six districts or for tho pooled data of Haborlandt and Lebxcltor, thus she obtains 
a lower Cephalic Index than they do. Picking out the Austrian investigators' 
groups which correspond geographically moat riottrly to Tildosley 's northern area, the 
Cephalic Index obtained is 86’1, as compared with Tlldesloy’s 83'9, and the cliffei'enco 
lies entirely in tho mcEvsuromont of tho Head Lengths, for the Head Breadths in botli 
coses are practically identical (166'6). Wliotbor this diflerenco in Head Length is duo 
to the choice of tho frontal terminus, to choice of the occipital terminus, to a diftbrenco 
of dealing with tho hair on tho back of the head, or to the use of dilforeut typos of 
hood spanners, or to conventions os to tho maximum length in osymmotrical hoada, 
wo cannot say. All wo can draw attention to is bhab in measurements on the living 
methods of proceduro and personal in ter probation may lead oven in such imporUnt 
racial characters as tho Cephalic Index or blio Nasal Index to divergences ns groat 
as those which in cranial research mark definite racial differences. 

With these facts before us, sad as tho conclusion is, wo avo compeilc<l to hold 
that tho groat and over accumulating ninss of incasurcineots on Iho living are 
practically worthless. Obsorvors may state that they are following the dirootions 
of such and such an authority, but this is of no avail. Obscurity always arises about 
verbally defined “points,’’ which arc not points. The only solution is training under 
instructors whoso methods have been standardised one with tho other. And this 
standardisation involves not only that of human instruments, but of the machinos 
employed. How many obsorvoi's think it needful to test their scales and calipers 
against standard scales before tlioy start, and how many remember to repeat the same 
on their returnl Tho present conception seoms to bo that a very largo nuinbor of 
moasuromonts vaguely made on relatively foiv individuals by wholly unstandardised 
observers will be of value in building up tho racial history of mankind, 'rhis is the 
veriest delusion. Sad as the statement may seem, the work of measuring the living 
will have to be restarted with highly trained observers, standardised internationally 
(or better snpernationally) one with onothor. As tho astronomers started inter- 
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nationally to divido up tho heavens for their great aUr-clmrt, so onthroixdogtHlfl 
when they have ceiwcd to be dillotanti will <iivido up tlie world, working like the 
aatronomers in a HtandairViaed way witk atandartliBod infitrnmoMfl, to rewh no 
international racial chart, Important oa tho choice of nicaanroinenUt on tin; luinmn 
bofly maybe, that choice and the tnodo of definition is of far leas vnUui than (wrwnuil 
and instrumontalataadnrtliflalion, 8mlly, hut without lioaiUitiou, woHlIirm that whnt 
hofl been done will havo Boonor or later to bo «crapp<!(l, and aiUhroiwinetririouK inuflt 
Btartafrcshjiiot even from internationally ncceptCKl dcfinilioim— which do not define" ■* 
but on a basis of international etandardiaatioii. Even then W'o acnrccly bcliovo llinl 
meosuroments on tbo living body will give ns satisfactory rcflultg ns ineasuremonts 
on tho skeleton, But at tbo same tiino variations in oxtomal bodily tyjK!, if wo can 
measure them — especially in physiognomy — arc of tho groatost inlcn>«t and value', 
they are nob necessarily in every case highly correlated with tho skelcUvl fmninwork 
beneath them. Perhaps, ns in tho case of astronomy, it is not to ilirect uwwninimout 
that we shall trust in the future, but to ineaauroincut on atandanliscd j)lioU»grapha, 
Some attempt hns been made in tbia direction by tho ty^Hs ailhuncU-oa of the 
Biometric I^tboratory. Those nro only on trial at prosoiit, but if they are Hucetwwful 
the same method might bo applied to other j^rts or aspcctfl of the hmnuu iKRiy. 
The rapidity with which a hundred fihmdardwifld jiholograpliH could Ih; ohlniiuifl in 
the field ns compared with 30 or 40 incoauromonte on 100 men ia a grtiat wlvatiUige, 
and it leavee the laborious task of ineasurcmont to bo undertakou in lh« lalwmUtry 
with proper instruments under atunrlardisod conditions. As a slight contribn limn In 
this topic the type silhouettes of tho 67 Northern tmd 67 Southern AlUaniaiwi will 
bo discussed in tho remaining section of this iKH>or*. 


(3) SlIiliOUETl'ES OF THE ALBANIANS OF THE 
NORTH AND SOUTH. 

By the Staff of tub BiowBrrmc Lahobatouy. 

The accorapanyiug silhouetteB arc based on the photographw taken by Mii» 
Tildesley during her stay in Albania, and havo been dealt with in tlui cuatoniary 
manner. This consists briefly in the most delicate proccBB of enlarging tho pwfilo 
photograph by aid of a Coradi pantograph, this being done in two aUges Ui rntlune 
tho error of oninvgomont, Tho next process is to modify this milargeinonl, alwj by 
aid of tho pantograph, so that tho diafcanoo from meaoporion ta the n«arc«t jwiut wf 
the nasal bridge coincides with the like distance measured with the car-plug 
spanner (i.o, tho spanner used to lake tho auricular height) on tlvo subject of th« 
photograph. We havo now a Ufe-siao silhouetto of thia subject. By aid of flonmw)iat 
elaborate co-ordinate systems, a very largo luunbor of measuromonta arc taken on 

* A oettMtt namW ot paotoBiajvhB oo«W not bo uood Wa»o » portion ol Uio boad nol on lUo 
plate, or beoanse the ttsfilon or sub-orbitsl poiul wm not vlolble on tho plaU, or )x»an« iho tnbdian 
aagillal pione ol tVia aubjrol wan not parallel to tbe focal plane of the oawwa, or for olber defeeUi fn 
photographing. 
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(ihis pi'ofilc outline. This process is repeated on every one of tho individual photo- 
graphs, wliich arc to be pooled to obtain the composite, and tlion the nveiage of 
gach of the co-ordinatos thus obtained is taken, and those are plotted afresh to give 
the average or type contour. Diagrams I and II give the typo contours of Miss 
Tildosloy's Northorn and Southern Groups respectively, with tho moan values of tho 



co-orclinatos marked upon them. Thoy have been reduced accurately to Imlf scale. 
To obtain the lino for orientation a small white wafer is placed on tho sub-orbital 
point, and this appears on the photograph. From this with the centre of the 
auricular passage, it is possible by a slight adjustment to obtain very approximately 
a lino representing the Frankfurt Horizontal. 
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Although the suggestion thnb nIki slnnild ttiko Htfmdanl plioLognq'lis ttf the; 
Albaniuns was mndo to Miss Tildosley fi oin the Uioinctric Tvdi(niilory and a rainoni 
with ft telephotn-lotiH wuh lout to her by one of the iSUdT, nlni fnihid l.o it'filise (do* 
importance of a portion of tlio iuHtruetioiiH given to her. Uiiforlniiat.dy not one of 
the facial or cephalic inoaanroniontH taken by Miss Tildesk'y is of any real Horvieo 
for the production (d' ataiidani type siilnmetteH, Jf a photiigiaph Ins taken in pioltle. 



no major length that could bo of real service for doteriiiining abaolnto i<iw! iniiHl. 
have ft terminal bonoath the hair, Tims maximum head length mid auricular 
height are of little value, Facial measurements in the median jilnne are too hi nail, 
too vaguely determined, or too arbitrary to bo used. Thus in dealing with tin* nose 
height, if it be measured from thenasion (I) to the anbnasal point, the length in not 
only too small, but both terminals are too vague, and the same remark appliea to the 
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nasal depth. TIkj facial heights from nosion to chin, or from liair lino to chin would 
perhaps ho satisfactory as to length, but tho determination of the two terminals, 
however clean cut on tho enlarged photograph, appears to liavo boon hopeless on 
the living. 'L'hat is to say, tho scales of enlargement of tho photograph to bring it 
up to lifc-sinD iw judged by tho aovoral facial mca.HnvomGnt.s wore not only (puto 
(lifTereut for the individual, but for tho average of the series. No other method 
was adopted by the investigator for standardising her photographs**. She did, 
liowever, mark on tho .subject's face tho sub-orbital point anti tlio tragion, and these 
arc visible on tho majority of tho pltotographs. Unforlimately she did not measure, 
as she might have done, by aid of a projection spanner j*, the distance between the 
sub-orbital point and tho tragion projected on to the median sagittal ])lane:l;. 

Tho method adopted by tho Biomotric Laboratory is to insert an ear-[)hig about 
an inch in longtii and 8 mm. in diameter iii tho auricular passage, the plug i,s held 
in position against any resistance of tho eav-lobo by a siiuplo arrangement. Tho 
visible olid is coated blade, with a central white spot, which is reproduced by blic 
photograph, On the photograp)h, after mechanical onlargcmont, the distance from 
this wlutu spot to tho nearest point of the nasal bridge, tho liypcrrhiniou (no 
searching for iiasion 1) can bo at once measured. But tho actual distance from the 
central a.\iH of the auricular passages to tho nearest point of tlie nasal bridge can 
be at once measured by tho head spanner which takes the auricular height, and is 
inserted in the auricular passages by aid of its ear-plugs. Tims tho actual life-size 
of tiio individual of which wo have tho profile photograpli is determined, The 
knowledge of tho central auricular piointaiidof tho orbital point on tho photograph 
enables us by a sligiit correction bo obtain a good approximation to tho Frankfurt 
Horizontal 

Of coiirso tliero are other methods of obtaining the scale of oiilurgemont needful 
for the photographs. Thus; 

(i) Wc may place a scale in tho median sagittal plane of the subject’s head. 
This is easy enough with tho instrunionbal fittings in the laboratory, bub far less 
easy in tho field, and does not free ns from the need of deterniiiiiiig from the 
mesoporionll the standard horizontal plane, 

(ii) Wo may place our subjects in swell a poKitieii that their median sagittal 
pianos are always at tho samo distance from the focal piano of tlic cainora. Tills is 
an adjustment relatively easy in tho laboratory and tho photographic room, but by 
no means easy in the field, whore the ground may bo rough and the subject's scat 
oxbomporiaed, 

* A orUiuftl OKumlimtion of tlio pliolograpliB bIiowb thnt tlioy ivoro nol lakcii in llio enmo nUndord 
mnnnor, TIiq olmir and tho ontnorn wore not in Clio samo positiono for all liidividimln. 

t Sco Biometrika, Vol. i. p, 416. 

t Tlio tragion Ib, however, in Usolf a most uneAtlBfaator; point. Sco Siometrikn, Vol, xx’’, p. SO.S, 

g Soo njoHwfrfta, Vol, xx®, p, BSO, 

11 Ibid, p, 860. 
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Ib inu,y simplify the work bo have all the pliolOHrapliH toHlnmlnnl Hizo, hut it ih 
risky to attempt tluBand then fail in that Htamlurdisaliun, for all is tlieti lout. It is 
tlieroforo better to have a knowledge of sixe from a standard lenglli I'H sidijeet 
and on photograph. We have not been able U; diseovi'r anything ns gomi tw, still 
less better than, the distance from the hyperrliiiiion t<i ihii central anrienlrir axis, 

To obtain any type eonUmrH Ihnn Miss Tildesley’s pliot^igrnplm we had lo 
follows roundabout and by no incuits thoroughly safe nuid! After a long |H‘ii'sl 
of perplexity wo dotorminGcl bo prooced as follows: 

There wore 184 suitable right prodlea available, (>7 of each grtiup. It was clear 
as already stated that the scale of reduction was nob the sauie for all these [iliobt- 
grnphs. The sub-orbitnl point and a point anterior to tint ear termed by MIns 
T iWealoy the '‘tmgion" had been marked on the subject by black dv»ls. and lla se 
made it feasible to obtain an appioxiination to llv(! Fraiikfnrt Horizontal [daiii' nti 
each profile. 

Ii\ the firat paper on typo silhonetlea puhlislied in ?{ioniCfi'i/;tt in llhlH*. it was 
pointed out in discussing tho I’iich-Woiunger photographs of the West Afriean 
Negro, that Martin's definition of tlio tmgion was so obsouro that it was not jsfwiible 
to use it in practice, Miss Tildcsley kindly fiirniHbed the following dcfiiiili'Si of the 
car-point tornied the tragion as ulenLifiod by her inslnielom in Munich: 

"In ray prnotico tho tmgion was detonniiunl as the jsiiiit of intersection of tw'o 
tangents; tho one a common tnngetit lo the niiterior margin of the. imgns and 
mishelicis, theoblier a tangent to tlie upper border of tho tnigns iKissiiig lliroiigli the 
nasion as seen in profile," 

While this omonded definition still leaves room for {wraotml tMjimlion, and 
possibly is inexact, fis ib is dillicnlt to draw in apace tangents to curven only ^emi in 
profile, and difficult to sec a eubject in profile except on the focal plane of a 
camera, it is safe to assume that the "tmgion'' as tnarked by Miss 'I'iUh^sley in alvs'ays 
anterior to the opening of the nuriculnr i>as8age, ami probably slightly aVmve the 
highest point, tho hyporporion on the superior margin uf that opening. The isniil 
where the axis of the ear-plug inserted into the auricular piwisagu ciils the median 
sagittal plane is the mesoporionf, and tho auricular jwint A m defined to Im: 
the one whore a circle of 8 mm. radiim having the inetmimrioii as tumlro in 
mot by its upper tangent from the projection of tho sub-orbital jstinl mi to tin* 
median sagittal piano. The tragion as marked by Miss Tibbisley prolmbiy licschwn' 
to this auricular point A, but anterior to it ami Bliglitly inferior it. Ib was 
accepted as tho auricular point A, which serves as tho origin of tlin axes friim which 
tho co-ordinates are measured. 

Now the actual origin of co-ordinates does nob matter ns far as the siUtoMlUs 
are concerned, if we obtain for each subject a point whioli may be said to b<‘ 
anatomically the same. But it is of importance to have the same [)oiiit on nil tyfKi 

* Vol, ix®. pp, 8S9--400. 

t Doflueil /ijom«lrnra, Vol. xx®. p. 880, 

i 
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cojitoiws, i f wo wish bo coinpiire their ineaaurcments ono with another. Unfortunately 
Miss Tilcleeloy, having dcROitwl the, hyporrhiniou and moaoporion (loading to the 
auricular point) for tho iinHi(tn and her tragion, did nob provide by aid of the 
piejoction calipers the projected distance between her points, She did, indeed, 
lecord liend inea.surciu()nts of lier Albanian aoldioiH, but ns vve have scon Chern is 
no one ef these which corn'sponds with sufficient accuracy to any length which 
can bo ineiisiired on tlie plH)t(>graphs to make it possible to dotorinine tlie individual 
scales of retluction, 

Tho steiw adopted weie as follows : Tho first stop was to trace from tl;o photo- 
graphs witl) extreme care the outline of each head, introducing the marked 
positions of tho sub-orbibal point and tho tragion. These drawings wore then 
enlarged by two stages to o,\actly four times their linear dimensions by aid of a 
Corarli precision pantograph. Tho outlines thus obtained, which wore ovidontly 
rather smaller tlian those of the living head, wore then divided up by blio system 
of co-ordiniiteB sliown in Diagrams I and 11, and their ineasurements were takoi. 

Tho origin, or point A represented by Mis.s Tildesloy’s tragion, was first joined 
bo tho hypcrrliinion the iioaresb point to A on the nasal bridge, and thus wo 
obtained tho base line NAB, ono of tho co-ordinate axe.s, ibo second being the per- 
pcuclicular to it through A. From these axes the co-ordinates of all points on tho 
oublino were deborinined, except those of tlie moiitli and eliin. This method of 
measurements, and those used in the case of tho facial outline, were very similar 
to those adopted in constructing the English male type silhouette, tlmiigli slight 
modifications which can bo seen by comparing tho figures wero introduced in order 
to make tho best use of tho now material*. 

It was next necessary to reduce tlie monsuromonts of tho enlarged profiles to 
a uniform scale as well os this could bo done under tho civeumstaneeB, After 
comparing several caliper measurements made on tho living head with tho corre- 
sponding lengths on tlm profiles to which they mayroughly be supposiid to correspond, 
the fbllowiiig method was found to bo the least unsatisfactory. Neither of the 
terminals of the facial height ns measured by Miss Titdosley can bo located at all 
accurately on the profiles; but it is nob uiueaHotiabie to suppose that their facial 
height will bear an njiproxiinaboly cwwbanb ratio to tho lino joinhig the liypor- 
I'luuiou to tho pvogeuioii on the actual lifo-sizud silhouette. Now wo dofiuo tim 
progoninn as tlio point on the oublino of the chin farthest romovod from tho lino 
joining the protioiv to the stomion. Tho protion is tho most anterior point of the 
nose obtained by drawing a tangent to it perpendicular to llio axis and tho 
stomion is the meet of the lips. We require only to draw a tangent to the chin 
parallel to the probion-stoinion joinf, All this can be done on tho outline. By 
means of this ratio of measured nasion-gnathion length on t!m living to tlve 
measured hyperrhinion-progenion lengths on the enlarged pholograpliic profiles, 
it was possible to reduce all tho enlarged photographic profiles to a common scale, 

* Of. limtelriiia, Vol. xx^, pp. 300— SOU. 

t Biometrlkii, Vol. xx'*, p. S90. 
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which would not, howovor, bo iioco.^HJirily tlio tnio iiclind 'Hk so nil ins mt»g< d 
from V260 to 1’5D3 for thnNovLlnnii Uismii iind V274 for (ho iStmlhoni ; llio. 

nnsion-giiathic IciiKtU hoiiig th(! f,o(-ntov in nvory rsiso. Ml (liv of 

each enlarged profde wwo lliwv mnltipliod hy liartiouliiv mlio siml llio ikojuim of 
those ftdjiiHtod ineaHurmnontH won* foiiml for cueli oo-ohliimlo. 'I’Iiiih lyr- |ir.*lilrs 
n and E-i were ohkuuwl with thow lueium for tlio ^^lrll^orll nmi Si.nl lo-rti (Innuis. 
Hub these typo contours will iioL yot be of life-sir..', A rnrllii'r e'ljnsimt'til wiis 
needed for the contours wore clearly too liUBe. ^?flw the fiRy Kiiglisli oiul.' 
whose silhouettes wore ns.u! in the Coiislnielion of the Mngli.sli r.y|H! Irn'l )« in.-uu 
caliper glnbolhir occipital length of 1!)4'4 iiiin. The iiirixiinini) letigtli frein ibe 
glabella to the ))ack of the head on the typo sillieuetto was 211-8, Tlivf" Iwo 
lengths will not neces-sarily coincide in dirt'otion, but their difTerciiee was trcaied 
OS the same for Albanian and English types. T'l'is diOervnee wa.H 17 4 unn. wtiieU 
would ill tUo Hr, St place incnHiire thickne.as of the hair, in the,«eeoiid preM,^nr'' Mf ibe 
calipers, and lastly bo possibly ii rosnlt of non-cdincidoiiee of dire«!iinn. ilie lunr n<»l. 
being equally thick over tlie buck of the liond. Tims we nbuiiiird n i<tngh |iiff» "s 
for finding the absolute si’/.o of tlio Rillumettes, The AlhiiniiniK In-ing hoIdi. r>« bad 
shorter hair (fioo photographs) than the peuMants as a rule vvonld have and w -inld 
be likely to correspond in this rospeet more closely with tlio Kiiglisb niahugrodinatee 
Measuring the imixiinuin length from tlie glabella on ih.'li? N.iilliern Allitinaiix 
of the pliotographs the mean gave IHO'O mm. If we add 17’4 mm. iv.’ bavo for 
maximum length from glabella on Hilhonell.! 2(14-0 mm. For the 07 iotni|h'"ri( 
Albanians the mean length on the living bead \va« \7tl‘d nnu. or ibe cortvHjitntding 
silhouette length should be 194-0 inm. 

On the enlarged typo contours, ci and fj, obtflinml an dwrilssl nbnv.*, ilu‘ niaxi> 
mnm Head Length for the Northerneni was 217*7 anti vlnK Inw to be rislm-r^l I*, give 
204-0*, the reducing factor is therefore 1)37. In the snnu? maimer l‘«r tin* J^oni hornem 
the enlarged type contour gave a maximum Hoad Length of 2()7’2 mid this mash'il 
to bo redneed lo lOi'O or the reducing factor waa -930, 'I’lif! near Hpinlily tif lliesii 
two reduction ratios is satisfactory n« the Nortlmmerw ami SmUhernera went plmu*. 
graphed in ramloin order, and it indicaten that displnemnenls t.f tianiung elmir mid 
subject in chair wore fairly randomly distributed between both grmip«, T)nw 
reducing factors wore applied to all the moafluroinentH on the imhirge<i lyi*.* r<miniirt», 
ond final presumed lifo-sixo contoum obtained for the two gronjw, Tlietn* ur.' icpr*.^ 
dueed to half-soalo in Diagrams I and 11, the corretip)ntlingsillmi)ett.‘ii Umiig givi'ii 
on Plates I and II lo half lifo-eiao. The molhwl by which tiny Inwo Iwum nViiaim-rl 
from the photographs ie frankly admitted to bo n enulu tme. but il apja'iiml the 
best that could be applied to the dofcotivo data nvailabhi. 

Having obtained in tho above manner tbo Nurlhern and hinuibern AJUiriian 
male silhouettes wo puzzled onco more to find any quiUi indopmidimL iiusHumI nf 
checking our result. Looking up fcho literature wo discovered r,eo|Hild (illlckV 
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staCemenli (aeo oiir p. 35) tlmt the "Entfernnngdcs Olirlochca von dcr Naaoinvuj'zcl ” 
fov the meiianremeiUa on his 30 Nevthoni Albanians was in tho mean 103 mm. Now 
" the (listnnot! of the eiu'-pnssngo fioin the root of tho noao” i.s a very vague oxpi'csaioii. 
QUick probably took tho expvesaimi fio\n Virchow’s list in Ncuinnyor’s Aaici’tinip su 
wissenschaftlichcn IhohtiGhtungen anflieimi, 1876(seG a\siiZeitschrifl fill' lilhwlogie, 
Hd. XVII, 1335, tS, 0!) — 102), where the imuisnvomont is named in precisely the siime 
way, but this is not helpful, as Vii'chow does not define it, nor refer to any instriiinoiit 
for taking the measurement*. 

If we suppose the " root of the nose" to bo the most poatorior point of the nasal 
bridge we have still- to define the word " poatcrlor." Wu shall not roach proci.sely 
the .same point, if we define posterior in regard to the Frankfurt Plane, or tui tlso 
point nearest to the " Olirloch." Finally if we agree to suppo-so Gluck’s ineasiiroinoiit 
to correapond very cloaoly to our hypcrrliinion to mesoporion distance, wo Imvo to 
reniGinber that this ia not 'I'ilde.sley’a im.sioii to tragion longth. Wo nuiat first reduce 
GlUclc’a 10.3 to our di.stanco from auricular point to hyperrhiuion and this will he oijual 
to V 1 03® - 3® = 1()2'7 nearly, Now the niirieular point ia not Miaa Tildcsley'a Iragion, 
which liihfcur may easily ho 1-5 to 2'ri mm. anterior to the auricular point, Hence 
we .should expect on the biiaia of Glllck'a men.suroniciit that the diatanco of A bo N 
on ailiiouettcs of tlu* Northeiu Alhaniaiia might lie between 100-2 and 1()1‘2, with 
a mid-value of lOO’T. On our eilhoiietto it ia 100‘f) for tho Northern Group. 
Conshloriug tho small nutnhorof QUick’a cases, the area, wider than Mi.ss 'I’iide.sley’a 
novthorn area from wliieh ho drew themf, and further, the fact that the iliatanee 
from mesoporion to hyperrhinion vai-iea from 03-3 to 101-2 as we pass from south 
to nortli of Albania, the above accordance is, perhaps, all wo could look fov. It, of 
cmii'se, deponds on our interpretation of tho term "Eiitferiunig dea Ohriochea von 
der Nasonwurzel ’’ being correct. Ikssnining that is so, our silhouettes arc hardly 
likely to he at moat more than 1 % to 2 in error as to thoir absolute size, Had 
Miss 'L'ildesley simply recorded the measurement wo suspoet to bo that taken by 
GlUckJ:, and used tlu! oar-plug when phoLogi-apliing, all the laborious coiiipiibing 
work just described would have been saved, and tho absolute sizes of tlie silhoueltos 
would have buon ascertained without any of tho donhts arising fj-oin hypothe.ses such 
as we have boon eitmpelled to make. 

* HGlnnkH {.intlmipiiloiihrhe MeOioileii, IHSS, 8. 11)-/) tdonillU’i! ll»o "Nnsonwinzul" ^vllll "joj 
liurHlun 8lcllu Cm- Mln^'i'Kiilinlutig zwiKolion Slim iiiul MiiRn," bill IT ti point on n oiii-vo In lobu "ilciipcKl” 
il iniiKl to wit)i I'oHiiril l» Koimi oburil lif (tin oiirvn niul ho (loe« not (fofiiio tliiH olionl. In Clio noxl 
wiilcnco lio NponkH iiboiit lliii iinxiil riiIiii-o niiil iippni'i'iiliy iili'iUiflon tho iiiixioit willi tlilx “ilccpciil point 
of tlioiiRRAlbiiduo,’' Mivcliii (I.i-brbiiciKkrdnlhropiibipif, 102S, lld.i.H, U7) very pioparly huj's tlial “ ven 
iiiimoiicti AHtosen -wivrt (iilKcblieh die tim liefttlen clnitexaltollo niello tier Nfwe ills ' tiiwmnvnvzol’ 
bo'Auiulniol." Ho idoiilincs Iho “Nnsonwinzor’ with llio Nnmon, but lie doos not Hoy how lliD '’liorHloii 
oiiiaOHflllelto Btollo dci- Noho,” if mjuii-cd i« to bo found, Wo doAno it ns llio point on llio inodiaii 
Nngillnl Bcotion of llio noao iioni-cat to the nicHoporiouic nxin. 'I'lii’s io onay to And in the onuo of tlio typo 
aillioiioltoa. 

t Hia mou cftiuQ fi'Oin Novibii'/.ftr, ipek, Djnkovo, mid l'i-i-/,ron (boo map, p. 2-1), pfti't ot tiio Cotmor 
Turkiali Albtinin, iio-iv oiiUido tho noilhorn boiindairy of prosenl Albiinla. 

^ It IB quite simply Inkoii with Peni-BOn'a bend spauiior, mid tlio inosoiiorlon quile elmply loimd on 
tho pliotogrn))h by aid of Pem-flOn’H oni-.pliig. 
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fh& Alhankin^ of the North and iSmith 

If the two ailhoiiottes, i.e. tlniL for (he Xorllifni hikI ilml f«r llii< .Smitlirm 
Albanians, bo aiipcrpoacd so that liypcrrfiinioli niul it wjl) U.! rniiini 

that the whole of tlie faces arc in hIiikwI, eomplelf* luyonhuicc. This lafiFil likcin^ss 
we lincl already seen tmisl arisn from Miss Tildr'slrFy’H facial tm*aa»n'nu‘ms On the 
other hand bl»o tops and backs oftltcirliciitls slmw tnarkcil rliviT^(*tir<' ; ihi- XorlloTi) 
head projeetH beyond iho Southern in the iiciithbouHnssi of iln- ojilttvon, Knnn the 
crinion the hair liiii".* of the former lie» incrOJwinjjly o»tf.idi‘ tlnkl *»r ih" latter, mol 
at the back of tl»'- head between ebclioii and hyalnliuu ih'* diireh-iu o mtmmilJi (o 
8 to 9 mm. This oxeeaa, if it dinumBhes wunowlml, iw tuidnlaifusl ri^htdnwn lo ihc 
lopbion. If the auricular pointa bo euiKirpOMul, and llio two lines fWon lh>'«o [wiiius 
to the hyporrhiriiona bo brought into contnet \vc lind lhat iho 8<tiilhiTn tics 
entirely inside the Northern right away round frotu gniioti to litphi'm, tin* twi) faces 
having practically parallol contoura from progenion to the ttpliryMiiic n'gioii. 

To empbnsifio the oxfcroino Bniallnoen of tlni Albaninn skull, wbciluT nt.rUi or 
south, wo may take the ailhouotio tyiM> oonumr of the, iMighsbsoan frnm ihc 
pocket of Bioiiietn'fai, Vol, Xx", avid BUperjyJHw it nu Uial of the Norlhctn Alhmiau, 
BO that tho neso contours, which fit well, arc. in agr<u:mcnt. ihi^ I-Jiglishuuui's 
hyporrhiniou being slightly above that of llio Albuiinu- The KiigliHhimni Inm 
a slightly longer upper lip, but hio chin and forch'Oul rclnsif, InV erittioii li^'ing 
slightly below and inward of the Albanians. Hoyond llu' crinioit the iCnglisli i,y[H> 
is bigger than bho Albanian, rising about 4 min. nbovn it at (lu* (i|s>x, and it i« 
to (3 mm. horizontally outside it bntwonn obtdion and hysUtiMii. This cvccfwi is 
maintained, if decroaaingty, right down to Iho lopliimi. If ti« pmvioiidy wi* nmlso 
the nuriciilnr points and tho hyporrhinion-mirhnilar [mint lines p) coincide. Him 
northern Albanian head lies almoat inside iho English, excnpi fur a alight jirFijwlinii 
of tho former in tho region of the crinion, and n aomowhni nmn* signiliranL projec- 
tion botweotv plakion and oboUon. Tlve southern Albanian tyja' lies wholly inside 
tho English male typo whothor wo moke the iumculor jjoinla and ihw nuricnlu- 
hyperrhinion tinea, or tho auricular points and Fnvnkfurt Iluriv.oittala lu cuiiu-idc, 
Further evidence if requiroct of tho amalliicss of the Albaiiian, csiawially llm 
southern, heads may bo found by superposing the lyiKj sillmucltn ountuurfl uf ilm 
English foinalo head or oven the West African NegrtJ head. 

Tho comparative valuo of tho silhonoiUin of moiiil typa can only W* wjlthHl 
when many others hnvo boon oonstrnotcil. It will bo intorosUng U> wirnpam thw 
of the Albanians with eilhouettoa of othor Ikilkan ^H»Jplt>a- Borne of ihw an^ in 
proparabion, and they will, wo havo reason Ui hoiw, be fme of tho omiaHion which 
dobraots so much from tho value of tho prosont poir. 

* Thla tarm “hair lino” lauiod parpoMly booauM Iho tiiitaattru) aKr/rnitfr liolfilil ef lUe 0«u|hwn type 
ia Mluaily O ') mm. in «*o«b 8 of IhiU ol Vho Norlhom lypo, (8oe Tati® J.) Tlie rorllwl hel«hl from A on 
the Nortltemora’ ollhouotto is 8'8 mm, gtoaUr Umn lhat ot tho coimponJlng bolghl on the 
An examination olPlaUa IH— Vanggoalothai thoHortboniota' hair may well iioooiinifor ihiji dtfteriMieo; 
the areroge thlokOBBo of hair at tho back of Iho head of 60 young Bngllehtflen wao of Iho otdor of 
17 QL&rii. 
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Two poiiita, which, if noticed before, avo at any rate re-cinpliasiHod by Misa 
Tildesley’a work, are fclio following: 

(i) Tliero are at lonsb two differentiated groupa (or wo inigliL say races) in 
Albania, those of thu oxbroino North and of tho extroiiie South. 

(ii) ]3obh races have from tho Ifiuropean afcandpoint small, and in the caH(! of 
the Southern Group extremely amall heads. We might add that it is possible for 
two diflforentiated groups to havo faces closely nliko, or wo inn.st nccei^b the fact 
that a strong facial rcseinblanco by no moans connotes racial identity. Thus 
physiognomic chavactcra do not necessarily provide tho best method of <Us- 
criminating races. 


DESCRIPTION OF PLATES 

I. Typo BiUiouoUo o( tlio NortViorn Albanian Qroiip. 
ir. Typo Silliouolto of tho Soutliorn Albanian Group. 
lU. Examplca of ttio Fliotograplia of llio Albanian!) of Uic North (lat Soriesj. 

IV. ExninplDB of tho Pholographo of tho Albnniano of Iho North |2iul Borion), 

V. ExatnpIOB of tho Photographs of the AlbnninnH of tho Boutli. 
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A- 00MPARI8ON' OK TIIIC BKMMNVAKIANTS OK THK 
DISTRIJUTTJONH OK MOMKNT v\NJ) .SRMMNYA RIANT 
KSTIMATER IN .SAMPLES I'TIOM AN INKINITIC 
POPULATION. 


Bv JOHN WISHART, M.A,, D..S(;., Ohirc Oollom;. OumliritlK'*- 

Tjik (ippenrnnco of yoL uiiothor papor nu tliu 8 uiiipliii|f pr(il)li!iu* ilint)!!** iai(‘ti“ 
tion to thi', 811CCOH3 which liaa lUtciukul <if n>c(!iit yciu'H llio (‘iVorlH nf workcm in Ihi*' 
field. The }{cnera! prohlwii coimidcrcd by oiiis ^'roup of workoi'a Ih tin’ fttlhovinj^. 
Let there be }{iven a popubilioii, HiippoHcil iiiliniLc iti o-Sloiil, but HiibjrTt In (liio 
having any law of distribution with liiiiti* inoinenla, It ninylH* a jHi|itilalinJi o( ono 
or many variables. Tlio ])opulalioii itiny be reganled iw t;om|tli'ti')y ajw'eirnil by o 
knowledge of all ita charaotorintio panutiolei'H, whicli may b(! iinniieiit eoeniriiaiUH 
or Heini-invariaiits, or oxproBsiblc in tenim of tlleae. For a ,**,'naple r»f si/.n it drawn 
at random from this popidalion wo may caleiilale in hoiho innmn-r eorlain rniU’iiomi 
which are to be regarded as caiimateH (if the popnlaiiou inionoiit ar 

Hemi-invarianta. The niimiltiiiiciniH (liHtrilaitioii in repiaiU'd mmples of I In- vannim 
catimatca will deponcl upon that of the parent poinilalion, und ilm problem I 

totakeupdeals with Ihedelonninalioiuif theinonientcoidlicieiil'*, 

of this siimiltaiicous distribution. Prior to I!I2H eorUiin individiml rrsiill’r oiily had 
been worked out; in that year two iiuiependont pa pern of great inijatrlinir*’ ajipeared, 
R. A. FiBhoi't showed that if wc define as estimates of the po|inliUinii aeini-iiiviiiiniii-s 
(/Cf) certain functions (iO f^f tbo flainple ob.sorvalions by meaiiH of tin* ainijtle 
property that the moan valno of kf for an iidinito nmnber of Ha)ii])lca ia l<i !>«* 
then the semi-invariants of tho BiinultniioouH distribution of the i'a an* pncnliarly 
simple in form, compared to analogous i'.xprossioiw derived in other ways, 'rheac. 
aemi-invarinnts can be derived algebraically, or mnro simply by following out 
certain straightforward combinatorial ruloa. KiHliui''« iiaper mnrknil a great ndvam;'* 
in showing the possibility of beginning a Hyatomatic tabulalimi of ilio r<'i|nih*d 
formulae, a thing that had not before been poBaibli!. fii his |»ipnnill formulae up 
to the tenth clogroo wore given, together with a number of sjafeial intrr<-«t of iln* 
twelfth dogveo. In addition the paper showed bow the meilitaU cmiltl rnadily In- 
applied to multivariate populations, and a munbor of the mom gi-imrjd forinnhu* 
were given. 

The other paper was by Ornig§, wlio dealt with the HimultanwiUK diHlribiJliun 

‘ N, Si Georgflsou: fiioMif/Wk, xxiv, 1082 , pp, B 5 — 107 . 

t B. A. Fisher I ?r80. Loiiil, Mal/i, Soe, ( 2 ), 80 , 1920 , pp. 100 — 288 . 

f [The render must hear in mind that tho mosn value of Is not (ho value wore likely limn any 
other to ooour, I.e, it is not tho modal value. En,] 

§ 0, 0. Oraig! Melron, vii. 1928—0, pp, 8—71, 
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of fclio sinoplc moment; coefficients M ordiimrily defined, but chose to c^iprovss 
this distribution by means of its aemi-invariants. His results do not, thorofore. 
liaVQ the same pecidinr simplicity of expression that Fislicr's have. Craig was able, 
by algebraic methods, to deduce quite a nuniber of formulae involving momenta 
not higber than the fourth. Now in the paper already mentioned St Qcorgescu 
derives precisely the same functions as Craig, i,o. the semi’invarianbs of the 
simultanooiiB distribution of saiiiple moments. The interest of his paper is in the 
presentation of a differonb method, for he dcseribea a combinatorial procedure 
rather like that of Fisher, althougli it is not ns simple in its rules, just ns the final 
reaulta of Ornig and St Georgeseu aro not bo simple and compact as those of Fisher, 
Quito obviously, then, those formulae which are given botli by Craig and St 
Georgeseu are identical, although the identity is not immediately evident, since 
St Georgeseu has expressed his results in terms of JV, one less khan the size of the 
sample, and has used a different notatioJi. Ho has, however, a number of fonmdao 
which do not appear in Craig's paper, for, confining himself to moments not higher 
than the fourth, St Georgeseu gives all, or nearly all*, the formulae up to woiglit 
11, together with certain only of the formulae of weight 12, and two high order 
results for normal populations only. Of those, the formulae of weight 11 aro now 
in the sense that there is nothing to correspond witli them in Fisher or Craig, 
although in the case of the former methods have been dovisedf for deriving in a 
fairly simple way new patterns from those of lower order, and thus it would not bo 
difficult to add to the results already published. 

n 

Now m, = % and the problem, as first taken up by "Student,” 

'I’soliouprow and Church, dealt with the distribution in random samples of the 
estimates nir, expressing this distribution by means of its moment coefficients, 
which were worked out in terms of the moment coofficionbs of the parent popula- 
tion. As results in this form are still required by some workers, though nob by all, 
it becomes important to ace how the Fisher results may as required be transformed, 
There are three stages in the process : the first consists in finding the sotni-invavianbs 
of tlio distribution of the vir estimates, expi'ossod iu terms of the populathm .semi- 
invariants, from those of the kf Gstimatoa (i.e, deducing the Craig-St Ooorge.Hcu 
resvdts from those of FishorJ); the second consists in turning these semi-invariants 
of the required distribution into moments ; thou, since the results are siill expressed 
in terms of the population soini-invariants, the Inst stage is to turn these latter 
into \nomont8. The livst two stages are a matter of vontinc alg(bbraic transformation, 
using the known relations botweeu moments and semi-invariants, but the methods 
of tho first stage aro loss obvious, and it is one of tho purposes of the present paper 
to dcscribo this trauaformation, which of courao ia icoiprocal. Later a now vcault is 
worked out, and it ia also shown how many of the terms in certain Fisher formulae 
of high order may be deduced from corresponding terms in formulae of lower degree. 

* Eo hiva not givon S (8 2*). 

t R. A. Fiahor and J. 'Wiahart! I’roc. Loud, JllnUi. Soc. (2), 88, 1031, pp. 105—208, 
flB uol tlua to Bilrait tlmt tlio Ornig-St EcorgoBcu vcaulta roliovo Iho worker, who is dsoiing wilVi 
moiDont coenioionta, from at icnsb one stago of his labours'? Ed.] 
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MouiGiits ciufl SpMhfHi'ui'ianf'S in ‘Xiiiijditn/ 

Formiilao whioli involve winipl*! eHtinmto.4 no liiKlior Mmti I li*' l.liir»l doK'''*' 
be rciul'ly trnnsforniod from fclus nnii ntilntj'n.'ti iiilo ihc ttllier. Since 


A -2 tivhlOi - 1 ) ** )- 

(2^ 


Lius onlychanpo ovidoiibly coiwlsls in intnulutsing n ctnniUuif, inultiiilicr. TIiiih bsl, 
us bogin with rislior’s formuin for sc(‘2'r<), the (21) iihHlucl Hciiii-invarintil, ..r 
moment about the mean (sinco uj) to the lliirtl degnsi* Hcmi-invarinnt mnl moment, 
are identical), of the HimnlUmcnuH dUtribution of h utui hi in n-iH-itiMi .tiitnide^ 
Tlio notation is easy to follow (and how been mloptoil by Hi (biorgwn), for the 
figures in large typo rolalo to the estimntOH involved, while ihe exirniiem'* givf> ihi! 
nature of the setni-invavianfc ovnlnnLed. The forniida is FisherH no, (^1), 

K(2“:n = «,/»“ + 1)! + - I )®| )- dSifjA.-jVt'i 1 )"■ 

In the notation of St Gcorgeflcu, we now obtain S (2’fl). i.o. the (2 1 ) hrmi-invHriuiil 
of the aimultancouB distribution of vii and m 3 , by ninltiplying tin; above rcsnll 
tiu'ouglumt (soft (1) and (2)) by 

/H- 1\® (11 l)((i “ i) 

\ ~n / ' H* 

Wo thou have 

5'(2» :)) » (rt ~ 1)’ (n - 2) KjJn^ H- 16 (n - 1)* (« ™ 2) /fa/n“ 

+ 12 (« - l)(n-2){2ti - ;l)AriWa/?t* h'lHfu— l)(ii — 2) 

Tliis agrees with Craig's result (loo. oil. p. 56, formula for •Sgifuj, and alto* 
with St QoorgeBcn'B if wo malto the anbatitntion ri jV-p I. 

It is to bo hoped that wo shall in time soltlodown to n niiiforin and oaliafacUtry 
notation for bho Bomi-invariants. What Fisher writes is written X, liy Craig nnti 
Sr by St QcnrgoKcu, In both those cases tho iiillneitc(5 of Thiohi is ap|wrctit. hnt to 
both there are objections. If wo aro to oxtoud the practice of having t,'orfcs[sinding 
Latin and Greek letters for sample estimate and population pnnnnulor r«^s|R!i-tivtdy, 
a practicG that has much to commend it, then that rultia out s slraiglit aw'ay as not 
being n Greek letter. In any case s is alremly appropriated for Hlandnitl dovialion. 
There is not much bo chooao botwcon and tcr, but on tho ground that thr* I^atin 
I for sample estimate is less satisfactory than k, liabhs as it is k» ho lainfuacfi with 
the numeral one, wo would advocate the uso of k and k tliroiiglunit, 

When a fourth or higher ordor csbimnlo comes in, tlm imnsrurnnition iw leas 
simplo. Fisher, in his original paper (loc. cit. pnm. 1(1), gave a gonoml ihmioiiNtra- 
tion of the method to bo followed, but it will not bo out of pluco luwu to givo ibu 
details, illustrating by means of an oxamplo or two. Let us Ijvku tlu: caw* of 
the variance of h, compared with that of mt, denoted by S(4*). The latter fornmia 
occupies three and a half linos of print in St Qeorgoscu’B (mper, and conUiina 
a number of quite complex terms. Tho former roads 

K ( 4 i») “ Kiln + 1 6 <c, Kil(n - 1 ) + 48 AfB K^Kn - 1 ) + - 1 ) + 7 211x4 Jri*/|(» ~ 1 ) (n - 2) j 

+ I4.4.nx,**,/j(7i - 1) (71 - 2)1 + 24)1 ()i 4 1) x,Vl()i - 1 ) (« ~ 2) (n - ,'))). 



John WisiiAUT 


65 


The number of berms is the same, bub t!ic siraplicity of each is very marked. In 
fact the occurrorico of common factors in the second and third, and fifth and sixtii, 
torms would enable the formula to bo abbreviated by taking the.se terms togotlier, 
while the writing of jl>f for it - 1 would also somewhat shorten the formula. It is 
of more immediate intevesb, however, bo see how the Craig-Sb Qeevgescu result 
can bo derived from the above, By dofinibion wo liave 

= {n {11 - 3) (ii - 2) (jr~¥) 

Thus we may write qk^^, utilising the value of k^ already given, in (1), 

where jo and q stand for the two factors involving the size of the sample 

p = (a - 1) (n - 2) (a - 3)/{a« (?H- 1)!, r/ = 3 (a - (w + !))• 

Wo are to eonaidor now the aitniilttmeoiis distribution of kj and kg, and to find 
the distribution of 7».i, a certain known function of these quantities. The moment 
generator of the distribution is given by the operator 

oxp(r(pc)/3ii + (?aVV)!. 

while the operand is 

1 + /. (4) (2) ^ (4“) M ('i 2) I- p{2^) d- . . . . 

The operator is expanded and the dilforcntiations carried out, after which h and b 
are put equal to zero. We have the following aeriea in t ; 

1 + [pp (4) -h HP (2*)} T -h [p^p (4“) + 'i.pqp (4 2®) -i- i/V (2^)} t*/2 1-1- (4), 

the binomial character of the coonicienb of r'^jr\ being ovideiib. In general the 
notation p{a!‘) denotes the moment coofiiciont norrespoiiding to tlie soini-invarianb 
«(a*), The series in r is the moment goneraborof the distribution of vu. To obtain 
tire semi- in variant generator wc expand the logarithm of (4) in powers of t''/?'!. 
We get 

{pp (4) + qp (2*)} T + ip (4*) - p^ (41) d- 2pq {p (4 2«) -p(4)p (2»)1 

d-7/i;t(2*)-/t«(2‘))]r'‘/21+ (5). 

The term in t*/ 2I in this is the ivg, or variance, of the diatributiou of itn, i.u. the 
required result. Bub it is expressed in terms of tire moment coelHcieirts of tho 
siinultancons distribution of k^ and kg, whorous it is the semi-invariantH whicli are 
known from Fisher's work. Tho relations coiiiiocting [nomonts ami HOini-invariiuits 
are, however, well known, '.L'hoac rve shall rcciuire are 

Pi =. «i, 

Ma = /tj -p Ki®, 

pi2~ /fia d- 2xnifo, + «oa^io d- 

Mi = 4 kbKi d- 3 ki“ -f 6 k2 kj‘ d- ki*. 

The term in t®/2! in (5) may then bo written 

-S (4«) = (4») d- 2pq t« (4 2») d- 2« (4 2) ««) 

+ 2* (2*) d- 4« (2^) Kg + (2') d- 4 k (2>) Kg^j (0). 
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and Seini-Iiirananfx in Samplini/ 

This iH the relfttion sought, into wliicli the known miin-H of p iiini 7 in;iy li<- 
insoi-Led. It is seen to involve, in uddition n iiiini)»nr of other reniili^ nil 

tabiilntud in Fisher's papei', liecijirocTtlly, of courHc, it is hIho [Ks*sjhh* to express 
«( 4 ®) in terms of a series of tin; (Jrnig-St (hiorgese.ii reHulls. 

The terms of j 9(4®) iimy now he worked oiil, one liy one. Take lor e.xriinph* (lie 
term in xt*, the only term thnt Riirvives ^Yhell iho pnreiit is>|)nhitioii is iioininl. fti 
this case tile entire middle term of (( 1 ) (that in pij) vnnishes, sinro k is zero 
for norinnl popiilntion.s when <1 > 2 . W(' make iiho of the known resnlls 


« (.(») = 2+n (ji + 1) “ 1 ) ( » " 2) (« " 2)1 (7 k 

A- (20 = 2^-1 (r- l)!>r*7()i-iy-k 
Substitution in the above forninta leiuls without diHiciilty In 

S (40 « 24 (n - 1) (4n« - !)n -1- (J) (H k 

as given by Craig, Sb Oeorgeson, and others. 


Actually, in this case, it would probably bo neai'ty usniinple. l4» obtain the n-Milt 
by direct algebraic inothoda, but the example is tmly an ilhiHlnUion of what is 
possible. Tho scries (6) has in fact been extomled by the writer (,'i tin* leiins in 
t^/ 4! and used to work out Llio normrd term of ^'(4*) in terms of a; ( 4*) ami (tlher 
K results, thus checking the result given by Craig and later by .StCtStrgewoi. NViih 
such a high order reavrlt it is obvious that dirtf.ct algebraic mcthmlK wnnld be 
exceedingly laboriotm. 

For this, the normal, term of x (4*) or A' (4*), there ia not n great deni b* elinom- 
betweon tho fornrulae (7) and (8) on tho ground of siinpli(!ity. It is perhnpa 
instructive to choose another term in the formula to «lm\v a imnre Hlrikiiig 
difference. Suppose we are required to find tho term in /f**. For *f(4*) this in 
simply 34/(?i -1), being derived from the two patterns 

3 1 4 2 2 4 

\_3 _4 and 2 2 _4 

4 4' 4 " 4 

which can be sot up in 10 and 18 ways respectively, and with eeellicient l;'t« — 1) 
in each case. To find from (0) the term in xt* of ,S'(4») we require in ndditien the 
following results : 

« (4 2») » . . . 4 (7n - 10) w,*/ln (n ~ l)»l , . . . 

«(2<)=...8(4t^*-0tt + (J)V/!«*^<■“ t)*: .... 

k(2®)=«4/?1.,., 

These are taken from forinulao nos, (12), (U) and (1) (»f FislnFs alnnuly 
cited, 

After substitnting in (6) and reducing as far ns pmcticablc, wu have, for the 
requirerl term in 

2(n - 1) (17)1* ~ llln* + 309)i*- 406 h + 207)/n<. 



John Wisiiaiit 


51 


So mucli, tliun, for f.hc dirocfc .semi-invaiitinta of «, singlo iiiomonfc or Hcini- 
inviiriftiit csbinmLu. When we come to coneirior tlio siinultaneouH ilistribiition of 
two or more Huniplo catiinuteH, the [nocciluro is a little modified. To aervo tia an 
illoBbration of iuotho<l lot ua (ind K(24f), luid from itS(2 4). Tho firafc of tlve«o ia 
the first order ijindncb somi-invariiuit (or moinonb) of the joint diatribution of A, 
and ki (in fact ita «ii). Tlie aecond is the coiTosponding parameter of tlio joint 
distribution of mt and mj. For k (2 4) the required patterna aro 


2 4 

j) 

1 fi 

4 

1 2 

2 4 


1 1 

2 

1 2 



2 4 


2 IT 

/r (2 4) = Ktjn + 8a;i «8/( 

a - 1) + 6«8* 

To transform this into j?(2 4) we shall also require k( 


2 2 

ji 

1 1 

2 


2 ‘2' 

j 

1 1 

_2 




2 2 


v(2®) = 

K^fn + 2it^j{n~\), 

2 2 2 |l) 2 111 

4 

1 1 

1 , 3 

2 2 2 i ■ 

1 1 

2 

1 1 

1 ; y 

2 2 2 


2 2 

2 


« (S'*) = Kiln^ -I- 12KiKtf[n (n -1)1 + 4 (h - 2) - 1)“1 + Hx/fOi - 1}» 

Wo now consider tho simultaneous transformations 


uu = pi^i I- 

whore = (n - 1) (?i ~2)(n- 3)/{a® (?i + 1)), 

?'=“ (?i - l)/n. 

The /a-genortttor of the simultaneous distribution is given by 



and tlio operand is, as before, 

1 +/r(4) + p. (2) /, + /* (4») -1- p (4 2) + m(2»)|j 4- ... . 

Performing tho difi’erentiations and then putting we have, for the 

/r-gonorator, 

1 + Ti (piu (4) + (//A (2’“)j ^•Ta7’j^A(2) + TiTj [prp{A, 2) + qrp (2®)} + .... 

Tlic /c-generator is the logaritlim of this, and to find tlio (1 1) product moment of 
tun and nij wo require to expand the logarithm and find the term in T]Tg, Quito 
obviously this is 

prp (4 2) + qrp (2>) - [ p/i (4) + qp (2»)) rp (2) 

= p7' [p (4 2)-p(4)p(2)l +7J' }p(2®)-p(2»)p(2)(, 



68 Moments and Semi-Invariants in Samplhuf 

On converting /t’a to tiiin bocomon 

8 ( 2 ‘fc) = jjr/c (4 2 ) + f/j- (a- ( 2 ^) t- 2 -f 8 ^; ( ' 2 % 

On substitution of the vhIikjh of p, q nin) /' nnd nf llni expr.-ssionf^ givi n nUnv.< for 
the aciui-invnrinnta iiivolvwi, w(j get 

tS(24) = (n- !)*(«* + + 2 (n- l)(7n*- 18>i -}• Ut) wivj u* 

•h G (n 1 )(h - 'ZfjtaVo* i 

as ftiroady givon by Craig St 

Enough has boon done to iiidicftto the procuduru to Ikj followod in iln> of 
more complex formulftc. In nil cnacs the HitnpluHt finul results net' ohuiiiu'tl wliou 
we deal with the aemi-invuriauu of the /f-OHtiuuites, vvliioh fnvl rrii«l>T« llioin 
particularly suitable when a atorehouse of inrorinntion is rtHinirr-^l r<*r rofT.iieo, 
purposes, In ndclition, niiyono who has mnateted the Iwbifeme may work onl 
ab initio moriy of tlie Fisher rosiilta in ft few iniiiuleH, u jirtH-edmo ilint w’ill oflon 
be quicker tliaii looking up the required fornnda. In Hindi ea>4oalhf IniiiHfoniialloii 
which has been described will be iiHofiil when tin* nisullft nn^ ri'qiiiri^d in utlior 
forms. 

Two rcaulta of high order, miiuely .S(4*) nud .S'fUM, have Ivon given liy 
St OeorgGseu for the special case of tin* ^Mii'oiit popidfvtion being retriiial. 'I’lie Jirwt 
Agrees with bho corresponding roHultgivnn earlier l)y(Imig,whi(rli,(i«'vnhnv.* Mid. 
checks with the Fiahor result for k (4'') *. lint it oiiglit Ln he {loinUHl out that the 
St Qoorgoscu result for )S(3‘) is in orror. w(H*J wiw firat worki-il out in full fi.r 
the normal case soitio two yoaw ago by Dr Fisher niui tin* prm-nt wril**r*. 'I'ho 
reBulb is 

/((3‘)=.46G60Oa*(22»*~lUft 4*142) wj'/Kn -*!)*(» "•2)“} (M), 

Now siuGG mj = (n - 1) (n - 2) fcj/n*, wc inny obtain S(!F) hy ntoUiplyiug the 
above result by j(n — 1 ) (n — tind we havo 

<S(3‘) = 46Q6G0(rt-t)(n-2)C22n»~ niiH.l42)v,V dlOh 

If wo write 11 for i\'‘+ 1 in the St Qeorgescu result, wo get 

32G6020 (a - l)(ii - 2)(4n* - 21n 4- 2H) 

There is no doubt retnaiiiing as to the correctnesa of (1) ), mid theri«r<m!(Uh. It wim 
determined on more than one occasion, and has rocnntly hren rowiirkiHl. by Un* r*»iiv 
binatorial method, mid carefully chooked. A fiirlhoroln^ek U pmvidisl by tin* n'lutiiui^ 
ship between ;i(8«) and ^(!l«2“’),\vhich latter is tlio sixth iinmioiilnflln'tlminlnilii-n 
of tho ratio gi^kvjlc%^, tho first mosauro of departure from imnnnlity, dilVt-ring by 
only ft constant froin V/Si. Fisher’a rccurronoo relalinn for r/,t eniihles nm*. uanr 
some fairly heavy algebra, to obtain the second, fourth anti sixth rnmiumls of pt in 
aucoession, and so to check k (3*). This also has been dune mort* than onne, with 
the some result each timet. 

* See 3. ’Wlafiattt BiodwtrtJra, xxii. 1080, p. 587, 
t R. A. Finhan Pm, Pay. Soe. A, 180, 1980, pp, Ifl— 28. 

n Im' ^*^''1'*’ V' bM oaltutBled ^ l8*a-»}, ilie resuH Mus oheokwl by 

i>r FiaScr by hia oombiDatoriat raolhod, ' 
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To fill a gap ia Sb tieorgcscu's table of resiilta, I have worked out ic{'i 2*). I'roiii 
which ^^(3 2*) may bo directly derived by multiplying by (a — !)'’(«- 2)/a®. Th(3 
forinov waa obtained by the combinatorial method, and carefully chockc?d by t!\e 
rather lengthy proceas of direct algebra. The r-eeulb is 

« (3 2*) « Knin* + 48kb«*/[i»» ( n - 1)} -I- 8 (16n - 29) K^K,l[n^ (n - 1?\ 

-I- 8 (3871,“- 99«. + 75 )«, 7^4/1 «“(w- l)“l 
+ 16 (26>i“ - 98)1“ + 12Vn - 58) xt Ks!\n^ (n - 1)'*) 

+ 720«,Ara7{K‘*(n - D*] -I- 96 (31» - 53) /r8-ra-V2/(ji“(7i- l)“t 
-f 576 (0a“- 23)1+ l6)K5K4«a/[i!,“(a- 1)‘} 

+ 288 (9a“ - 32a + 26) - l)*j 

+ 96 - 129n +111) k 4V1 ii“ (h - 1 )*} 

+ SSitlArBiva*/))! (71 - l)“j + 8040 (2/i - 3) x^x^x^’^/ln (/t - 1)“) 

+ 1152(5?i- 12)7C8V{iK»i- 1)*1 + 67607ca«,vioi- 1)^] (11). 

One point of somo interest that arises out of the derivation of such high order 
formulae is that under certain clrcumBtances part of tl^o result at any rate cun be 
derived by the application of siniplo formulae from corresponding tenns of results 
of lower degree that have boon already evaluated.- This point has not been studied 
at all systematically, and in fact a wide field of Btudy UNvaits the research worker 
who cares to take the problem uj). The formiiiao arise from consideration of the 
way in whieh patterns of a certain, size may be expanded by the addition of new 
columns and rows, and of the number of ways in which such a change can bo 
effected. One or two results of this clinractor have already boon given, but only 
for the case of the parent population being normal. Thus wo have tiro result given 
in a previous paper* that 



which gives the normal borm of *:(p9 2'‘), which will only exist ior pq oven, in terms 
of that of « (j)’). This relation should in fact have been extended to k (3‘‘4'^5'’ ... 2''), 
where 3a + 41) + 6o+ ... =^5, as has been indicated by St Qcorgosont with the 
parallel formula for his form. A particular case is the well-known one, putting 
p = 2, o = 1, 

«(2'-M) = 2''i>lK*’‘+V(n- l)»' (13), 

giving immediately the normal term of Lho (?'+l)th setrii-invaritint of tlm dis- 
tribution of ki. 

An extension of this work to the case of non-normal populations caii bo nmilo 
under certain oircumatancos. It ia obvious that if any term of a formula whicli 
involves a power of Xi can bo derived from tho corresponding term of a forinulB 
of lower degree, then this will oaormously reduce tho number of terms to bo 
evaluated by combinatorial methods. In particular it will seldom bo needful to 
evaluate patterns of large size in v.'hich most of the cells are unoccupied, a typo 
bo which it is usually somewhat difHciilt to assign numerical coefficients. For 
example 8 out of the 14 terms in 7c(3 2“) contain a xa, leaving only 6, 4 of which 

* J. Wiaharts BiomutHka, xxii. 1980, p, 984, 't Loc.clt, p. 117. 
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jVovuiiila and Smi-lnmnantu in Samplhi/ 


are very enay, fca be diiocfly lieb-riniiird. AkhIh .t-.nl-ab.s lerruH. 'il ,.f 

wbkh contain aL leaat one A rrinniiln wliioli (iH ^^iirh b rn.H lr*,m 

formulae of the type xip'^i') iu ibe followinj' : 

The term in *'* in i« "lilnitied ffwin Mi- l.-rin in 

Ars''A'i<V 6 ' ... in *: 1).V ninltiplyijif? Mui wiofticueiit nf llw kli-r by 

■ 2 -*‘H(r + ,i..l); 

We have, of coiirae, that Ibt h 5c-[- « a(«- ond ;» nmy tnhe nny 
mtegral value from i njwartls. The fonnula iKttuhjiKit Ui Uui om* Mml 

owing to symmetry it bna to be alightly nuMliliwI In Kivo tins iiorinnl (erni in 
k{2 2*'), but for this we have foriimla (l"l) abuve. Tin? nibcr tornin in ar** 

given correctly by (l*i). 

As an illustration lot it bt? (lc.siriul Ui liiiil ibo lonn in in .xt'l'i*). Urn' 

ii = 2, br^Q, and r = 0. It followH that nnti llm rejiiind 

will bo obliilnocl from that in of A:(h 2 ‘) by iniiHijilying ibo rwlYu'ieiit uf th?' 
latter by 

4Hl!2!Vi -V)*’ 

or by 8360/Cn~J)®. An in given liy niir foriinila {U| we ?«'« ibnli Ihn 

required term iu 

1)67680 (On* - :i 2 n -b 2(1) w (n If 1. 

A furtlior application of llut rnli? given uHi for the laat llim* ternin in a- (2'), 

Suppose, tlien, we have a popnlntion which in rtunovtai to awiiu* rKU’iit, but not 
greatly, from normality, bo that a* and A 4 only oxist, the higher wtnii-iuvnfitinN 
being zero or negligible. If also Aa ond a* are Hmall, aii that their »(»jnftr»>-a ami 
higher powers can be neglected in comparison ^¥ith their lirsl jkiwits tor m-eoiul in 
the cose of AaX then umlor those conditions we may write 


(a- 


, 1 ii-l r(r-.l) \ n-2 rtr-n(r-2> 

1 . 


21 


2 " 


«! 


approximately, where 71 «ajas ^ and 74®^ 1^4X1"*, 71 nnil 71 are the and Pi' !i 
of a move familiar notation, Such a fortnula may servo ki indicrtk? in wlmt way 
the distribution of ^i,tho ostimatn of variatice, eUaugoa fur a slight de^i^rture fnau 
normality of the parent population, Tho cimo cnimidonal may, hfiwtn'er, Inj of 
limited interest, but it tloos not seom ns if mucli progre^B will la? rnadt? in rlokir^ 
mining the distribution of tho ostimatod variance in samplua ftvun inin*nnrmftt 
populations except under certain simplifying nasumplioiis as ut the iialim* uf ihn 
vnemont or semi-invariant law. With our present knowlwigo ir. would bo jKWtiblo 
to write down quite a large number of the terms in a( 2''>, but it is not clear limb 
any useful purpose would be served by doing so. 



AN EMPIllIGAL AGIC SCALE. 


By DUYSDALE ANEETiSON, M.R.tJ.S., L.II.C.B., E.P.IJ., M.O.Il., 

West AlVicun Mcilbal SlalT, 

(lenmO, 

In iTftaiiy U' 0 })ical coinitrioH tho opening np to modevn tnothods is very recent; 
annoying gap-s occur in, C9.?ential information in unexpected placo.s. Wlion carrying 
out work on tho siitject of vital statistics, knowledge of the dilTorent ago gi'oiip.s of 
the population is funciamontul and yet more often than ntR it is impossihle to obtain 
even approximate figiiros, 

A st\idy was recently being made among ono of tho large race units in Sontheiai 
Nigeria, tljo Yoruba nation, on tho subject of malnijal ondomicity; in Lliis work tlic 
enlargement of the spleen is of importance when iviul in the light of tho child's 
ago. As with many another native people, the idea of birth registration or Lliat of 
counting luiinbeia of per, sons is contrary to the general ideas of good luck, and coti- 
.scqiicntly it ia very rare to find a person who knows his or her ago. Until ati ago 
scale could be doviBcd, the work referred to was brought to a stamletill. 

Anthropomotrical rcaearcli has been carried out on a largo .scale in iminy parts 
of the world with ditferent peoples. Among these the American Negro has hvsiu 
oxlensivoly weiglicd and moaaurod, and aa birth rogislmtion is fairly widespread iti 
tho United States tlio ages ai’o also known. In times past, the Yoruba nution iuw 
contributed in a c(m8idorablc <legrec to the present coloured population of North 
America, 

The Method Adopted 

Ab many Yoruba children tvs could be obtaiivcd in the schools of AbeokuUv, a 
ropreacnlativG town in the middle of tlio Jiational area, wore measured for weight 
and hoiglit, and the ojio was plotted against the other. A second graph was then 
tlrawn from the weights and heights of tho American colovirod childrcm at tho age 
units. The curves wore not unlike in general appearance. 

As achookjiv similar sot of curves was drawn for English, Australian and American 
wluto children. It will bo soon from Fig. 1 tlnil Ihoro i,s a coiisideiablo aumunl of 
variation in tho five curves which cannot bo accounted for by tho difibrent methods 
of moasurement Buch as the amount of clothes worn. This variation is moat striking 
in the younger ages of English children. Also it is obvious that blio cinwes for tho 
two African peoples arc os significantly clifTorent tho ono from the other as are 
either ono of them from any of the white curves. 

If the American coloured curve had fitted that of the Yorubas, ono would have 
been fairly justified in inserting the age points on the latter as on the former, but 
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this procedure ia irnpruclicuble witli tho two curves os difiercnt in detail aa they 
nvc. Oil iiiBiMicliiig the live eiirven, one thing emergcBj ago points for nil of thcin 
njipciir U) 1)0 ill strnight liutids lying rndinlly qci'osb tho curves, Tho diffiovdty is 
where lo Iticntc) in tlie.HO hiiMd.s tlio nvorago ngc on tlie Yorubn curve. There is no 
inforiunUun tivnilnlile to not iw a criterion to a method for choosing n particular set 
of iRiintH, 

Ah the impury hail a piuctical mthev tluui n tlicorotical end in view— that of 
tiHsigniiig nil ago U) n child witliout too large a po.ssiblo error — Olie following method 
was fovinulMcil, It pndinbly Iiuh no greator virtue than any other which might be 
(leviHcd, but to those carrying on the work it appeared the simplest and moat 
HutiHrackiry altiunigh nltogotlior ompirical, 

On this undcrHtnmliiig the American white curve, being tlio moat regular of the 
four cnrvcH of known ago, was taken as the index. At all age points on it, tho angle 
hntwucu the two contiguo\w straight lines wirs biseoteil by linos A\ parnllol lines 
Jii mid li% wore then drawn through the eorreaponding ago points farthest apart on 
the curvcH of knosvii age. In each group the distanco between Ih and J?a was 
bisucted and ai\ indicator line ('> drawn through tlm point of bisection, parallel with 
A, //i and At, to cut the Yeruba curve at a point which beeaine tho ompirical ago 
[xiiiil. 

The Yonthd Oime. 

This could lie drawn from two sotfl of data, either those obtained from working 
out the average heights of weight groupn, er from blioao of tho average weights of 
height groui>8. Uoth seta were worked out and the two graphs drawn. There is a 
alight diflbrenoe between the two tluo to the larger number of tho weight groups 
ns compnreil with those of height*. 

Altlioiigh this dilibn'iico beeoinea more conspicuous at tho upper oxtromo, it is 
outside the school ago (sis to sixteen years) and Is of no importance. The variation 
at the yowng end can be nctounicd for by considering the group table. It will be 
aeon that there are obviously jwrsons of lower weight than 30f lbs. in tho hoiglit 
groups 30+ ins. mid 42+ ins. which have been left out. This may be duo to a parent 
judging whether a child is old otiough to go to school from his height. Ono does 
not know, this i« merely a suggestion, Tho points on ono curve aro rolativoly too 
heavy for ilio heights in these two groups. 

To dilTf'rontiute between the two curves they liivvo boon tmmod difforonlly. That 
plotted from tho average heights to weight groups has boon named tho "Height' 
Weight" curve, whereas that from tho averago weights to height groups has boon 
called thu "Weight-Height" curve. As the probable orroi-s of tho moan weights of 
tho height groups is much larger than tiie probable errors of tho moan heights of 
the weight groups, the Height- Weight curve was chosoa os that from which to work. 
Incidentally it will bo noticed tliat tho probablo onor of tho mean weights become 
BO large at the upper oxtremee as to show the result in ono case to bo non-significant. 

t’ 'fins t»ro wstaniilon oerwa ahouM nol ooinoMo, and llio rcaaon for llioir non-coiiieiiiotico lion In tho 
naluro ol rograBUloii ourroii, and oannot bo allrlbiUod lo Ibo oanao auggoaled bj Hmj axUUor, B».] 
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(BeilMOed hi ttsa laUo ol 03 to 6B ) 

Fig. 2. Beale on tBe pole runuina 
from 3 H. 7 In, to 6 ft, 0 in. to 
detettnlne bona Bolgh\ ot a boy 
his Bnpposcd ago, 


.S's)inc,ri< nf 

The j'lTwfj a/iuri f 'urrw Thi’ tirtlu Hr»' I ftki-ii frrtrii 
I'arl II uf Uti' lUiiH.rM (4 lli.’ l*riiici|atJ 

Oflitnif t)f ih*’ (.‘oiniitMiiwc'jiliIi 1 lit »<r 

I'kliiivilititi for iniM mill IfMM, tin- aafrk >,f 11. 
SiiUoii. " HnU' mi'KintwUi <.f AnHiriilimi f 'liiitin ii/’ 
1111(1 Ilf F. A. Mrt'limii. " I'liyfiurJt) 1 "'iii»hii<«ii of 
I'liiltUiMi ivUt'U'Uii)^ I'nliVii* Si’htfolt iit N«'Vf fiontU 

\Vftl(>}(.'’ Tlio Imvt? iM^rii in >«ia: 

iiKUitUly it^ii tirom*;*, iiml lln‘ «)*•' Mi , 7-j>, 

(•tc,, iihhI. All .'I'ljnsHiH'iit iniiai tlii ri’foK' !«• 

for iho ivj'v; Alt rouliiinia itll ilo" 

t'liilrlrcii Ilf fi'oin -r yi-mw |«« ,r yi oro plnn oi.a 

niiiiiLliH. Till? i« llioroFr.’ j \i an* jdnn 

llii'tn' itioiilhH. ’.rill! ii')Hliii^on (ln«*'nrvr inv. jillv =ii 
llio |ioinl ;r pliw J;r, 'I’lio n){o Ittvi* l!in*i t**l**' 

.m'l Ua<.!k oiio-niutrli’r nf lln* i)if*!s(U'’(* lli** 

pioridiifloiio, Iliaiit'liiiil* ly nlJtis'*! liV 5lrr mil 
llial/ III! I'liiliiirii won' wil)i<oi!, « K*i!i>-o. 

V7(« AmtrnVmi t'lilumed I'une, ’flu* iiiroriiiiiiii<<ii 

itt iwivUltdl by A. Miwlhuifiltl in hii 
yturfy uf CAi7r/rej(, in whirh lln* l i« 
Uikoii ftM fill! ago |X>iiil< 'riion* in iio p*l<nt«'iin‘iit nn 
lo tb«s elolbcft wcirn. 

T/ie AjiieinVitn ll'/iifc (Aii’m 'fb.* ikhiio xonr*’*'' 
(W lliiit of the Aiiii'Hcjiri f‘ol'*iirM| t’lino jimriilMl 
lliQ daUi liKOrJ. 

The liiujliAt Curve, Inruriiiiuioii waw Mlt|jiiii(,(l 
from ihoIlopfirliiftliL' Aiii)mi|KiiMi-irii; r.’oiiiniiHtH* 
of tlm British AnsticitiUnn for ihr, Atlvianwnwiii of 
Soicncu ill tlioir I'rocmliug^ for lf<7KI in whioli 
Koborta'silfam/al ti/'/ln/Aro/WMii^fry is t|tiii((iMl. Tin* 
ago units jKj'mw arts ttgaliuttbirlbBay. liy iht'wmw 
rctUKining i«s th«t nwjtl ftlutvt? with Um Auslmlniit 
ttatii, it is iiooia*»nry Ui sot hmAt ttio l**iint« hy 
linlf tho tlisUvuca Ui tin? iminwiinioly prm;il«iiji( 
ones. Tliero i« no suittcnn'iit. in* to ('lotliiMK* »f rtfy* 
wluoh wtut worn, or wltoUivr mowswroun’iiU w»*n* 
taken barofoiit or not. 

2 ’/i 6 Fontfia Curee. Chiltlrou wi*ne int'WHunul 
barefoot nnd >701*0 drwod in lijjlit iryluni drii) 
shovta nnd a jnitipor of tho snine uiftlorioh 

The Scale. 

This consiata of a atrip of Btiff ^HUKsr two 
feet long. S 0 O Fig. 2, whoitj it haa boon iiwtlful 
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to rlivido the scale for publication into two parts at age 12 years. With one end 
marked “3 ft. ^ in.” it is graduated in ages according to the corresponding 
heights read off from the Yovuba Height-Weight curve. The shaded areas on 
oithor aide of the age heights represent tlio distance and 1)^ on either side 
of G. Any reading coming inside a shaded area may therefore be read as the oxact 
ago in question ; readings botweon the shaded areas are interpolated in quarter 
years. 

The atrip is glued to a flat polo and then varnished with the 3 ft. 7 in. point at 
that distance from one end; this end serves as the foot of the scale. 


TABLE I. 

I'bj'uia Boys, 
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in 

panndB 






HoIkIiI ill InulioA 






Totftl 

30 + 

.'10+ 


40 + 

48 + 
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0.3 + 



72 + 


1 

7 

10 
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■ 
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20 


1 

V 

17 

1,3 






— 
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.38 


— 

4 

27 

30 
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77 

d5 + 



3 

10 

47 

30 

1 
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02 

00 + 

— 

— 

2 

22 

68 

21 


3 

1 
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100 

60 + 

— 

— 

— 

3 

42 

74 
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13.3 

00 + 

— 

— 

— 

2 

0 

63 
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00 

06 + 

— 

— 
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3 

20 

47 
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08 

70 + 



— 
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- 

10 

05 


1 
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— 
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18 

27 

10 
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60 
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— 
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2 
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47 

20 
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— 
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23 

32 
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1 
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— 

— 
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22 

8 
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— 

~ 
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— 

— 
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■1 

20 

21 
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100 + 

— 

— 

— 

— 
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1 

1 

24 

30 

H 

— 

-- 

07 

106 + 

— 

— 

— 
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— 

— 

— 

11 

40 

19 

1 

— 

04 

110 + 
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2 

3 

6 

10 

12 

■1 


42 

116 + 


— 

— 





— 

— 

4 

16 

14 

n 


31 

120 + 




— 




— 


,3 

12 

17 



32 

126 + 

— 


— 



— 

— 

— 

2 

11 

10 




30 

130 + 

— 


— 


— 



— 

1 

1 

3 

0 


1 

17 

136 + 

— 

— 

— 



— 

— 

— 


2 

0 

.3 

3 

14 

H0 + 




— 

.... 


— 

— 

— 

1 

1 

I 


0 

M6 + 
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— 

— 

— 

— 

— 

6 


1 
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13 
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— 

6 
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2 

H 

0 
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2 
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— 

„ 

~ 
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1 

H9 

B 

^9 

2 
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1 
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— 
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— 

— 

H 

2 

■9 

1 

3 
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— 
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1 

■ 

9 

I 

3 
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2 

21 

06 

128 

144 

100 

184 
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170 

114 
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0 
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An Empirical Agt Scale 


fho Girls. 

which occur about m<i al'tur the ago of loiborly. 

f/oiiclWou#. 

A .»3lhod of «<lmg « l.o*’« W 

AWioimh oiiplieablo «lion children «ro onuiocwlcd in gronpor in largo nninW'r.. 
tt. re.ul.'rhXpl« ‘hn in,li.hln.l »ill nnf l,n in««nn..r, b, .nrl, a dogre.. a. 

to render it of no vuliio. 

Thft aealQ worked (Uib in for boyfi of the Ynruba notion. It i« nut hiiown yol 
whether it if. appliciiblo U. membera of other African ihmuiIw. 

IIOTE. Any official information contaiued In thin |>ai>er i« UHi^l by tbn kind 
perinisaion of the Director of tlio Medical and Saniutry .Service t.f Ni>;rri.i. tin- 
'hanks of the writer uro duo U) Major K Urnnyille b>iKo for hi« vaJimbl. roo.iu-rAtn.M 
and criticism (iuring tlio carrying out of tlu* iiivoaiigalioji. 


'.I'ABLK II. 

Yarnirt Hoys' Meamu'ement^. 
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TABLE III. 

Amenciin White (Lnd Oolo^irccl Boyst MeusuremenU, 


Aw* 

White 

Ouloiirod 

Height in 

N umbor 

SVolghl in 

UiinibGr 

Height in 

N umlior 

Weight in 

Humber 



iiialiaa 

ill Qroiip 

poiindn 

ill Group 

Incheii 

in Group 

povniAn 

in Group 

. e 

-14-fiO 

10-2 

‘12*2.1 

102 

.ii-n 

73 

‘13*11 

00 

7 

‘Ifi’CS 

395 

•17*60 

.380 

‘HI *<18 

21<1 

fi()*10 

220 

a 

‘17 ‘81 

003 

51* ‘12 

COO 


280 

53*99 

■27G 

D 

49'70 

GIO 

fid'ia 

03H 

‘1!)‘20 

291 

fiO'Ol 

*287 

10 

01 ‘GO 

008 

01*57 

COB 

51 -M 

333 

05*17 

228 

11 

03-10 

060 

00*M 

BOH 

52*10 

208 

on *11 

270 

12 

OO'IO 

7 '10 

72*70 

761 

53*IM 

283 

75*97 

278 

13 

00 'Oa 

(177 

7(>*.3l 

083 

50*08 

318 

8:)*fio 

317 

M 

00‘32 

fiBO 

BR‘7(i 

fi82 

57*98 

280 

00*00 

275 

10 

61 -ao 

‘103 

1(K>‘01 

308 

«0*(«) 

218 

nil ••12 

2 K> 

Ifi 

04 -SI 

203 

113-B3 

203 

03*13 

12‘1 

113 *<15 

121 

17 

(ifi ‘07 

no 

121*18 

no 





18 

07‘00 

.18 

133*0(1 

38 





Tntnl.H 

fiono 

— 

1 5912 

Tiitak 

j ‘2717 

-- 

2562 j 


TABLE IV. 

Jinglish ami Avstrulian Boys' Meusursments. 



EngllHli 1 

Aiietmliuu 

Ago 

Height in 

Nninbei' 

Weight in 

Number 

Height in 

Nuinher 

Weight in 

H mnbur 


inohes 

in Group 

pounile 

mOrou]) 

inohos 

in Group 

puumla 

in (irinip 

r, 

‘U'lC 

175 

40*110 

17(1 





0 

‘13*1H 

327 

54* iO 


•i‘l*07 

30(16 

‘1.3*37 

;ill(((l 

7 

‘15*58 

781 

68*89 

031 

‘15*88 

(Kl7t! 

■t7*0-l 

(iOTd 

8 

•17*15 

1052 

Wl'fUl 

1038 

48*01 

7171 

5l.*91 

7171 

1) 

.111*70 

i 2 *n 

(12*20 

1202 

50*08 

0174 

50 -mi 

0171 

10 

51 *70 

1 103 

60*87 

1'200 

51*71 

6002 

01 *41) 

111192 

11 

53*21 

1230 

71*20 

1 1211 

53*03 

6370 

0(1*66 

0370 

12 

H! iwTIH 

808 

77*00 

803 

66*23 

60011 

72*29 

0001) 

13 

H! rSfiH 

WQ‘l 

«3*4:) 

16*27 

67*27 

5758 

78*8(1 

6758 

U 

Wti iSGfl 

2'12>l 

91*91 

2671 

60*34 

.3378 

88*10 

3378 

Ifi 


1207 

103*00 

1-151 

01*76 

ll‘14 

92*2*3 

11-14 

10 

0'1*06 

1704 

118*62 

1724 

0-1 *38 

420 

111*43 

4*20 

17 

06*16 

2066 

1.31*28 

2100 





18 

06*88 

l(i76 

137*57 

1669 





Totals 

17480 

— 

17674 

ToUils 

53302 

1 

J 

53302 j 


0—3 
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TAliLK V. 

YorubuJioys: A(ji:/ivm llciii/it- Weight (Uirvr. 


“ ' 



Ago 

Hdglil in 
ItIcIll’B 

r,K. 

& 


.... 

C. 

4 1-27 

±0'H3 

7 

4ll'IO 

±0-a2 

R 

■17 '10 

±0'3rt 

U 

40 'TO 

±0--K) 

10 

rii-?.') 

±()’32 

U 

BH-nri 

±o-Ba 

12 

ftrf4i 

+o-sr. 

13 

fi7'17 

±0'B0 

14 

ill) Till 

■JtO'.W 

la 

(12 '1)0 

±0*10 

1(1 

01 'OH 

±il'W) 


N.B. Th« tolJoiviitg datii were fieiii (it ti liitt'i' dnU* to llit; JvdiUir <#f Jfio/iietrihi 
by Dr Ander.soii. They allow u oompariaOH bolwctiii the Height' Weight eurviiw up 
two Nigerian racea to bo nitidi;, 


'L'AULli VI 

Height -Weight Oiicvo fur fbo lioge. 


VVci((l)l ill 
))oimdi* 

Jlolglit (a 
inoliCH 

30+ 

41‘O0 

30 + 

43-07 

40+ 

46-41 

4a + 

47-SH 

ftO+ 

40-60 

06 + 

61 -OR 

004 

03-07 

06+ 

04-81 

70+ 

06-06 

76 + 

07-0(1 

H0+ 

68-47 

86+ 

60-73 

00+ 

00-00 

05 + 

01-50 

1004 

02-04 

105 4 

02-04 

110 4 

01-Rl) 

1164 

06-10 

1204 

05-68 

1264 

00-01) 

1304 

00-69 

135 + 

08-00 

140 + 

07-08 

146 + 

08-01 


I'.U. 

Mniiibor lit 
Oroup 

±n ,24 

17 

± 0-12 

(11 

± 0-11 

HR 

T ()-13 

MR 

± 0 - 0 M 

130 

±ow 

Ifil) 

± 0-10 

146 

± 0-11 

10 !) 

±nio 

122 

± 0-12 

00 

± 0-10 

«7 

± 0-14 

0 L 

± 0-14 

73 

± 0-17 

M« 

± 0-13 

81 

±t)-l(! 

(111 

± 0 - 1(1 

ill 

± 0-14 

7(1 

± 0-14 

73 

± 0-10 

•12 

± 0-20 

4 Q 

± 0 - 2-1 

26 

± 0-33 

10 

± 0-07 

10 

ToUil 

1826 
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Thoao moftaiiremenfca iiidiaafco a very conaideiublG ciiflbreiicQ between the 
Height- Weight curvea of the Ibo and Yorulia Boya, They agree moderately up to 
ago 11, but thou the Ibo vieea above the Yoruba curve, and after age 10 above all 
others but the English. 

[Note. If the three correlation tables, Ago and Height, Ago andWoight.Weiglit 
and Height, wore known to give straight regression linoa, then tho probable Ago 
for a given Weight and Height would be determined at once for a given race by 
the vogressiou of Ago on the two variates Weight and Height, and what is more tho 
scatter round this mean or probable age 7/00111 bo given by the usual formula. Now 
what aro the difficulties of applying tliis cuatomary method in the present case? 

(i) Growth curves are not as a rule linear; they are certainly not so if wo take 
the Height or Weight from birth to prime*. But if we take only tho portion of these 
growth curves from age 5 to 14i, tiie curves are approximately straightt. 

(ii) Tables of Height and Weight when Ago is noglected have as far as tho 
annotator is aware nob beon formed, or are not usually formed. Oorrolabion babies 
of Height and Weight are usually given for each age group; there is no sorious 
difficulty in adding suoh tables together, howovor, and thou working out thoir 
constants. But will these Height and Weiglit tables give approximately straight 
regression linos? Tho Yor'uba ond Ibo data at least suggest that nothing really fitter 
than straight lines could bo found for the range from 6 to 14, 

(iii) Tho bivariabo rogresaion formula can only bo applied to races where tlie 
ago at birth is known. Wo do not know this in tho oqsq of the African children. 
To this tho answer must be that it is an essential feature of Dr Anderson’s method 
that bo applios results from otiior races and oxpects no great (liffcrenco to exist in 
the distributions of Height and Weight with Ago between widely different races. 

The special advantage of Dr Anderson's method is that it may ompirioally allow 
for some curvature of the regression lines, but wliat it gains in this way will wo 
think be more than compensated by the fact that on the hypothesis of linearity 
the bivariate regression formula is sound theoretically and not empirical, and 
further provides a reasonable measure of the scatter of ago round tho moan or 
probable value, 

It will bo of intoroat accordingly to dotormino tho regresaion equation of Ago 
on Weight and Height for two fairly diverse races: 

(i) A white race, say English, Scottish or American. Tho first two will require 
only one further correlation table to bo made for each. Until one has examined 
MacDonald’s data it is not possible to say whether it contains for American 
children tho requisite material for the Haight- Weight correlation table. 

(ii) A coloured race, say the Amorican negro children. Again one cannot say 
until MacDonald’s work is examined whether the requisite material is available, 

* Of. AimaU o/ Euffenitt, VdI. ii, pp, 100 — 104. 

+ Of. Ycforenoo in footnote, and, bettor, Blomelriia, Vnl. x. pp. 294—290. Noto capeoiaiiy tlio 
degree of linearity in the Qlsegow oblldieD. The B. A. retnrne are based ou very hetetogfineoue matorinl. 
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Having obtained tiu: two bivariate fonmiliio wn can then prodiol from bi-th 
formulae the ago of vnriouB white and coloured cliiltlriui of Hclofilc'd Iieiglila and 
weights and tost how far tlie results are itidejjeiidtftil of which fonmihi is uHcd. i.n. 
of race. If the dilTercnco be not vorygrtinb, wo Hhiill then feel juslifiod in ap|jlying 
either formula to African chiklreiu 

When this work has been c,oini)leto(l--aiiil it will lake soiiio liinc to innko fniiii 
tliG data the additional tables ronuiHitt!*" -we slinll bo in n iKiHition to U'«L 
Dr Anderson's method, and i‘ei)liicc it, if needful, by n tnorn Uu’orelicnliy conroet 
process. 

In this matter it is well to recall to mind that foriiniliio, to reconHlruet HUlurt* 
from the measurement of the long bones (i) appear to vary fi-oin race to raen to a 
sensible extent, (ii) that the long bones are more liiglily (.‘orrolaled willi alalure 
than Weight and Height are with Ago, and (iii) that the prolmltle ernn- in slalnre 
of a single individual (delorinincrl from a single sot of bones, iioL llini. nf a rt»ce fmtn 
numerous skeletons) is very cuimidevalile. One would urit Im siirpriHod a pnVin l.i» 
find n stondard error of 2 to 3 years in rlelcrmining u proitablo Ago from Hoight 
and Weight, and sucl) a range would possibly remhir Ihf! dtdormiimlion 
value for Dr Andemon’s purposos. However, that is only a surmise to bo vorilird 
or not after the standanl error bos been found. Kn.J 

* Th* writer lins not (so fsr boea nWo to boo a (jopy of A. MuoPomilil'a KxornmfiKflf ffmifo «/ 
Chmreu, ISflO. 



THE rROlJABILITY INTEGIIAL OE THE OOIIKEIATION 
OOEPIHCIENT IN SAMPLES FHOM A NOIIMAL BI-YAIIIATE 

POPULATION. 

By P. GARWOOD, B.A. 

1, Samples of size n aro drawn from a normally distributed bi-variate population 
in which the cooffioiont of correlation is p. Dr R. A. Fisher has shown* that the 
probability that the coefficient of correlation r of the sample will lie between r and 
r + dr is 

Vn (»•) 


whore 




ii-i 


ti-i 






f 


cos“-‘ - pr 


Tho problem is to ovaliiato j y„ (r) dr, which is the chance of drawing a 

sample with a correlation coofficient less than r. Wo shall obtain tlio integral for 
the first fow values of n, a symbolic method for the case of n odd also being shown. 

2. 71 = 3. Wo shall use tho notation 






Thus 


Put 


d{rp)» y«(ovijn(r). 
= sinfi, ij ^yadr=l ^DUdB. 


Now we find labor (6) that if s >p, then 








whom 

Thus taking = 0, s >=* 1, wo have 

i) r^- " " lA/ 

and sinco cos - p, wo have 

r J ~ ^ Vi- 7’*pC08'^--p?' 

.L, T'" vT^P" ■ 

' nioniMrifcd, Vol. x. p. 607. 


3V 
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3. tt = 5. Using iiitcgrfttioTi by i>firK wo fiinl llniL 

(1 -- r®)* 


11*^ 

a-?f 


J-l P r 


1 f r 

‘ INhlr. 

P ) w'l P 


f* 

We thus have to litid | sin 6 IflllUO, and using Llie funnula tibUiiuvl Iw-lnw in 
J-i/a 

Section 7: 

3*p+i s»»“i . 

— C08 $ j U ( Ii« > i2jj + 1 ), 


we see that its value is 


(» " (» ■'■ih vr * . "'e '"r 


Honco 


f , (1 ~ ~ ^ / iTf ii /iij ‘ ■ r 

^ — ■^''- 2. „ . 

It is convenient to express | ytdr in lonns uf the corresf^Knidiiig ortlinaU'S nf 
the frequency curves for smaller samples ; we use the siilwtilulimis 


Thus we obtain 

_r 


W - w - i (I - >") y. - - ■ f.'! II -I- - ■■ . 


f Vidr : 

i-r* y^P 2'* Sirp 

4. n=> 7. Integrating by parts twice, wo have 

p p* p*i ' 

Wo thus have to find [ (1 ~ aHin*d) JPlf dO, and using tho formiila iit Soetion (i 

below with ««2, j;«0 and 1, wo find its value to bo 

(<? + 1) A - cos 5 A (sin 0 « ,.) 

■ I) 37* + 2 cos d 
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- (" - ra ] -»■ ^ i-4- 


Substituting as before, wo obtain 


.?•»/)» Z/ cos 

1-/3 


I ^yrdT’- 


Vl - , Vr- p* (1 - p*) r r Vl -7« Vl - pV 2 - p«) 

■- 2'*+' V 8^ 

r (1 - r») (4 - 3p» 4- 3p*) 3 + Op* ~ P* r, . , cos-" - r 

~ "V . 


TT 


6. yltiy o<W inte^rer ti = 2s + 3. 

Wo shall have 

— —Jn r y„dr=^ r (1 f' (1 - ain^ 0)' dO 

(1 ® (sin 0 = ?■), 

and by the formulao obtained below this is equal to 

+ (s +:) [ja*~(*)i,ii-> + (2)3^ A-'- - +(-)’3^}rrp>] • 

Wo can imniediatoly obtain tho coofficiont of ^0 putting whon 

J yndr — 1 and co8^ = 0. Thus we have, finally, 

/7» ^ -iifr' ■ (0 |i 


( 2 ) v " ■ • ■ ^1 r - p] ' 


where n •» 2s + 8. 

Owing to tho complexity of tho operator A, the above methoda of oaloulatiug 
J y„ dr for 71 >= 3, 6, 7 have been used in proforonco to tho above formula, which 
lias boon included for theoretical interest. 

Wo now proceed to obtain the formulae mentioned above. 

f» /d^^U 


(9 'd^^U\ 

6. Evalmtion of the integral I {0)=^\ sin®? 0 { ] dO (s > p). 

J "ir/a \ 

This U oohieved by expanding (■xa^j , i.e. in an infinite series, 

\(lar' 'xupiln9 
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multiplying such term by siii’J'fl, integratinK, ami then siiintnitig in n iwrticnkr 
way. The infinite aorie.^* is 
iP- 


+ 2''.4*...(2a-2i’ 1 + (2*)*®, 4 (2»)‘(2« + ‘2f^. J ... , 

so that wo shall bo concnrneil with the intcgmlH 

f Hiii‘“‘8dS anil ) 

J . »/i 

and these we proeceti tn evaluate. Calling the lirat ii* and integrating by [»rte. 
WG have 


-r 


0 sin 6 (16 — — cus 6 8 + (itwi — i ) I ain*** * cw* 8 d8 

rli * -•/« 

= - co» sin*"' '' 6 + (iim — 1 ) «« i ( «n(. ■* t ) . 


JC„ a G(l« 6 


r I ' 

V--8U 

2iti 


:i t» ~ ctw 8 + ,, »/« 1 . 

27/1 2/71 

‘>HI - 1 

"/ 

27/7 (27/i 2> 


(2»i-l)(2w-:l) 




277|(2/77“^ 2j{2f7l"“ 4).».2 

2m(2i»-2),..4.2 V 2^ + 


Similarly we obtain the second integral 


= - cos d 


.25i'+ 1 


sin*" fl + ,- , , . sin**"* B 

(2m+ l)t2m — 1) 


2ot (2m — 2) 


-j-.sin**-* 9 + ...+ . 


2*n(2m-2)...2 


(2m + l)(2m-l)(2»i-3)°‘“ (2ni +1) (2m - l)...8j 

The power series in p is uniformly convergent for all vnluea of 9. so that the 
series may be summed after integration. Wc then have 


r(9)-J*^^^sin*i'9j^|l*.3*...(28~l)*^psin9+^^'Y^A>n*S+...) 

+ 2*.4*...(2»-2)*(l 4^^_fp‘mn‘94 ...jj 

= |l>.3*,..(2s-l)*[pr,+ * 


(2»+X)* , (2»+l)‘(2s + H)* 


P%i X + 




+ 2*, i*... (25-2)* 


b 


, (2»)»t24 4-2f , 


= -^eoa^.l*.3a.. 


. (2s - 1)* fp ?£~ 

' I'W + l {2p + l){2p-l 


m 


"J 


* iJioj»»4ffri]lfa, Vol. xi. p, 1 


j-j8in*»*-*9-p... 

+ ¥i2R"«---2 ) 

(2p+I)(2p-lk..3i 
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l(S7 I I + sin’‘p0+ + 1 + 1 

K-is + 1) S!l 2j) + 3 (•2;p + 3)(2p + l)®‘“ + - ^ (2p + 3) (2?; + 1) ... SP ••'] 


-cos^'2^4^..{2s-2)® 


'ain3ji-ifl 2p-l 
2p " ■^2^(2p-2) 


sinV-s g . 


2!| 2|; + 


+ ((^ + ^12“ 


^ 2p(2ji- 2).,.2 J 

^ sin“<-* 6» + . . . + ein el + . . . ] 

p + 2)2;) (2j) + 2)(2;)) ... 2 ) J 

4= f2s - 21= f , (2s)^P^ (^P +l)(2p-l); • -3 

4 ...(2s [ •2p(2p~'2)...‘2 *’ 2! (2;7 + 2)(2p)...2 




The Berios inside the two sets of brackets [ ] both converge when ® = 

for thin value of 6 each aeries can be expressed &h a double series, the terms being 
those inside each set of brackets [ ). The corresponding double series for any value 

of S will have its terms leas in absolute value than those of the aeries for d = 
and so cunvergm absolutely and may be summed in any of thu standard ways. 
We sum by diagonals, viz. we sum the last terms in each of the brackets j j, then 
the next to last, and so on, On the cancellation of common factors we have for the 
value of the integral ; 

/ (d) = - ^003 d ^|«ip + aziP + aip^ + ...| 

+ 1= ! '^ !«ip + «3p’ + asp‘ + . . .) 


+ l=,3>‘'‘2y Kp + a.p* + «rp“ + ...) 

+ . . . 

+ 1=. 3= ... (2p - 1)> -g- I [uip +- a3p“ + Usp' + ...j 

+ 1> . 3» ... (2p + I«3P” + Osp' + «rp’ + . ..)' 

uiuS|^+4l f) 

+ 1» . 3» .. . (2p + 3)* i«sp‘ + o,p’ + «.p* + . . .1 

+ ..,J 

-eosfl p™(aq + ajp’ + aip*+ ...', 

+ 2= |«o+ ttap* + tt4p=-b ...] 

+ 2=, 4=®-|y-{a<,+a,p= + a4p*+..,! 


+ . . . 
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+ , -t* . . . (2/1 - _ j , ;i>« + "«/>* ■< W4f'* * ■ ■ i 

+ 2>.4*...(2/i)*-^- ^ j , 'dtp* + + «'</> + 

Jil ^ ® /? 

+ 2 *. 4 ‘ ... ( 2/1 + !i)’ 2 jj + •! ( ■*■ "’f'* * * ■ ■ '* 


where 


, -1 

■ (6 + I) [<h + «aP’ + ''4p‘ + — J. 


d, - (r + 1 ) (r + 2) (r + 3 ) . . . (r + 2/>) (>• + 2/1 + 2)* ( r + 2p + 4 )* . . . ( •■ « 2s - 2)*. 

1 3 B 

Now A is used to denote the operator ^ 3^ P 

A'p’'-n*.(«-- 2 )*.(n- 4 )‘...(ri- 2 /J+ 2 (‘p'* ‘s 
Thus it is clear that 


and so 


o,P'- 3 ^A-»*V"*'-'. 

flip + o»p“ + «!/)* + ... Ip**”* '■ p*"' + p*"* + ...li 


inside the hraoketa [ ] we may add any number of the terms prertniiR to p**" •, *ii«i« 
they will all be annihilated by the operator. 


! ^ 1 

[I, ■ 


((> < mijw), 


;] 

[r’-p*] »<"'< 


9^ 

Thus Clip + a>p* + Ojp* + ... 

similarly a<i + a,p‘+aap*+..." 

Substituting these values in I (fl), choosing in oach rauKj a auitablts value of m, 
we have 

laW+s-i’' 2 ! i::pr + -. 


5 I p* 


CO8 $ 

op^ 


(sin 8 p**"'!' sin* 8 

1 irrr^^+^ -n ■’i-p*"' 

ginV-itf 
■2p~!i 1 -p*'*' 


+ 2*.4‘...(2p_2)». 


V ^ 2 ; 3 p>r“ l_p«- 


...( 
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The sum of the two series inside the brtickets { ) is 

+ + 2^. + 2« . + .,.[], 

BO that wo have, finally, 


7. Evaluation of the integral 


^ A .-v-i p 

li-p* vrvss^r 

)/ the integral 

[ ( 2 s> 2 n-]). 

\daP‘/,,me ^ ' 

By an exactly similar method we can prove that the value of this integral is 

r + 2j3p'>J'+i^ 1-/ |l_p. Vl-p‘lin»ir 

8, JSven values of n. 


\ 1 . 9*'’+^ 


The term (1-r*) ’ is now rational, so that the substitution r = aiD5 is not 
used. The integration proceeds either by expansion of this term and repeated 
integration by parts, or by the method given below, which has the advantage of 
giving the integral in terms of the previous ordinates. 

For completeness we include the easily solved case of n = i, Wo have 

l-i'' vr n-p '■ ■‘.f 

Now we know that 

dU, 1 ,,, , Vl — 

5^ “= + «?7], and 

rr vi-D*-/r=^ ooH-^p 

J -I p Trp IT 

9. n «■ 6. 

Assume that j yidr^A + BV+FiDV+ ,., + EpD>’U, 

where B, Ei...Ef are functions of r. Differentiating with respect to r, we see 
that 

A> +EU + {Fi' + pB)EU + iF,' + pFt)lFU+...+ {Ff + pF,-i) IPU + pFp 
= = 

. ■ . J) + I w 4, i.a ^ = 3, and A' == 0, B" = 0, Ff + pB = 0, Fi + pFx = 0, 


pFt 4- j^s = 0, pFi '■ 


(l-p»)fa-r«) 
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. R . t <-■!' -I n m , , " ' - ■'>* /-(■' ' ^ 

* Girp '**' 

n ■■ , 


■ Ittp ■JT ,'i«> .V 


; 4 (i 


;ip> 


;ip’ 




Sy V 




V ■! 

/i=0 and d. => const., aiid to iinil -d lul ?•-►• -' 1 : W)> loivi' 

1 rfifm-H-pr) 1 pr,.(* 'p 

1 - ry ( 1 - rV‘)* I “ /»’ ( i - p')^ ' 
and DH!=>^ + * y [(1 + V)r<*i. ‘p-iV 


;?» 


V ! 


Thus 


. , ( 1 -P»)t(i--V), 


i'<« 'p 


f , S't“p’(l-y! (I - 0 * 1 ^ 'd - r* ll-|dtr 

1.^’'^ 'V ^ “ v V 


Jlj 


10 , 11 « 8 . 

Using the same metliod, wt; obtain 
j-i 15 V 


\ 1 pU r r« 
'.ip 


»• 


r Cti " !i‘s' 
;h- " » f" 

■V' 

(3(’»-l)(l-ny(l-iV* (it~p‘)r vl-.p*sl-d 


15p' 


• H'l 


11, Proceeding in the like iimtiner we can obuin t!u* probaltdily iisU'gnii f<tr 
larger samples, but the formulae then become loo cwnpliMV bn jirflctira! tipi-, 
Mias P. N, David, who is computing the Probability Integral Trtbh* fnr t!if diRlri- 
bnfcion of r in small sarapla, is using the above Ibruniliw fm tlin jmialM xamplet, 
but proceeds in a dilferent manner for the larger wuiple aim 



A. FURTHER NOTE ON THE RELATION BETWEEN THE 
MEDIAN AND THE QUARTILES IN SMALL SAMPLES 
FROM A NORMAL POPULATION, 

By TOKISHIGE HOJO. 

1. Introductory. 

In a previous paper* I have considered certain properties of the median and 
qnartiles in small samples from a normal population, and have investigated methods 
of linking these up with the limiting values in large samples. The latter problem 
has since been further investigated by K. Pearsonf. If tbe population mean and 
standard deviation are unknown, the most satisfactory estimates of .these, when 
sampling from a normal population, aro obtained from the sample mean and 
standard deviation. But a variety of altenialive estimates may be calculated from 
the median and quarbilos, whose relative value may be judged by a comparison of 
their standard errors. In the earlier paper the following comparisons were made; 

(1) Standard error of mean with that of median. (Tables 11*“^, loc. cit.) 

(2) Standard error of an estimate of 5 obtained from the sample standard 
deviation with that of another estimate obtained from the interquartile distance, 
(Table VIII, loc. cit.) 

In tbe present paper I shall add to these previous results ; 

(3) Standard error of the mid-point between the two quartiles, i.e. of J (jj + jj). 

(4) Standard error of an estimate of 5 obtained from the distance between a 
quartile and the median, i.e. from ji -m or m-q^. 

The fimt result follows from calculations previously carried out; for the second 
it is necessary to determine the coefficient of correlation between quartiles 
and median. 

Certain experimental sampling results will also be referred to. 

2, The Standard Error of the Mid-qmrlUe Point, | (pi + jj), 

In the limiting case of largo samples, the standard error of the point mid-way 
letwoon the two quartiles has been given by K. Pearson as 

«■♦(«+«.) ” lT12e?/Vn (1). 

It is easily seen that (THsi+g.) = Cs vTU + ns,„') (2), 

from which the ratio of <ri(i,+g,) to the standard error of the mean, ?/Vn, may be 
readily calculated from the results given in Tables IV** and VP of my earlier paper. 
Some comparative results are shown in Table I below, the figures in the last 
column being taken from my previous Tables IP and IP. 

• Biomelrikay Vol. xxur. pp. 315—360. 


t iBwmefriAa, Vol. xkiii. pp. 861— B97. 
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Median and Qnartiles in Small Sampke 


TABl,E I. 


71 

.5 

Vfli 

. 

ff 

■ ijli 

!i 

1 

4 

I*lfl00 

•4«8« 

I'fKX) 

l-r»ii! ! 

7 

V3400 

*3116 

1-0H6 

1-214 

10 

1'3220 

■3717 

1*096 

M77 i 

12 

1-2740 

•aaOsO 

1*(W2 

I'lmi ' 

22* 

1*3419 

•3463 

1*101 

I'2l7 

K) 

1*3626 

•3333 

1113 

j 


Owing to the four different forms of quartilo dniiiiitioti, corroapniiiing to the 
cases = 4p + l, 4p4-2 and 4^ + 3. the tabled standard errors dii not elmtige 
uniformly as a increases, but it is seen that in all oasos tho atandard tirror of 
i (?i + Sa) is *'*'*‘1' other rvords a more reliahli! ealimate of the 

population mean is obtained from the mid-quartilo [aiint than from thi! nuaiian. 
though both estimates have a larger standard error than the snmplu iiinan f. 


3, The Correlation between the Quartile and Median J’oinle. 

The chance that the }th individual in a ranked sampli} of n Hus in th« jnti'rraS 
® ± {die is given by 

-n I • _ . 


71 ! 


df=.- — r;' ■ -Ox)""*' V — 


where 


fi 


dm 


^ /-.» V2ir 

This is the fundamental relation used in the following analysis. 


..(4). 


Since the mean value of m, tho sample median, is at the origin, the inunerator 
of the correlation coelHoient, or 

^ Onj X (T(j 6), 

will be the mean product of [m x q], and it is necessary to consider wpanutely the 
four oases previously defined. 


(a) Case n — 4ra + 3J. 

Here both median and quartilo correspond to values of observations, and we 
are oonoerued with the mean value of a product l*i!rj) ; in fact 

^ ] C+® raji 


* Th« figarea 1-94X9 and -8468 are due to K. Pwirion’a oalottUUona, ]wi. eH. pp, W and liift 
figure 1'217 ie obtained from my e^nalion (6), p, 828, ioc. <sfr* 

t Pot the limiting valaea of other forma of eaUmalfl of the mean from ranked individuaia, em 
K. Pearson, Uior?ictrika, Vol. xni. pp. 118 — 126. 

X This m is on integer, and must be distingaiabed from felvo ni used as % subaoript which denetei 
the median, 
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n! /*+=« >» 

" (2m + iyi'^5 J-» 

" 2V,(2-m + 1 ) ! m I ^lo ^ ^ ^ + »• + 1) 


wh(sve 

md 


m I 

+ 2 (-!)'■ ».Cf(2m + r + l)(«i + «-r)„^.,.,_i/5,„+i 

f +» .-«*• 


: d®. 


T f'*'” 

'-m 

1 f-f'® (**1 


for 7«Sr l*--(6)i 

(f), 


dxn 


.( 8 ). 


(6) Case n = 4»i + 2. 

Hera is the niean Virluo of the product (J (®3 + .ta) x a'l), since tho medinr 
(as defined) lies midway between the two centra! observations. 

“ (2m)T77T(OT. - 1) ! j-„r„ IS^ ^ ‘ 

X «i dc,, dBi. ria^, 

“ r(2?7i) ryTTCsn -T) i ~ *‘®' '**“■ 

fx« -*»" Q^8m+f+l » 

+ 2mo^do^ + HjTy »3<iaa:,| (S), 

Biometrika xxv 0 
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Median and QnartUeH in .Small Samphm 


in which 

Sir J -ut, J -fr 

, f>’^’ 

-1-1 ft. 


r 2 p „2»i 1 


= (7)1 + S -1- - l)„,.i,,-^.. a^5m.hr+ ?'3m.| « -l 
r-t-oo fjei ra:» i <■ t xi*fxi*+ 4 x** 

I f I “ firs<irsifaj 

J — 00 J — m J — <o 




.(!»). 


"I'W f<n _ 






/■•l-OO fuO _ . (Xl I JjJ* 8 Sxi« 


i; 


(Xi I Xj)* 8 Sxi' 

» rfa-, t/a-, 


J..., 


( .{•to ruo 

= 27r(2'2,„_i/„+a_i - + + “ 1) f “P‘ 

■ 1 ' 


s 277 " 


a 27 r 


[>' + ' ”■ V2ir Jo Jo<' + ) VStt *1 

f ^ , »i + «-r~l f, . 

2771— 1 T" "f +1 J ^l 7 H«-'r ~2 W 2 m-l ^ 2 ffi.j.r) 

" ■^t7H-fl-r-2^3m-l + Swu-r^iH-i-f-r-S ^ "" Stw- it a«l jj 

( J. f/t -f S — 7 * — 1 . } 

iw-f-u-l^am-l + (m+ii -1 * am-^l *“ f)| 


flfi******* f'S® , «, 

'"a d«:,(tei"»| a"* '*,(! a tk, 




H-® mi „,.|.,_,_i o„,.(.r+i 

Mh‘ 

= [“«■"*' 2' ] 1 (2«- + 1 > 
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. "-to VStt 


^ dmn 


a m + s 


J-«. *■ \/Si 

J— W V^TT 


9 ' ^3Hi+a-l (2^^^ H- f + 1) ((7n + Jf ~r — 1) m+jt-r-a^^m+r ^am-t8-il 

(12). 

On aubsfcituting (10), (11) am) (12) into (9) we obtain, on collecting terms, 

(2m — r) (2m + r + 1) (w+ ff — r ~ 1) 3m + s-27’,„ 1 

(2m + 1) (?’ 4- 1) ^ 2 ”“ «-iJ 

foi'?jjSl (13). 

( 0 ) C(«!e 71 = 4 ?)l + 1. 

Heivj the median correaponds to an observation value, but the quartilo point 
lies midway between two observations. Pjj^ in thorofovo the moan value of the 
product (iCg X i (a-g 4 - a’l)], 01 

^ = (2m) ! ((m - 1) Ip 1_„ L„ !!» ' “*•*"*'' 

X a-j i («8 + », ) iltt^; ((a,, i/o,, . .... .(14), 

.'ollowing II ainiilar procoHs of development to that used in the previous cases, 
it may bo shown finally that 

p _ l' ''vV_],i. r'*v*/ iy p 2m + r 

■'’^"(2mjT((m-lj'rp 4la-,ro^ '' ' ’■(m - )'J(S + 1) 

X {{,s + m-r)(s-m + r+ l)™+,-,_i/2„n,r-i 
+ (in - r) (m - r - 1) - s(s + 1) .-ifsm-i 

+ (« + r)(2's„,_3- 7'3 „+j_i)) for mil 2 (1.5), 

(d) Gase n <= 4m. 

Hero both median and quartilo fall midway between observations, and is 
the mean value of the product |i (ic. + »,) x 4 (kj + itiJ). or 


n! 


( •I'W fx» fOU* fSC» , 


'vw (2m-l)l(TO-2)l(m 

X 4 (®4 + ®») i (®a + »i ) dux, dax, da^, da^i (16), 

and it can bo shown after a rather lengthy process of reduction that we obtain, as 
a final result, 

„ I iji-l m-3 

“ (2l^r:^(m 1)! ISmir ,5o 

f(m4-s — r — 1) (s -7714- r 4- 2)(2wi4'7’)('^ ~ 2wi 4-1) t- 

I ^l)(S + l)(.,l_r-l) m+.-r-8^3m+.-l 
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(7?i — r — 2)(2m + 9’)C^'" 




Ml — r — 1 ^ 


■1^31 


2»i(27W~ 1){W-1) r 


2»^2m ” 1 ) ipi +■•'') /Jl 

r + 1 V»J 


IN , ir- 8«i + 2 
,'+ij wM- i^sw-a + ■ 2 (,, 4 , !) 


2(7+ rr' 


for m Z 3 


.(IT), 


From the preceding equations the values of may be caleithitcri fur 
2, ...12, using the numerioal values of the integral forms T^, If and ji^r 
previously computed*. The values of tr„ imd Vj requireil to find r„ij have Hlreiwly 
been oalculs.ted, The results are collcoted in Table II. 


TABLE II. 


Size of 
BRmplQ,n 

P 

■* Hvl 

<r„ 

ffV 


1 

vooooo 

VOOOOO 

1 •0000(1 

I'OCKM) 


1 

2 

•fiOOOO 

•70711 

•82565 


•HWM 

'1 

8 

‘27D6« 

•00983 

•74798 



•6W12 1 

4 

•2B000 

•04Q08 

■67062 



i 

6 

•17820 

•58667 

•54948 

■COflR 



6 

•10432 

•40340 

•53875 


•0700 

1 

7 

‘13074 

•45874 

'60000 



■6112.1' j 

a 

•12354 

•41011 

'43777 




-9 

•10364 

•40705 

•42430 

*6990 



LO 

•09842 

•37214 

•41835 


•6322 

i 

11 

■08590 

•37044 

•40708 



•6Cf>({ ,1 

12 

•08269 

■34346 

'.'10777 



1 


'71KKI 

■im\ 


■m;a | 


4, Limiting values for 

We may use again the method given by K. Pearson tl four eases will nriai! uh 
before. 


(a) Ouse a = 4m + 8. 

Here the median and quartilo points oorrcspoiid to obsorvulioiis, and tlui rtaiilt 
has been given in the paper just mentioned. i.o, 

{U}. 

(h) Case )i*47?i + 2, 

Here the median and quartilo are of form ^(iFa + a'j) and ».‘i ro^qwcyvnly^ and 
^mq ~ 2 (Mean («ja'i)+Mean {<tjXi)| 


1 

2 



+ J?. ... !? 
usAifc n 



• See Table I. pp. 3S5-826, loc, cU. 


f Siometrika, VoL wu. pp. llS—lll 
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where 


?? = 1 + J: 

n 2 2ii’ « 2 2n. ’ n 


S3_l 


3 


and and Sfg aru the tabled ordiuates of the normal probability function, cotre- 
Bponding bo bhc proportional arcan 

l(l+a^) = --(l + 3. = 

It follows that ^ ^ ^ ................(19). 

on 

Further, from equations (1*2) and (16) of my previous paper, we know that 



5 

Vahios of may ba ealoulatod from (19), (20) and (21). ffor example 
a, = '02, = •3988109, = •3177706, 


ifn=50 

while if 


•986813 ; 


ff„ = 1-24111 -7 


, = '6832, 


n = 102, 


Vn' 
3802. 


a„ = 1-36263 


Va’ 


(o) Gase «= 47ii + 1. 

The tnedian and qunrtile are now of form a-j and J (s, + a,) respectively, and it 


is found that 


»■ 


where and ajt, are the ordinates corresponding to 

1/1 ,3 1 1., .3 1 

+ gG + ««.) = 5-2-„. 


'Further, 


: 1-26831 


•Jn" 


,.(23). 


^/ n 8 


' 1 / 4 

4 N 

. 1 (l 4 

* ) , 2 / 

8 4 \1 


iiPj 



3n SnVj 


If 


49, r„„=-68a0. 


(24.), 


[• The limiting valno of given in Biination (18'1), BiametHka, Vol. xxiii, p. 8SS— Profoajor Hojo’e 
previooH paper— appeftra to be in error. I do not follow the valuea given for jg, H", and On 
p. 3i6 the eorreot valuea aro given for the .'a, hut tha valuea of the iTs, differing from thoao on p. 988, 
appear to bo in error. The limiting valnea for would not, however, bo aSeoted. En.) 
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Median amt Qunrtiku in Small Sami)Lt» 


{(i) CasG n — 

The median and (jiiartilo are (»1 furin ^ (J** and | 
and again as in (32) it i’h fituiid that 




(I 

KiftJj W, 


.("■ 3 ' 4 ( 


71 /j 


(.1 j i- .1 n-HJH'titlvi'ly 




where Zft, and aru as bnfnm, while <r„ anti tr, arn hntiiil fnmi (Utl) iiinl ( 


If fi2, 

n = 100. 7'^ -a -584.1. 
n = .500, t’„„ = •,57.S7 . 

Wi! sec that a» 71 increase, the values of in eiieea (h), ('■) ainl (fll l"tnl tii 
the litnitiiia value (if caao (it,), viz. 7'„^= -5774 


B. li}ii]iiriil<d furmitlaa it) liridyu the (rti/i hetweim Hmitiny nn>l «m«W .Vitra/z/e 
Values. 

In the previiiu.s pniier the f.clhiwinjf rnrinulae wen- xivi'ii In jilitvidi- v,iln«-a hir 
o-,„ between the computed series (ns 12 ) ami the limilinx vahn-: 

= 1-2533 - •20511/71 -•0mil)/7t»-h-0822/7i> (i.i- n mid | 

/ V j ' '1 •in I 

=. 1'2633 - ■82Gl/rt + 'THSe/n® - fur «. .-v.^n I 

Those “host-fitting" asymptotic curves were nbtiiinisl using tin- nielli'sl "f 
momenta. Similar equations have been calculated for Ixith < 7 , awl e,^, tun n« here 
tboro -were only three oomputed iTointe for each rjf the four r.'tws, the ('urv»-« 
actually pass thi-ough these points The equations aw? iis folimvs; 

:'302e - l-2ll5/n + l-86fl.3/7i» - I-I2,51/7.». for n (Hm | 

= l-36'26 - l-004(i/« + l-i)330/n« - 1-2(I10 /k». for n » tar + I - ,..{27). 

= 1-3626- -3800/71- -2110/71*+ -SSUVn*. fnr 7 i«tai -+2 

= 1-3826 - -10f7C/7i- -3806/71*+ •278yV, for 71 « +i7» + 3 


^ -577 74 + 1-01 60/71 - l-4064/)i* + 2-9882/«*, 

= -5774+ -imin- -9216/11* + 1-0600/71*. 

= -5774+ -6260/71+ •4230/71-''. 

= -5774- -0209/71- -8210/71* + 1-9722/71* 


fur n 4m j 
f<n* tt, ' 4m f 1 
fur + 2 

for « a tat -I- :i j 


A combination of results is given in Table III, coiwisling of (o) otirtwet 
computed values, (J) limiting values obtained by the lactiwl of section (4) abttve, 
(c) results oalonlated from equations (26), (27) and (28). 

The column dealing with a-,_„ is referred to in the following ooction, 
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TABLE III. 


( Oases : A, ?i = 4m + 1 ; B, » = 4«). + 2 ; C, n =■ im + 3 ; D, n = 4m.) 


Case 

Size o£ 
sample, ii 

""'1 Je 

-Ik 



A 

1 

I'OOOO 

voooo 

1-0000 

0*0(^00 

B 

2 

roooo 

1*1 G76 

■8684 

0-8625 

0 

3 

Mfi02 

1-2055 

•5502 

1*6656 

D 

4 

1-0022 

1-1590 

•7900 

1-0355 

A 

6 

l-lD7fl 

1-2287 

•G068 

1'5237 

B 

6 

M3C1 

1-2962 

■0706 

1*4100 

0 

7 

1'2137 

1-340C 

•5626 

I'GOTO 

I) 

a 

1-1600 

1-2382 

•0881 

1-3431 

A 

d 

1-2226 

1*2731 

■5990 

1*6816 

B 

i{) 

1-1768 

1-3229 

-632-2 

1-6275 

(J 

11 

1-2280 

1*3501 

•66911 

1-0980 

1) 

12 

M80ft 

1*2740 

•0639 

l-4r)30 

A 

13 

1 -2325 

1-2902 

'5942 

1'6120 

li 

M 

1-1982 

1-3346 

•fllOI 

1-5788 

(,J 

ir> 

1-2363 

1 *3540 

•5725 

1*0995 

I) 

1(5 

1-2047 

1-2030 

•6360 

1-5118 

A 

17 

1-2375 

1 -3100 

•501J 

1-6316 

H' 

IH 

1-209H 

1-3400 

-G073 

1-6070 

0 

in 

1 -2392 

l*3fifll 

•5739 

1-7005 

D 

20 

1-2139 

1-3000 

'6250 

1-64B0 

A 

20 

1-2426 

1-3266 

‘5H73 

1-0631 

H 

3(1 

1-2266 

1*3497 

-5951 

i-ew 

c 

30 

1-2457 

1-3603 

•5760 

1-7022 

1) 

40 

1-2331 

1 -3335 

•6019 

1-0244 

A 


1-2474 

1*3412 

■6832 

l-(}7r»4 


m 

(1-2533) 

(1-3440) 

(•6850) 

(1-B777) 

B 

30 

1-2371 

1*3649 

•6880 

1-6703 


(.'■>0) 

(1-2411) 

(1-3626) 

(-6832) 

{V6879) 

T) 

(flS) 

(1-2410) 

(1-3450) 

(-5903) 

(1-8614) 

0 

33 

1*2485 

1-3R00 

•5766 

1-7035 

1) 

60 

1-2398 

1 *3430 

-5039 

1-6511 

u 

99 

l'26t>6 

1-3016 

•6770 

1*7048 


(99) 

(1-2633) 

(1-3626) 

(-6774) 

(1-7002) 

D 

100 

1-2451 

1*3607 

•6074 

1-Q727 


(100) 

(1-2471) 

(1-353R) 

(•6841) 

(l'6fi27) 

A 

101 

1-2507 

I -3629 

•5801 

1-0920 


(U)l) 

(1-2533) 

(1*3530) 

(-5KU) 

(1'6921) 

B 

102 

1*2453 

1 *3580 

•5H25 

1-8887 


(102) 

(1-2473) 

(1*3620) 

(-5802) 

(1-0972) 

I) 

R(K) 

1-2527 

l*3({08 

•6787 

1-701R 


(600) 

(1*2521) 

(1-3600) 

(•5787) 

(1-7016) 

1 

CO 

1-2533 

1 -3626 

■0774 

1-7002 


Tho immbora up to 12 iiro oxaafc, tbos© in brAckofcs Aro the limiting values, obtained by the 
inethods of Sootion (•!), and tho remainder aro obtained from the Equations of Seobion (6). 


6. The Standard Error of the Distance between the Median and Quariile Points, 
The mean value of this distance in repeated samples is clearly the mean value 
of the distance of the quarfcile point from the population mean, or A toble 
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Median and Qnartile^ in Smull Samplt;.s 


of q wiis given in niv pnjviouH iijukt (loc. eiL p. 841 ), and thin wf*a nsUtnii^Hl l>y 
K. Fearaon (loc. cit. p. 872 ). 

The ataniiarii en-iir of (i/ - in) may kr caleiilattsi from thi! followiiig- ralatiini 


.2 — , 

-m'- 


''5,^4’n'ni — 

■which has Vicca iiasi Ic give the valaia uf th« catio nf to the innmistinale 
standard error of a atandard deviation, aldtn, ahown in Ihe Inal ewhiinn of 
Table HI. 




On p. 85 H of ray other pajier two cstiinates of tSii' ptipwlatinii atantianl dn- 
viation, a, were oorajjarcd ; A\ baaed on thu aantple almidard dcvjalion, mirl A** 
based on the interquartile distance. Both oatimnte* were ro mijisHkHl that their 
mean values in repeated saraplea would be a. It ia )Hi«*iblc to obtain ii ihitvl 
estimate from the diatance, r/ — m, between the niedian ixiini and a quarlilt- pujit, 
namely 

"’a)/? t'ifl) 

Wo shall have 

Mean K^sta ( 81 ). 




V2n 


d2n 


1 fij X 


\i8« 


.( 82 ). 


Values of ds and of tho corruajwnding tnullipliora for A'j anil A* an* ahown in 
Tablo IV. 


TABLE IV, 

Comparison of Standard Krrors of AVfinudw. 


n 


^li 


2 

1*611 

1‘5U 

I'Sll 

3 

1*280 

1*280 

1 *U56 

4 

1-Ul.l 

1‘2MJ 

1*561 

& 

VU8 

1*18B 

\'Hm 

e 

I'lao 

1‘891 

a*i»7 

7 

IdOO 

iMOft 

S'iMI 

8 

1*080 

1*420 

inm ! 

0 

1*070 

1*360 

fins 

10 

VOftO 

1*508 

8*3SK j 

n 

1 -uai 

1*526 

S-S3I 

12 

1-085 

1*I98 

flST 

(O 

l-OOO 

1*049 

*'SM i 


H is clear that would be an estimate of o? of very little value, and one whieh 
18 distinctly worse than Aj, In addition to its large standard isrror, it ia far from 
normally distnbuted (see Tablo V below). 




Tokishigb riOJO 


89 


7. Go'tnpai'ison of i)\tevpi}loA,ed Values wWl those found by K. Pearson’s Method. 

Cort(un of the values of ^ and o-g obtained from the empiricnl equation of 
Section (5) were recomputed by K. Pearson's method* in order to obtain some 
measure of their accuracy. The appropriate formula for the mean value of the 
product of two ranked individuals is his (xx!)**”". Taking the case n — ^p-^ 8, 

for which both median and qnartilc points correspond to observations^ wo obtain 
using his notation, in which m refers to the median, 


Moan == Ka«n - W 


m+l _ ^ , (a — wi,+ 1) (a »t-f 2) _ 

+ ^2 / , T\ I ON <2'* nH-2 


n + 1 


(u + l)(n + 2) 

{n — m + 1) (n — m + 2) (n — 'fli + 3) , 

3 *^*"(33) ' 


where he hiia given numerical valuea for the 6’a up to iijj {loo. cH- Equations (xi) 
and (xii)). 


Case (i). Samples of 15 ; ?j = 15, </ >= 4, «t = 8. 

After oaloulations similar to those carried out by K. Pearson {loo. oit. pp. 388 — 
389) I find that 

Menu {a!„«,l/5« = -003,27 1,809. 

Eurthor, cr^ and o-,,, may be obtained from his formula (xvli) and Table VI 
rospeotively, as follows, 

o-,/? = '347,01-t3, ajs = '818,092. 

The former leads to a value of 1-34398 for the ratio of o-, to ff/v'Jt, which may 
bo compared with the value of 1'3540 obbainod from my formula (27) above. 

Since = 0, it follows that 

rm<! = Mean {»mffial/(<r„a- 5 ) = -57213, 

which may bo oomparod with the value of ’5725 obtained from formula (28), and 
given in my Table III. 

Case (ii), Samples of 35 ; re =• 36, <i ■= 9, in =» 18. 

Hero I find 

Mean =• -027,763,212, 

and from K. Pearson's formulae (xvii) and (xviii), 

0-,/f = •229,4863, o-„,/? - -210,6806. 

Hence 1-3677 against my 1-3593, and o-,„y'“ = 1-2456 against my 1-2457. 

It follows also that = -67441, 

whereas my formula (28) has given a value -5760. 

* Bionietrika, Vol. xxm. pp. 884—890. 
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Median awl Quartiles in Snwdl Sampler 

There is little doubt that K. Pearaon’n method is likely to ki muni accurate 
than that which I have employed for interpolating Imtween n ~ 12 ami the limiting 
values, but it involves oalciilations of some length even in the simpUwt naim when 
n~4ip + S. For the euaes nt=: + 2, n = 4p -f 1 anti n^4ip the wtu'k involvctl 
would be very muoh longer, and no comparlBon haa been nttemptwl. 

8. Some eaiperimenial SampliniJ liestilUi. 

The following further results have been ahown for coinparisuii. 


TABLE V. 



The values of were calonloted directly from the data (except in the *ww 
n = 16), and it is found that none of them diffom frtnn the thciirotiral vaii»*» hy 
more than twice the approptjiate standard error, wtui then calculate! from 
equation (29), using the experimental values for tr,, and rr„ tahltai in my I'Mlior 
paper. In the case of n«= 16, r„, was calculated directly from the data. 

It will he seen from the values o( and /9, that the Bain[iling th'Blritnition of 
j — 771 is far from normal, even where the samples are large, and as has tsmii (jnititel 
out the estiinato of 5 obtainable from this inter-rank distance is not n milisfnctory 
one. 



A FlJRTlIKll STUDY OP METHODS OF OONSTIIUCTING 
LIFE TABLI5S WHEN CERTAIN CAUSES OF DEATH 
ARE ELIMINATED. 

Bt M. NOEL EARN, M.A 

In a risi'iit. jajjer KUtillwl "A>i Iiitjniry into Yiirioua Death-rates and the 
Com[»rnlivi' Itilln(*n<;i' of certnin iJisuaBiw on the Duration ot Life"* D' Alembert’s 
metliwl «na iiplilteti tii the niiwtriiction of lifij (nblos for a jiopiiliition from which 
oatiMraiui lulwrcutoNm wiw supjKisiul to bo lilimiiiiitcd iis ciiiiscs of death in order 
to of tliiso rliui'tuHW in siiurteninfr tho diiraliini) of life. In that 

paj^'r no rcfiuT’itep vim uiiwii! to the work on thin problem by Dr Farr towards tiie 
will of liiat W'liltiry, iior to Dniis 1. Dublin'.a work in recent years. In the present 
piper a hiw been nnsdli'. of the results of the sovoral methods when 

applii'd (<i the tttiKU' dnEa in order to detoriiiine whiit, if any, are the prnoticai 
udva.ntngi‘Ji of emphtying ITAloml«'rt'Hfnnnuls over ulhera which have been used. 
A» to thti thonmtiwl iidvfiiiUigtM of D’Alembert's formula, I think there can bo no 
tpiention. 

hltmn //«idf» of Farr's Method and D'Alembert's Formida. 

Dr work wa« published in thu Supplement to the ThirUj-Fifth Annual 
iieimri of the KeriiHrar-Geiteral, lb7.^, and entitled "Effect of the Extinction of 
any single Disoiuw on the Dnmlinn nf Lifot.” In this he made passing referonoe to 
the previon* work on the mniB kind of problem in connection with tho contriyvetsy 
orer inoculation, wentioning Danitd Bernoulli and D'Alembert, giving Duvillardls 
valuo for the incranw! in liui moan life time which would result from tho extinction 
of small-jxix. He then rofermi to tho short inelhod whieli ho had doseribed in tho 
Apjrendix to the R.-Q.'» B'ifth Amiiml KeportJ;, using it for this particular purpose 
M being snfficionlly «xaat,imd thus saving tho labour uf conatnroting and graduating 
full life tables, 

In Ida short melhud Pan- made imc of quinquennial ugo-grouiw. Thu number 
of deaths in age-gniup « to » + 5 years divided by tho population of that aga-group 
gave tho probability p of living one year in the middle of the period. The fifth 
power was tburtifora ti^en in order to obtain the number of survivors at the end of 
the period. Thus the chance of living for five years at age « was ph 

• 9 / Vd. IV. pp. 879—826, J981. 

t P. iMvIii, S 21, 

t !', M2, “ 4. theirt motUod at oonatruoling LUo Tallies.” 
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lAfii Tables with eliminated Diseases 


The method wiia only applicable for ages after 5 years. The siirvivora at ago 5 
would have to be obtained from the known deaths and pupnlatAons year Viy year for 
the ages before 5. 

Farr attempted the prohlem of eliminating a imrticular disease rrom Uie Hfo 
table population, taking, among other diseases, ns examples, ameer and phthisis. 1 n 
do this in the case of cancer he constructed a new life, tahic on tlie ImaiK ol (.lie 
mortality from all diaeaaoa except cancer, vi?,. tiij, - c**, using the short nudhiKl ahoei; 
described. This he assumed gave a life tahla population ns it would Im if blnTo were, 
no cancer mortality, 

IliaveJirattried to ascertain how closely the uumhera of survivora and exisiclatiiins 

of life at different ages obtained by this method approximate to the more exact 
VBButo obtained by D'Alemhert’a full formula, 

The amount of error due to the approximations used in the short inethwi of 
constructing an ordinary life table was invcatigaUsl by Furr imd is given in 
Table 58 of tho iSeppienieidt for the ease of the Kngliah Life Table for Males. 
The result is an excess in the short method in tho oxjsjclation of life, to the ainoujit 
of -Sf to ’Sa of a year in the raid-age groups up to «5, followed by a mpid inrroiuH' 
in the excess at the older ages, 

Table 60 of the same Supplmeiit^ gives survivors of a life table bawal on the 
deaths for the years 1861 — 70, and also tho survivors for a life table with oaneer 
excluded. I have worked out, and show in Table I, the expectation of life for btdh 
these tables for ooinparison with the results tubulated in Table VI of ray previous 
paper^. 

TABLE I. 


lAfe Tables for Males {caloulated from the Facie recorded during JH61 — ^70). 


Age z 

To dio ol all Dleoaws 

Cnnoer oxoludod 











f. 


0 

610 622 

40'flfl 

BIO 022 

40*76 

’20 

5 

367 817 

fiO‘32 

307 635 

IKV66 

•33 

10 

363 129 

<17'31 

363 lOS 

47‘n& 

‘.74 

16 

346 341 

43’32 


«'01 


20 


39'00 

334 061 

39*00 

•30 

25 

321 013 

30 'SO 

.Til lie 


Ml 

36 

■ ' I/M 

SB'40 

i91038 


‘S\ 

46 

264 138 

22*97 

264800 

SIT '87 

-30 

66 


16-77 

211 503 

17*02 


66 

IBO 844 

11*37 

163 946 

11'6S 

•ift 

75 

77 409 

T'll 

80 801 

7*46 


88 


6'4B 

18870 

6*44 

■01 

96 

789 

6-11 

823 

5*U 

•CK) 

106 

1 9 

— 

0 




* See Table 69, p. okii. Supplement u TlUrly-f^th AmimlJttport a/M.-O., J881~M. 
t Ibid. J Annalt Suffenia, 'Vol, ly. p, BOO. 





M. Noel Earn 


93 


The order of the differencea in the last column of this table ia never greater 
than about a third of a year for the period 1861 — 70. Whatever method is uaed, 
the reaulta ahow that these differencea have increased to nearly one and a half years 
in mid-life for the period 1919—23. 

I turned next to the modern data and have found the effect of the elimination 
of cancer mortality from Life Table 9, applying Farr's short method instead of the 
formula of D’Alembert. 

In Table II are the results obtained by Farr’s short method from the data to 
which the full formula of D’Alembert was applied in my original paper. 


TABLE II. 

Oomparitton of the Increases in Eicpectation of Life due to the Elimination of Cancer 
Mortality, calculated by two Methods, 


Age 

(or liUc 
Table 9 

L for Ijiffl 
Table wUb 
OaQoarellml- 
naled byURool 
D'Alemberl'a 
formaU 

Incroaiie 
in 4 by 
B'AIeraberi’a 
formula 

4 for Life 
Table with 
CaaodroUmiw 
oaled ftytiMof 
Farr’fl eborl 
me&od 

Inoreaan 
la ig by 
Farr's short 
msthod 

Excess by 
Fftrr’s 
lasthod 

Feroentage ox- 
oesson inoressA 
in expectation 
of life due to 
using Fan's 
method 

0 

06^62 

«J*B0 

1*27 

66*97 

1*35 

•08 

0 

B 


qO '20 

1*«U 

60*35 

1-64 

*10 

7 

10 

e4'64 

66-10 

1*40 

66-19 

1*55 

*09 

0 

Ifi 

S0'12 

51'B0 

1*47 

61*68 

1*56 

-09 

0 

20 

46'78 

47*20 

1*48 

47*37 

1*65 

•11 

7 

SB 

41 '60 

43*09 

1*49 

43*21 

1-61 

•12 

8 

30 

37 '40 

30*91 

1*51 

39*03 

1*63 

*12 

8 

3B 

33 -ao 

34-77 

1*52 

34*88 

1*63 

•11 

7 

40 

20'ia 

30*71 

1*62 

30*64 

1*65 

•13 

9 

‘IB 

25 '22 

26*72 

1*50 

26*86 

1*63 

•13 

0 

BO 

21 '36 

22*79 

1*43 

22*93 

1'57 

•14 

10 

B6 

17-73 

19*02 

1'20 

10*17 

1*44 

•10 

12 

60 

U'38 

1B*46 

1*09 

16*63 

1*27 

•18 

17 

65 

11*30 

12*20 

•84 

12*38 

ro2 

*18 

21 

70 

8*75 

0*34 

*55 

9*53 

•78 

*19 

32 

75 

0*50 

6'90 

*37 

7*20 

•61 

•24 

65 

BO 

4'93 

5*14 

•21 

6*40 

•47 

■26 

124 


The difference due to using the short method ranges from '08 to '26 of a year 
in excess, and would increase the additional expectation of life by the elimination 
of cancer from a maximum valno of 1’62 years at 40 to 1'65 years, that is, by 
9 per cent. 

An estimate of the amount of error permissible by using a short method ia given 
by Dr Snow • as '08 of a year, and if this ia to be taken as a criterion the evaluation 
of the increase in the expectation of life in this speoial problem would not be 

* “An tllemonUry Rapid Method of ConBtraotiug on Abridged Life Table," E. 0. Snow, Supplement 
to the Seoentp-Fifth Annual Jteport of the Fort n. 
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TABLE III. 

Cojnpcii'ison of the Iiivt'eaees in JSsepectcUion of Life duo to tho LliMintiiion of 
Pulmonary Tuberculosis Morkdity, calculated by two Melkod,s. 




foi' Life Tablt- 
with PulmonRr.y 
Tiibereuloaifl 

IncreiiRU 

for Life TaW.! 
wtih Puliuntiarj* 

iiiorenwi 

BxOCreflbv 

I’orwiiUHB (,'x 
w-ason incrcaw 

Ago 

4 for Lif(- 

in 4 i»y 

Tuborculoaia 

111 4 liy 

in cKpoelRtiim 
of lifm due bi 
using Farr'w 
nil* Hi cm! 

Table 0 

(iliminalodbynno 
of D’Alcniberfa 
formula 

D'Alcmbart’N 

furtnula 

oliniinatad by 
UM of Parr'a 
atiurt mothod 

I' art anoti 
mollLiMl 

metlKiil 

0 

55 •02 

57*40 

1*78 

57*48 

l-HG 

•CJ8 

5 

n 

08-81 

60*79 

l*J)8 

(K)‘H9 

2 'OH 

•If) 


iO 

64*04 

r)6'03 

1*99 

66*72 

2-08 

■IB 

5 

16 

60*12 

62*07 

1*95 

52*17 

2-UCt 

■ID 

fi 

20 

46*78 

47*58 

1*80 

47*70 

1-5)2 

■la 

7 

26 

41*60 

43*13 

1*53 

43*24 

1*64 

'11 

7 

30 

37*40 

38-Q7 

1*27 

38*79 

1*99 

*12 

li 

35 

33-26 

34*28 

1*03 

94*41 

l-l(i 

■1!) 

13 

40 

29‘lf) 

29*08 

•79 

90*12 

•93 

•H 

IH 

46 

25'22 

25*80 

•58 

25*01 

•72 

•14 

24 

60 

21*30 

21*79 

•40 

21-5)1 

•55 

•ITi 

3M 

65 

17-73 

17*09 

•26 

18*15 

•42 

•ll! 

02 

60 

14*38 

14*01 

•15 

14*71 

*35 

•20 

199 

05 

11*30 

11*44 

♦08 

11*04 

•28 

•20 


VO 

8*76 

8*78 

*03 

9*01 

•26 

•29 


78 

0-69 

6*60 

•01 

6*91 

*32 

'31 


80 

4*93 

4-93 

•00 

6*31 





TABLE IV. 

Comparison of the Increases in Bhepeotation of Life due lo the lilimituttitm of 
Heart Diseases Mortality, calculated by Inio Methods. 


Age 

/-for Life 
Table 9 

<r, for Lifo Table 
with Heart 
DlsoaseH elimi- 
nated by uee of 
L'Alombert’H 
formula 

Increase 
in ig by 
O'Alembetl'B 
formula 

/g for Life ThUo 
with Heart 
Diaeaaoii elioiL 
nated by use of 
Farr’u abort 
inoUiod 

iQOimiie 

in fg by 
Fnrr’a Hhotl 
method 

BxMMby 
Karr 'a 
method 

PtiroantagB ax> 
NBfflon iocra«Js« 
In nx|)«ola{|t>n 
of iife due lo 
tisjng Farr'j* 
mBlhod 

0 

66'02 

57-32 

1*70 

67*41 

1*79 

*09 

5 1 

5 

5a'81 

60-74 

1*03 

60*80 

a-fw 

•n 

8 

10 

54-64 

6d'56 

1*94 

66*67 

2-03 

•09 

B 

16 

60*12 

62*03 

l*Dl 

52*12 

3*00 

*09 

a 

20 

45*78 

47’07 

1*89 

47*78 

2'00 

•n 

8 

26 

41*60 

43-46 

1*8D 

43*57 

I'B? 

•la 

7 

80 

37*40 

39-20 

I'flO 

39*32 

1*93 

•12 

7 

36 

33*26 

36-01 

1*76 

30*11 

1*86 

•10 

6 

40 

29-19 

30-90 

1*71 

31*02 

1-83 

12 

7 

46 

25*22 

26-80 

1*67 

27*00 

1-78 

•11 

7 

60 

21*36 

22'97 

1-Bl 

23-*10 

1*74 

•13 

a 

66 

iV'Va 

19*26 

1-53 

19*39 

1*06 

•13 

0 

60 

14*36 

16*77 

1*41 

16*94 

1*68 

-17 

12 

65 

11*36 

12*61 

1-25 

12-78 

1*42 

*17 

14 

70 

8*75 

9*77 

1’02 

9*90 

1*21 

•19 

19 

76 

6-59 

7*39 

•80 

7*62 

1*03 

-23 

29 

80 

4*93 

6*50 

•67 

6*78 

•83 

'26 

4« 
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aiifficiently ftocurate!/ worked by the ahort method of Farr, especially when a com- 
parison IB to be miuie of tlie alteration in the expectation of life due to the elimination 
of oanoer inorlality for two or three past decades. 

Farr's short method applied for tho elimination of Pulmonary Tuberouloeia and 
Heart Diseases aeparately from the ordinary life table shows differonoee in expecta- 
tion of life ranging again from '08 of ayear at birth to '38 in tho case of Pulmonary 
'i’uburculosia, and from '09 to '28 in the case of Heart Diseases when compared with 
the fuller method, as shown in Tables IH and IV. 

These differences become large in the later ages when regarded as percentage 
excess on the increase in expeetation of life, especially in the Pulmonary Tuberculosis 
investigation. This shows that the method of Farr is not accurate enough for this 
purpose. 

Re-oalcttlalion in five-yeaiiy Groups of the Data on which Life Table 9 is based. 

In estimating tho additional expectation of life resulting from eliminating a cause 
of doatli by the shorter method, tho calculation should perhaps be mode not from 
the standard life table, but from one based on the same dativ but calculated also by 
the same luolhod. Tho comparative values of the normal expectation of life calculated 
on this basis are sot nut in Table V. 

TABLE V, 


lirpeotaiion of Life. 


Ago 

For 

Lite Table 9 

For 

Lite Table oalou* 
latcd in Jlyo.ycarly 
poriodfl 

by 

Fnrx’s mebnocl 

0 

56*02 

66*71 

•09 

6 

58’8l 

.is-ei 

•10 

10 

54-04 

54*74 

•10 

If) 

B0‘12 

60*21 

•00 

20 

46'T8 

46*80 

•11 

25 

41 -ao 

41-72 

•12 

30 

37-40 

37*62 

•12 

35 

33'35 

33*37 

•la 

40 

29-19 

29*32 

■13 

45 

25*22 

25-36 

•14 

50 

21 *30 

31-51 

•15 

05 

17-7.1 

17-80 

•10 

flO 

14'36 

14*50 

■20 

65 

11*36 

U*67 

*21 

70 

8*75 

8‘Oft 

-23 

75 

0-69 

fl-90 

•31 

80 

4*03 

5-.1l 

'38 

85 

3*72 

4-14 

■42 


In Table VI the increases in the expectation of life due to tho elimination of 
the several diseases considered are shown, the results by Farr's method being com- 
pared with the standard life table re-calculated by tho same method. The percentage 




98 Life Tables mth diminateil Dmam 

difference on the increafic ia now diminished, m coraparal with the rtfeulto in Tnbl(!S 
II, III and IV, to an amount less then one, throughout the table in the case of 
Pulmonary Tuberculosia, and to age 60 in the table with Cancer oliminatcd. 

TABLE VI. 


Licrease in Ewpedatim of Life. 



Wiih Oanooc elimiaaled 

With PalmooaTy Tnb^olfliU 
cllmlnatad 

With IHeftTl PifeWUMss ^imltialtid 

Age 

By Barr’s 
method ooni' 
p&red irith 
Te-oaloolated 
Life Table 

As in 
Table 11 

By 

D'Alembert’B 
formnla com* 
pared with 
Life Table 9 

By Farr's 
method oom^ 
pared with 
re>&alanlal«d 
Lifo Tablo 

As Iq 
T ablfllll 

By 

D'Alembttri'a 
formpla oom- 
pared with 
Life Tibia a 

By Farr's 
meihod oott' 
pared with 
r«-ealQuUt«d 
Life Table 

An in 
TablelV 

By 

D'Alftmbeirt'B 
formok cora- 
pared with 
Life Table 9 

0 

l'S6 

1-35 

1*27 

1*77 

1*66 

1-7H 

1'70 

1'79 

I '70 

6 

1’44 

1*64 

1*44 

V9fl 

2-08 

I'iW 

t-M 

i'CM 

l'#9 

10 

1*46 

1-65 

^4a 

voe 

2'08 

1*96 

1*93 

2-03 

I •04 

16 

1'47 

1'68 

1*47 

I'OC 

S-OB 

1-06 

vn 

3-«) 

HU 

SO 

I '48 

1'59 

1'48 

1«81 

1*02 

1-80 

1-ftO 

aoo 

I -89 

S6 

1'49 

V61 

1*49 

1*62 

1'64 

1*63 

1-8S 

1*97 

i« 

30 

I '61 

163 

1-81 

1*27 

l^dO 

1’27 

I'flo 

i-m 

I'UO 

36 

1'61 

i-es 

1*62 

1*04 

M6 

1-03 

1*74 

I’W 

i'7a 

40 

1*52 

1'86 

1*62 

•80 

•93 

•79 

1'70 

i'»a 

I '71 

46 

1'49 

1*63 

1*60 

•68 

•72 

•58 

1’64 

l»7fl 

1-67 

60 

1'4S 

l'B7 

1‘43 

•40 

•M 

'40 

1'6« 

r'74 

t'SI 

66 

1*28 

1'44 

1'20 

•28 

•42 

■26 

1*60 


1’88 

60 

1*07 

1’27 

VO0 

•16 

•36 

•16 

l'»8 

I'Wi 

1*41 

66 

•81 

I'OS 

•84 

•07 

•98 

•08 

1 -J> 

1'49 

i-ae 

70 

•66 

•78 

•60 

'03 

‘96 

■03 

'96 

1*91 

itw 

76 

■30 

•61 

•37 

•01 

•32 

'01 

•7a 

i-oa 

■afi 

AO 

•09 

•47 

-21 

•00 

•38 

•00 

‘45 

•88 

‘57 


Table VII shows the percentago difference for some of the later agar in the 
tables with Cancer or Heart Diseases eliminated, Farr's uitithod now giving a defect. 


TABLE VII. 



With OaQoer elimioated 

With Heart DlMaww etlibtKHkd 

Age 

Defeoilaiuoreaae 





in expcotatlon of 

Faroeiitafie 

in expeoktlon of 



life das to Farr's 

defeet 

Ufe due to Farr's 

detnat 


method 


meUvod 

46 

■01 

1 

Da 

2 

60 

•01 

1 

•02 

1 

66 

•01 

1 

‘08 

% 

60 

•OS 

2 

•03 

S 

66 

•03 

4 

•04 

3 

70 

•04 

7 

•04 


76 

■07 

19 

•08 

10 

80 

•12 

67 

•12 

11 
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08 Life Tables toiih eliminatetl Disemes 

In deciding whether the short method is sufficiently acournto when a imrtjcular 
disease is to be eliminated the hum of the curve of mortality rates of the disease 
must be considered. In Fig. 1 on the ijrevious page are given: 

The curves of animal mortality rates per 100,000 : 

(1) tor deaths from all onuses, 

(2) for deaths from heart (liseaaes, 

(3) for deaths from all enusus c-veept mncee in tiVD-yearly gnniiw iire given 
for the period of tho data under coivsideratvon. 

Simitar curves have already been given for cancfsr mid for pulmonary tnlwr- 
oulosia in the former paper. 

The curve for deaths from all cau.ses rises rapidly towards the and of life, the 
curve for heart diseases rises in the Baltic way but at a more gradual slopi', and the 
curve for all deaths except cancer follows a course sitiiilar ki that for all dcrillis 

The curve of mortality for piihiionary ttiberculoais is dillerent in form. Tho 
slope is generally gradual whether it is ascending or desKOnding. 

Provided then that one starts from a life tabhj conatrucUid in tho sanu’ way, 
the short method of Farr is soon to load to toloralily uccunile ilitToronctia in lifo 
expectation due to olimiimtion of the diseases which have been unilor ciuisidumtion 
in this memoir, except in the ciuses of cancer and hiiart dimiaaoa fur agea ater IKI 
when tho inaccuracy increases. Tlio method however involve* the mlditiouat work 
of first ro-oomputing the standard life table on tho basis of five-yearly iiwtaul of 
yearly age-groups. 

The error introduced in the short method arises from the fact that ibn numlwm 
saved from the disease in a particular five-yearly periisl are roganied as exempt from 
risk of death from other diseases for the whole of tho five yeam. Tlii* is not the 
case, for those saved from the particular disease will be subjuotod to the death-mle 
from other diseases from the moment in which they would have died of the apoeW 
disease, which connotes on the avamge for half tho period. This error diaw not 
occur when infinitesimal periods are used. In tho use of D'AlemlMrt'a forumla thnre 
is the additional advantage that a series of annual ciuicer (or other) mortality ra-lis 
is obtained which is of interest and value in itself, and which proved to be of use 
in other problems dealt with in my former paper. 

Some Work on the same Problem from JOata of the Mgtropolikm life 
Jnsiii'ancs Company of Nm 7ork\ 

Some work on the same problem has buen publwhed in the Statittiml 
Bulletin* of the Metropolitan Life Insurance ComiMuiy of Now York, uticlgr 
% title “Effect of Cancer upon the Length of Life” and ” Loss in Expectation of Life 
on account of organic Heart Diseases,” for data of the Industrial Population 
I®I1— 191d. The tables for males, white, are reproduced as Table YIIJ, 

• Slat. Bull. U.L.I. Oc., Dot wao, Vol. I. Ko, 10. p. 5i IbU. Pel). ISM, Vol. 11 . So. », p. «. 
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Of) 



NjinilifT ttf ofAvi^iUKc. 

lUfrttmeLuHion A(-nouiit 

AvecaRp. Numbor of Yoata of 

rtf <An Fetnnii.) 

'Vhic.1, M«h.« 

nfOrganio Diaoaans of tho Hoai't. 
Wliitd, MfilcK 

«> 


1'II7 

1 

«7<l 

1*80 

2 

*72 

l-DI 

K 

•7JJ 


■T.t 

1 'flo 



1 -on 

K. 


1 '03 


’7ft 

l‘HD 

ry» 

*7$) 

l‘HK 


*HU 

1-H7 


•73 

1-Hl 

fiTi 

•ri;« 

I’Mi 

»•» 

*3'.l 

MO 


•:k) 

•on 


'17 

■•n 


Thu tuliiiim refetring to cnntset givon amnllar figures than thoao for English 
iliUrt of hIkuiI thu «un«i pori<«l, vi*. 1008 — 191S, m given in Table VI of my former 
but the rfsttih* ixwemblB thneo of English data of the Inst three doondos in 
risiug til It maxiiiuioi itws of years between 40 and 60 years. 

T))<< fur huan, diHuases arc very similar to those obtained from the English 

data lUlO—llli!;!, given in Table V a of my original paper. 


This ramiula iiwai to obtain the results given in Table VIII has boon oom- 
rmmieiiled Ut me by Moaara Uublin and IxitUa as 


g,<» 


?« 


i- 


where f, denote* the usual life table functi^when all causes of death are effective, 
denotes this cornMjiunditig life tabltfmnction whan only cause i of death is 
effcBttve. and denotm the corresponding life table function when all cause.? 
eseept » of death are effective. 


The foniuila A may be obtained os follows; 

'Dm protability of living for one year at age ic ut risk of death from all causes 
ia tx)ual to the ptmliict of the probability of living for one year when only cause 
t of dmth [8 effisetivo and the probability of living for one year when all causes 
except i «» effoetivo, that is 


9* 


l-i} 


f-qx'O' 


A 
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Lifr Tahlea im'th liimiiiutal lHseme« 

p* denoting the iisiuil lili' fiiiiclii.ii when nil cnuHi-s uf di iidi nn- ffrentive, 
denoting the cum!H]iiiiidiiig funclitm whim oniy i of licnlh is rlh'rlivi-, and 
denoting the oorriaimnding fimetiim when nil iwiiiMw nf ilcnth i-sw-pl t am 
effective. 

I have applied the fnrmnhi A. in Ihe iliitn. in hand in yearly perimls and iitid 
that it gives a very near apprnxinmtion Ui lint fnnniilanr I)'Ah'irils*rt, the snrvivnrs 
in the life table excluding a sjKicinl di»Hii«! being the fuvmi* In within a few nnits 
in 100,000 starting life together, at all ages through life, whnthor tin; ditwiw foii- 
sidered is Cancer, Pulmonary Tul«rculo.sia, or Heart Diiwmca 'On; fXjKn-tatitiiiB of 
life are exactly the same for the two mclhiala. 


Gomparitim of formula rl ivilh fair's lUclhiid. 
The formula which Furr iiaed wmdd he 

TO,- fa," = 1 / 1 ,' “, 


where t/i, = 


2 '/, 

2-r/x’ 


and TO,'*', ///,'■■’' have similar meanings, 


Subatitiiting these values lor iho jb’» Fornnila B gives im redurliim 

. 


d* 


1 - qf 


i! 


which diffora from formula A in the denominator of the right-hand sirli*. 

The amount of the difTecenca in the expectation of lift; given hy Fomnda H »» 
compared with that given by D'Alorabert'a formula, nr by Formula A, hm alreatiy 
been shown. 


It may be of interest to apply Formula A to the cancer dnla in five-yearly 
periods in order to compare the expectation of life with tho results found in yearly 
periods. The results are given in Table IX. 

This table shows that there is no sensible error involvwi in ccitnpttltng the 
additional expectation of life resulting from olimiiiation of »nwr w a can*! of 
death by using five-yearly periods, so long ns the life table with which wm{SOTi»t» 
is made is computed in similar periods. 

In conclusion, tho difference in the methods used lies in tin; I'whmtinn of ijf, 
D'Alembert’s formula giving instantaneous values, Dublin'* formula values jit 
yearly intervale, and Farr’s values at (luinquennial periods. 

For rapidity of calculation, combined with accuracy, the formula giving yeariy 
values has some advantage over that giving instantaneous valuea 

In either case tho results are arbitrary to some extent, as the original Bgoim 
are usually only obtainable in quinquennial age-groujra. 
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TABLE IX. 


hxpg'Mwtt tif lifi find hwi'me in that Expectation owv that of a Standard 
hifi t(ibk tii tt Eopiihuioii excluding Gancer. 


A#! 

- r 

(laleahtel iti > 
ywitij ^ 

hjfwinaltA 

'■ ! 

j 

locroMe in ' 
«s|!»eUiU«n 
»f lifo liver 
UraTtUaS 

Onlenlatcd in 
R-yearly perW« 
hy fomwia A 

4 

Statlard 

Me Tahlo 
(see Tahlo V) 

4 

Iscreoso m ox- 
peatationotlite 
over Standard 
Lifo Tahlo 

0 

W'«» 

l-« 

M-ao 

5!)'71 

1-28 

■t 


1<41 

l«-37 

riS-Di 

I'dO 


W-tCI 

i-te 

MI'2I 

54-7<l 

1-47 

V.*! 

M-r« 

I >47 

51-(Kt 

riD'il 

1'48 

SW 

4;'« 

1-.J« 

47'3!) 

.1.7'H9 

1’60 

» 

W'W 

IMS 

4:)*S.7 

41'72 

1’51 

ao 

.W-SI 

1-.M 

3!l’0.| 

m% 

1-52 

Vi 

M'T, 

m 

3.f!K) 

:«'37 

1'63 

« 



,■«)•«! 

2IP32 

m 

4f. 

mt 

KiO 

2liW 

25',70 

m 

. S(J 

mit 

!■« 

52-Bfi 

21 '51 

I'df) 

u 

ism 

i-as) 

l9'St) 

17'Wfi 

V3l 

Oil 


HW 

Ifi-Mi 

Ipril! 

I'lO 

ffi 

1S« 

•w 

IS'Jd 

ll'ST 

•HI) 

70 


'flfl 

fl'J7 

8'!)8 

•59 

7S 

«« 

•37 

1-m 

B'OO 

•30 

« 

a>u 

•if! 

*'A! 

.7'31 

•20 


BIBLIOGRAPHY. 

fl) I.WS, M. X, An Inijaitif ittln VaTimi* IRalh-RaUw and the Coiap&rativo Influeiioe of 
tJiartwii IHwww OH tl« Btuatititi of Life. 0 / Hugmiw, Vol, iv. Parts ni and iv, 

M*|, !» 1 , 

(i) fyA Am«<d tAfon. Appeudi*. 

(3j HmiMirnl Mmpdim Life Inturtaut Cmpann of York. Oat. 1920, Vnl. t. 

Bo. ! 0 . FA lUi, Vol ii. Bo. %. 

(4j Jif pfewii f« Ik .firt Reptri. 

IS) Stfjdmmnt B ih Rfffi0r)r-(hemti iHti (tipmi, Part 11. 



A TEST OF THE SIGNIFIOANOE OF THE f)IFFEIiKNCE 
OF THE CORRELATION COEFFICIENTS IN NORMAL 
BIVARIATE SAMPLES. 

By FRED A. BRANDNEE. State University of lows. 


I, Introduction. 


The problem of testing the significance of the tliffercnci; botvMicn airrelation 
coefficients, n and n, found in two independent sample* of sisist «id m »«>' 
considered as that of testing the hypothesis that the samples have Iwen limwri 
from pupulationa in which the oooflicient* of correlation between the variaWo* have 
soma common, but unspecified value, p. A method of proccdutis eotnmotily used, 
which is adequate if the satnples are large and p not too near either + 1 nr — I, is 
to compare the difference, n-n. with an eatimatc of its standard emir, o,,,.,,. 
But if these conditions are not satisfied, we aro at once, fsmi with eoriflin diffi- 
oultiefl ; (a) the value of is veiyt eonsitivo to the jowticulnr ostimata of p 
chosen; (ii) the sampling distribution of I'l-rt will bo asymmetrical, tiiflicull to 
calculate and again dependent on the estimate of p. 

To meet this difficulty, E, A, Fisher has suggested the use of the Uans- 
formation* 

* +f) - log,{l-r)} ..,.,...,(1), 


because it then follows that if the two samples have htten drawn from twjml 
populations with a common p, si-*, will bo distributed in repoatod samples, 
approximately normally about aero with a standard error given by 





«» 


li 


(».>. 


That is to say, by adopting this transformation, a test is obtoitiid whitjh is 
both easy to apply and, but for a certain approximation f, eompletoly indofwndant 
of the unknown value of p. 

In a problem of this nature, it is evident that an indoflnito iiumkir of critori* 
might be found to use in testing the hypothesis of a common p. Owing to the 
nearly invariant form of its sampling distribution, the oritorion %»ii might h« 
chosen on intuitive grounds as one of the raost effident (as well w rimt oonveniftnl 
^.application), but it is nevertheless of some interest to examine tha logical l«i# 

• JVfOrmi 1 . 4, 12— IB, SWiiKcol iUPmit/or Saeanh n'mktn, Bwtlon S6. 

t The nature of iho appronlmation involves has been oMinlneS at rartoM lltn*. Sm toe ejeant^ 
Jl.'omciln'tii SSI. pp. S'|7— acO; Joiininl of tiu Jiiurteuii SlnHeHwt SMoefai/on, Jane l«t, pp. 
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lor the choice between criteria. In a aeries of recent papers* J, Neyman and 
It, S. Pearaon have diacuaaed how, when the hypothesis to be tested and the set 
of admiftfiibio alternatives have been defined, the appropriate criterion may be 
deduced from certain fundamental principles, without any preconceived notion 
of what the ferm of the oriterion ought to be. Making use of what has been 
termed the likelihoori ratio, they have shown how a number of existing testa and 
certain new ones are brought into conformity, and tny purpose is to consider the 
appUttation of this method to the present problem. 


11, The Likelihood Ltatio. 

The problem may be stated os follows. Two samples. Si and Sa of size iii and 
n», have been randomly dmwn from normally distributed bivariate populations, 
III and ITa (variables ss and y). The two means, two standard deviations and 
product-moment correlation coefficient are defined as follows : 


For 

2), 



For 

2), 


y%\ *ii > 


The admissible hypotheses concern the set fi of all possible pairs of bivariate 
normal populations. The hypothesis wo shall test is not that ITj and Hi are 
identical, but merely that their correlation ooeffioients hove the same value, 
or that 

p,«p,=p (3), 

while the relations 

tti flj, CLj^ « (bt > O’!** d’a, <ri ^ (Ti 


will not necessarily be satisfied. The population pairs (Hi, IIj) for which (3) is 
true, form a snbeet a of the set O. The likelihood ratio, X, is to be obtained by 
ohoosing from (1 and <u, respectively, the two population paira which make the 
chance of the observed sampling result a maximum, 

■ The chance of obtaining 2, from ITi with character values falling in the ranges 
(*< ± ih, yt ± ib) (t ~ li 2, . , ni) will be asymptotic to 


r 1 1 2 rte..?lV+fl!C.A'y-?£d2i^^ 

n,i»r~- "Cv / V 'i / v,v, J 

* L2»<riwi^rr^j 

w» h and k appmoh zero- 

Likewise for the sacnple £# of 7t* observations, the chance is given by 

(7,«r ,1 S V| / \ "i ) '>*3 J(A 

Lw?a^J , 


(,hk)H 

.(4) 


(Ai)"! 

(5). 


• Sm JNmetrlH xx*. pp. IIS, 264 , BulUlin it VAeaitmte Petemiu iet Stitncti it da Lellra. 

fiSrlsA.lSSO, p.ra. 
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The comhinad probability of the oociirreiice is given by the pnxluct 

6'(«) = Cif's |8). 

If the values (4) and (5) are aubatituted in equation (tS) and the ruitih siinpU- 


fled, the result may bo written 

I "i n 


y. r (?' ■ ” 11 “ :>■ >i’ . ISirJb'l':!!*.'? _ i (* i ■ “< 1 15> " '’»! 1 

' ” 




where iT" = Wi 4- 7ia and IC = (2it)“". 

Finding the viiluee of Oi, «/, otc. (i** 1, 2) to make 0((1) a tuaxinium gives 

a<s=s«?i, cTi^Si, (t/ « p<=»ff 

This gives the jiair of populations of maximum likelihood. By siibatiiHting 
relations (8) in (7) the chance of the joint occurrence bccometi 

G(n„„) L- , . 1 1"‘ 1”’ (!i). 

L«t«i (1 - n*)* J L«!«i (1 - »■,’)* J 

Now oonsidar ths ohanoa of the semplea belonging to tho Hiitwet a 
above. Tho total probability is given by 

"w-^suyTi^x]' 

x« c vr 'iC DM'f-'-Ooi. 

Again, if C (a) be maximized in respect to cq, oj', otc. (v = 1, 2) it gives 
(A) ai = Si, (q' = 5i 'j 

Si’ 1 - fl’ Sf'* j 

<ri*~r-np“tr('’ I 

(G) (Jiin +«Bn) P*- A'’(l + nrj) p + nir'i + «,)•» « oj 

Upon solving equation (0) of (11), 

Pjk » + nr. ) - VN» (1 - nr,F^ 4 i)Vi> r. '(ri~ "‘?^>» 


2 (»!)■« + njTi) 


(12). 


This gives as a maximum ohanoo 


0 ’ 


jff (^-Pn*)* 1">r (l-c’l*^ >» 
[siSi' (1 - p«ri)J Ljjs/ ( 1 — pjpr,) 




Thus we may obtain the likelihood ratio 

x-£<^ 

0(n^.) 


...(H). 
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HI. Tfie Case when ni ~ Wg = n. 

The above ratio cannot in general be expreaaeci simply, but ■when 


by putting 


thu result 


n — tanh , rj = tenh Xg , p = tanh v 


is easily obtained from equation (11 C). Also, from equation (13), 




_- msh.gcoBhxg ^ (18), 

t f U3 

SlSi S».V COHh’* — ^ - 


If the aama substitution is made in equation (9), it gives 

G (fl,„,> = A W’' (19)' 

Finding the ratio of the likelihoods and extracting the (2n)th root gives 

Xil sech ~ ** (20). 

It follows that if the criterion used is 


*1 — 24 = 2 Bcoh-*^ Xi! , 


it will be identical to that of R. A. Fisher referred to above. In other words, the 
oontours of constant X’s correspond exactly to the contours of constant values of 
(«i — xj). As the likelihood of the hypothesis decreases xi - z, increases, and the 
method already described can bo used to determine the significance of the differ- 
ence of the observed correlations of two normally correlated bivariate samples for 
which nothing is known as to the values of the parameters involved. 


IV. 2'he Gaae when ni ^ ng. 

The case of nj not equal to tig may now bo considered. Without loss of gene- 
rality wo may assume > rg. In order to express X in simple terms it is here found 
nsoessary to introdnoo an approximation for the value of p to be inserted in (18). 
Equation (11 C) may be written in the form 

[f (r, + r,) - (n - r.)] p* - A (1 -H nr.) p + f (n + r,) + ”” (n - r.) ;= 0 

( 22 ). 

Then by substitutions (16), 

[tanh (zi -H Xg) — e] p* — 2p + [tanh (xi + Xg) + s] = 0 (23), 


where 


«i-«a fi-vg 
A 1 + rii'g 


(24). 
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From (23) 


p = tanh/ = 


1 - Vsech* (?i + + £* 

, tanh (^1 + ij) - « 


...( 25 ). 


^ 1 — */l — [tttnh*(2i + ri) “ e’J 
tanh (*i + 2 j) — e 

_ 1 -[1 - i jtanh'‘( 2 i + 2 »)- «*! - A | t ftnh*( 2 | 2i)"ty ■■■ ■.] ^ 

■” ~tanir(it+^) - e 

If all powers of (tanh> ( 2 i + xj) ~ 6*1 greater than the eeoond, whieh in meat (awe* 
will be small, are neglected in (25) the approximate value 

_ ^ [tanh* (xi + xt) - t*l + -ii f tanh* (xr 4 Xt) ~ 6*]* . 

^ ~ tanh (xt + rj) — 6 

will result. The above approximation tends to slightly decrease the value for p. 

Thus = 

wherfi -H » tanh (^i + s'*) + € and JB *« tanh (xi -f r*) - 


A . A'B 
‘ 2 8 


.,.(27), 

...(28). 


Solving for e** gives 
from vfhioh 




' I' 


.m. 


2s. 


»log(: 

A 




2 




. , 4*fi 

2-*‘T' 





A . 


a i 


..(30). 


Again, by neglecting all terms in A end B of the second order and higher powers, 
another slight decrease will be made in the value for p. This give* the approxi- 
mation 

i-i[tauh(si + x,) + e] 


1 r n + r, tij -• fl, n - n 1 


....(ai). 


Siri + «»i'i 

“ if (T+nfi;) 

Theae slight decreases in the value of p, and oonscryuently the value of a a« noted 
above, are almost exactly counterbalomred by again approximaattg in (81). By 
expanding each of the values for r((t ■ 1, 2) in tertna of sj, tho nn«e«tor is slighBy 
increased and the denominator is decreed by discarding powers of of awxrnd 
degree and higher. The value 

r = tanh-V=?lfi+^«i« jgjy 

is thus obtained as an approximation for the true value of ». 



iviv 


fe n, - S„j «,4 „, „ I j «i ti> «,, .uul tlie ciaes examined are 

h«<. ukm ,h, h,Kh..r r,( i)„. t,,„ * «'> (T.vble II), ,vhero ,ve 

*•>> 61 . », > ^ I It will be noticed that 

t.k.i,h««I than w ,ainw,Ki fi,r i„ L L “‘“''”’'''’'8 maximum 

?.«dl™t„*3.f„r,.it)mra, = »,wn»r , ... 

t. Pm and p„ will agree exactly. 
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It th»ttW I*. sHrt ihp hv n A m 1 . • a , 

*w * we#M«fi of i, lunl i.. ^ »«KR«t«i )y R, A, hiBltor* m bmod 

their wiinpSiflg mjmbIj. ^ “PproximaUi values of 


• binh 


K*i 


.'ll j, + (n, 

.V-« 


■3)3, 1 


,.{3a). 




"I ■ a>, (%« W; ao«l «,■!{>, Mtm n {Tabte 1 } 

80, »,« 10, gQ 

• #«•»«». A. 1*. 


....(34). 
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TABLE 11. 







Cfbffw fit - |h.j 



Zj 
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Pm 

P. 

p'itti -OOl 

Pm 


. 

* f 

0*2 

O'O 

797*1 

■Of.KX) 

770 
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‘170 

•OiS 
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0'4tt 

0‘7 

O'O 

'6044 
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1-75 
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•flft? 
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•(K)52 
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*B77 
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17 

■9801 
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■Kf.I 
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3'IK) 


It will lie seen tbat, iilthougli po is generally a better iipprnximatiiia t<t pn than » 
p' (for the range of cases taken), this is not always no ; aoimi light is thrown on the 
position by calculating the ratio 


ri-r, 

“■ji-n 


,.(35) 


for the values of ;ii and tij given in (3i). These ratios ani entered in the last colnmn 
of each table, and provide a measure of the aignifloanoo of tho differenwa between 
the pairs of sample values n and rj. It will bo seen that p* is closer to pn than ia 
p' 80 long as (si- rO/vj,-,, < 2'00, but that when the ratio exceoda 2-00, the posi- 
tion is revoreed. Of course, as Bi and n, increase, p'-rp „ ; but the approach of p, 
to pa will depend on tho ratio of ni to «». 


Finally, if the approximation (32) bo accepted os adorjuate, and p, subetitiited 
for pu in (13), we obtain from this equation, and from (!J), 

0.) 

Taking the ratio of these likelihoods gives 

“ (*i “ ■^)] ‘ [wwh ^(*1 - *,)j"' ,.,(38). 

Thus with approximation the contours of constant X again agree wife B, A, 
Fisher's contours for (ri - sj), 

The following example will illustrate the use of the test. Snppwe 
Bt=60, )is = 10; ri='60H r,=. '1974 (see Table II). 
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HKIi a. liHASliKmi, 

Hr,. IV7, -,.= 0-5 

aici ' ' !' -■ 1*1 7 - 1) ij/v/.o + ; = l-a."), 

II »(( f< )'< f '>■' pi'dliiiliility Ht'iile we timl Jj (! + «) = ’Hnii. 

W, Kiiiy !!■'» s= .la xiHrc* llif ;iltiTiiiittve III Ihli hypothoaia tested 

IPI If’ ' " „,,r atlcntiim is tliivt pi> pt, wo ask 

tilial »» ')»' ' k*'**"' *)“■’’ 's w-itiO i''s«.nl j, l,y U^■l nr mure, wcto pi = pa? 'I’Ws 
eliasite >» I** rondiuln that there was no clear call to 

pj.|i<'! «'h< }sj j» 4 i)'«», )ti -f'( fiii-tjrni «ti iiltmiative pi > pj. Evidently there 
3 »’ " 'aii'Oi 1 .. 1 )! ,j, fnv.itir «! mitiu! ivlternative, pi< pa- 


V. 


* loirlirWiia. 


Thr jx'd'h'in I!')..,*. „( jji'' h.Viiiil.lii'«iK tlwt two Bamplofl have 

ItOi-n j.-j- i'A'i !vii 111 ?h<- r<ii-fti':ient nf enrrektion has some 

»»«»•»« lot* «»!»» »»•■’■) 

It 5, ihai '!)" ?> -.h, sttiiiiiiwl iH iiiirmal, Eollowing 

ikf r{ iwei ''i w- * .1 wti>«!. tlieyiiavi* termed inwmiJOBito 

» ai!« t, )-M i f.ir n|*iij i« exactly, ami for 

riiMW'ii* y'' '■a’l*' '! "Jr r'ni^yiuij Xjl imggeated by H, A. I’lahcr, 

»(bwH **> arniiii'-ft-a?* 1- .Jiun nmelied by the two wriUOT in 

liiv f'l fc'i*"') *'• !>)■»'''■. »“ « )* olioarn timl by I'lmihiyiiig the raothod 

ul ||Sw.|sf»<««l V< •!< ur’iM’*'' ti.' aiVh' 'I'ryji!..- J« tiw' in testing a BlivtiKtioal 

»<• «t>- If '•■*»» ^’''“1'“'^'“ 

f4»»i »» l»« fr-iii a ■j'lil. Jn.r ..I ajtj<r-«h. 


• Is **» «f M<“ *« MyW »*»<! •• *‘>S- >*!«“'«• ri l>>a» IJt* tw ttloulilitlll Of » 

as#.^ »*»i*ti* »'<* •isri' \UI M .iKwMitrt«»>fK »pKU«lj tlai uKOitlancB 



PLURAL BIRTHS WITH A NEW riCDIGRBIE. 

By JULIA BKLL, M.A., M.IW'.I’. 

(1) Some two years ago, Dr E. A. Barton, working in wmncction wi th the f >!»b*l,riF 
Department of University Gtjllego Hosintiil, caitiu acrow an intercaliitg hiabiry nf 
plural births in three gonemtimis of a family, traimmittr’il, in the particular caw*, 
under his observation, through a malo, III, 10, who was bt'iiovisi himself f.<' have 
been a single birth. Mr Herbert Spena-r warns iw* that atutistiw of ftatiMittfl 
treated in lying-in-wards are alone reliable in reapt^t of nmlliple birtlw, i« ono of 
a twinsbip ofton dies and the fiiot nf a twin pregiiniicy may not k; meiitioiiid t<i 
the patient. However, their history of multiple birtlm ha.s kscii nf inUuistl, nol 
unaocompanieil by anxiety, in the family whose fa'digrcc is given mider Fig. 1, 
and 60 far as his mother and his gramlniotlier wrrre aware, 111. 10 wiw Imrn at a 
single birth. 

It will be seen from Fig. 1 of the ailjoining plate that one (jnntirnplnt, probably 
two triplets and seven pairs of twins have been bom in five sibhijia. 

Dr Barton kindly sent the mother, III. 3, to hob uh nlb;r the birth »f Imr 
second pair of twins, IV. 12 and 13; she iaan intelligent woinaii, with no hiatary 
of twins or multiple births in her own fennily ; she and her hiishaud pn<vit|wl mwt 
of the facts shown in the jKuligree, There was Home dilferunw of npiiiinii in tin* 
family regarding the triplet of III. 18—20; the mother, II. 12. believing site had 
no triplet, whilst her mother, I. 4, declared that tluR triplet was kmn in Middh'aex 
Hospital, and resulted from a shock to the mother on hearing llml her elder non, 
III. 10, was to have a diseased bone removed from his face, This cxjsjrioiit'i! fully 
supporte Mi Herbert Spnnccr'a watning. Dr K. A, Cwknyms kindly obteniml 
verification of the fact from the Registrar of Middlesex Hosjiitel. It is of inU-fi'sl 
to note that though both parents, II, 11 and 12, had »ihliiig« kdongitig to rtwilijde 
births, they themselves apparently pcodned eight ehildreni ut single birth* in 
addition to two paire of twins and one triplet. There i* winn* nncersainly about 
the triplet II. 4—6 ; its ocouiTonce is a family tradition, but iwthiiig is now known 
regarding the sox of the children or whether any of them survived birth. 

II. 12, who is still living, is sure that her mother hatl only one miiliiple birth 
in a largo family; this consisted in a quadruplet of four toys immd ifttthew, 
Mark, Luke and John; all the boys lived for tome time, but did blom the ig# 
of 20 years. Of the fifteen children of II. 11 and 12, only four am now living ; the 


• In 1 psreonal letter to Profesaot Kind I'earwn, 
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triplet ef this BiWiipwM born promaturoly and all its members died. One brother 
of this family^ II. 21, was kiUed in the war. One twin sister, III. 14, is still living; 
she IB mamwlaiid Ijm had two cunfiiiernents, with three daughters; one of the 
twin (ifttightor* died ymuig, of diphtheria. 

111. !i, the wifii of III. It), has had nix children at four cnnfinamonts ; each pair 
of twirw wen' of like HCX, but their mother says the children arc not at all alike; 
lino of the (iral pair of twins dial aged 13 months from pneumonia. 

III. 3 is a young woman, aged 30 at the birth of her last twins; she suffers 
from aatbma, and. with a husband nnernployed for nearly two years, considers 
anxiously the pewihilityof further multiple births; she reiuarkod that she had 
indeed married into a dangerous family. 


(2) Bamarkable examples of multiple births have been reported from time to time 
ainee the days of Aristotle. ThcBO include ; (a) Individual cases of large numbers 
of children bom at a single birth. (i>) Hi-stories of .successive plural births to the 
same individual ; of some special interest are a number of histories, some of them 
undoubtedly authentic, recording a sequence to the same individual of the same 
type of nmllipla birth, the mother producing, say, always twins, or always triplets. 
^c) Family histories reoortling plural births in a number of individuals of the 
same stock; the more interesting of these refer to oases in which the liability 
to the occurrence is transmitted through the male, as may bo seen in our Fig. 1 ; 
also in Figs. 2 and 3. 

(a) Writing in 1850 (i/ofes aid Queries, p. 469), Richard Owen says that the 
largest number at a birth of which any authentic record appears is five ; there 
was at this time, in the Royal College of Surgeons, a specimen jet containing five 
foetnaas from one birth, of which three were still-born, the two born alive survived 
lor a short time only*. 

Oarthshore, writing in the Ptvil. Trans. 1781 f, recorded the ooourtenoe of this 
pa.rticulttr oase; ha states that he harl employed various friends at Petersburg, 
Berlin, Vienna, Lyons. Paris and Ghent to collect for him well authenticated 
cases of this kind, and that he hod not yet been able to pvoours any. Oarthshore 
coUooted and published at that date a number of records of multiple births, but 
exBressod the opinion that, when wo advance further than livo at a birth, we get 
into the region of tradition and improbability, 

Foyt who in 1890 again oollooted all records ho could find of plural births, 
including quaclruplots and upwards, expresses the opinion that we may err by an 
excess of incredulity, and that we need to be very cautious before rejecting definite 
statements mode by medical men recording their personal experiences. 


• TUo jpeoimBn may »U11 te Bum in tha Musenra of the Oollago, togethar with soraral more reoant 


oxamplw. 
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Ambtoiso Parf‘.* exprurtaux no doubt in quoting tl«: stntcnwiiil of Martin 
Cromer, the Poliah iiiatoriaii, tliat " ono Margaret, a woman Kprimg from ii mibli! 
and ancient familio near Crneovia, ami wife tu Count VerbiwIaiiH, hrimght forth 
at one birth thirtie five live cliildreiit, upon the twentieth date of .bumary in the, 
year 129(i"; Pan'; was a ooiiteinpomry nf tim hiskirian and pre.siinmbly iiiighl have 
satisfied himself of the evidence on which the Htivtenient wan made. W(» alan Irarn 
from this diatingiiislicd surgeon that “ FranciBCim PicuH Mimmliila writeth ihiit 
one Dorothio, an Italian, hi«.l twuntic children at two births ; ui this first nine, aad 
ai the second eleven, and that ahee was «o big that alien wan forced ki bear up her 
bellie, which laie upon her knees, with a broad and large scarf tied nlKiiit, her neck, 
as you may boo by this figuro" — an illnalmtion of the said Dorothy is given, 
with her scarf in position. At a later date, in 1(IH4, Dr .Seignette writes of lUi 
"Acooiichoment Surpreuant'' which he had seen at Rnchefort, where “ imo femme 
de Xaintonge etoit acconohde tie neuf mfans, toms bien forimsi, el iuis(jin.!lK on 
distingHoit le aexe ; at quo ccUo nicme femme I'anndc prihnsdefib* avoit accouche 
de aneef It is difficult to believe in or to deny the [losKihility of any of thw 
ooourrenoes. 

Was Martin Cromer (1.512—1580) a reliable hislorinii? Me reisirtu limt 
Mathias Qolanoovius, Bishop of Vlailialavia in Poland, was the only survivor 
of twelve sons delivered at one birth, the rest dying bk hwiii as they were 
The name hore recalls that of Margarita Uonvaler, of V'alcneia, whose remarkabli; 
fecundity was noted by Henrique Clock when travelling in .Sjatin with Philip Ii 
in 1685. “The midwivea and several doctora of Valencia are witncBsca. counting 
the children that her two husbands had the good fortune to have. They found 
one hundred and forty-four males and fourteen fomaloa Amongnl them thert! 
were baptised forty-niuo sons and three femalesjj.'' This case is obviously oithm- 
a fabrication, or some misprint has occurred, or the midwives and doctora »rcr« 
unable to count, for we are told that this Margarita had thirty-throe parturitions 
between the ages of 16 years and 36 ; the woman, however, may have providwl 
an example of remarkable fecundity, and my attention was drawn V» it by the 
similarity of the name to that of the Polish report. Margarita Qonijidcx wa« mid 
to be the daughter of a Basque father and a Parisian mother; slut married first 
a Neapolitan and secondly a Basque, so was oosmoiHjlibm with regai-d to her 
connections. She was again pregnant when the travelUira left Valencia. 

If Ambroise Pard was ready to be credulous, Owen and Oarthahore would 
appear to have understated the case, Thera are certainly mnneroua authentic 
accounts of six at a birth, and there is what surely one most accept »i« dnfltiite 
evidence of a soptuplot, from a memorial stone on a house at Hamein a, Waser ; 

• BW. No. 1. 

t lo edflioM ot Oromer’s work, publiaUod in German in, 1582 end in Imtio in iiSes, I Bud tl» nnmbw 
Bwen as tiiity-eix live oliildren. The oft ropestod elory of the GtSBn von Hottnetem and to* »« 
childien ai a birtli is andoubtodly a myth. 

t Bibl. No. 6. § BIbl, No. 2, p. 197. 
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kiioeling parents and seven babies in swaddling clothes are represented on the 
stone below a crucifix, and fcho following inscription is given : 

Allhicr ein Bitrgor Thido liomer goiminifc 
Soino Hiiuafmu Anna Broyern woUlbokannt. 

Ala man zlihUe 1000 Jahr 
Den 0 daiuiariiia dcs MorgoiiH 3 UUr war 
Von ihr zwoi Kniibelein iind fiinf Miigdoloin 
Aiif cine Zcil gcborcn soiii. 

Habon auoh die heiligcn Tauf erworlwn 
Folgenda clcn 20**'* 12 Uhr Soelig geatovben. 

Gotfc wnlle ihn [-on] golwn dio Sccligkoit, 

Dio alien Oliiiibigon ist borcifc. 

ObigoH original Donkmal hab durcli die QUbo dor Homi Biirgormoiator Domcior, dor jobidgo 
llasitx.or diosow daniahla Rymersohen Hauaca Gcrichtflaohrcibor Hoppe wieder erhaltcn und anf- 
gosbellt ira Jahr 1818. 

A photograph of this atone is given by Barfurth*, whose account, in 1895, is 
the first roforencG to it which is known tg me. Wc must conclude that seven at 
one birth is the greatest number of which we have an' authentic account, but wc 
have no reason to believe that this number has never been exceeded. 

(?)) With regard to succeasivo plural births in the same individual, the most 
astonishing report is one whose first account I find in Th$ Gentlevxan*s Magazine 
(Vol. LIU. p. 763, London, 1783): "In an original letter now before mo, dated 
St Poteraburg, Aug. 13, 1782, O.S., Feodor Wassilicf, aged 76, a peasant, said to 
bo now alivo and in perfect health, in the Government of Moscow, has had — - 
By his first wife ; By his second wife : 

4x4«lG 6x2«12 

7x3 « 21 2 X 3 « 6 

16 X 2 = 32 8 births IS children. 

27 births 69 children. 

In all 35 births, 87 children, of which 84 aro living and only three buried. ...The 
above relation, however astonishing, may be depended upon, as it came directly 
from an English merchant at St Petersburg to his relatives in England, who added 
that the peasant was to bo introduced to the Empress." 

This history was published independently* — with a caution — by Horenannf, 
writing on Statistics of the Russian population in 1790. My impulse was to 
reject the cose as unworthy of serious consideration, as apparently the cautious 
Garbhshore did in 1787. However, from a statement in the haricet of 1878 (Vol. i. 
p. 290), we learn that a few years earlier the French Academy of Science had 
endeavoured to obtain verification of the ocourrenoe j they appealed to M, Khani- 
koff of the Imperial Academy of St Poteraburg for advice as to the means they 
should pursue, but were told by him that all investigation was superfluous, that 
members of the family still lived in Moscow and that they had been the object of 
favours from the Government. Are we to accept this case as an established record? 
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What then of thu following report*: "In the yenr 17or> a Mimcovil.o, pK.'Uiiint, 
named James Kyrioff, and his wife were presented to the Einjiress of Rnwia, 
This peasant had been twice inarrieil and was then 70 years of age. His firat w-ife 
was brought to bod twenty-ono tiinea, four times with four children each time, 
seven times of three, and ton times of two, making in all tifty-seven children who 
were then alive. Hia second wife, who aceuinpanied him, had already been delivered 
seven times, once of three (ihildren, six times of twins" 8nndy both tht'se Russian 
oaaea must bo regarded ns under suspicion; other similar oases have bt'Kii K;[K>rtoi, 
one of which referred to a handworker in Lille who had KS children by two wives. 
There is, however, this point of interest about all these and other rci»rts — they 
may exaggerate the details, hut they each suggest the probable [Mjcurrmico of a 
rather remarkable sequence, of mnltiqrlo births in the two wivis of one man, and 
thus indicate in these cases examples of the probably inherited liability to pnaluce 
multiple births, transmitted by the male. 

At a muoli earlier date Aristotle writes (Afistory/ of A nimubi, Lib. Vtl, Cap. A) : 
"As a rule and in moat oouiitries women have but one cbild at a birth ; yet 
frequently and in many diatriets they bear twins, jiarticnlarly in tins land of Egypt. 
But even three and four occur at a birth, and this quibr frajmmtly in certain 
places as it has been stated above. A woniou does not bear inoro than five at a 
birth, and this has been observed to happen aovural limes. ludiietl a certain woman 
bote twenty children in four \rarturitiona, five at each, and most of them weni 
taated." This cannot bo tegai-ded ns proven ovidonoe of the ooourrenoo of a awpionuc 
of four quintuplets, but the reforonoe is of great historic interest, and thero i» 
some measure of probability regarding its aocurscy. 

To return now to Ambroiso Pard-f. He writes ; " In our time, kitwwsri Sarto 
and Main, in the parish of Seanx, nor far from Ghamliellay, thorn is a fainilitt and 
noble hens called Maldotnoure ; the wife of the Lord of Mnldemeure, the first year 
ahee was married brought forth twins, the second year shea had three ohildren, tho 
third year four, the fourth year five, the fifth year six, and of that birth rIus died ; 
of those six one is yet alive, and is Lord of Maldomeure." We must receive with 
caution ParAs recital of cases taken from other writers, bat this statoraont re- 
garding a noble family in bis own countiy, which could bo refuted any day if 
untrue, cannot easily bo rejected. It is of some interest to note tho incroMiog 
number recorded at each birth in this history, in view of the fact that thcKi i» » 
good deal of evidence in favour of the statement that on the whole plural births 
tend to occur later in life than single births j tho average age of the mother at tho 
birth of twins being older than that at the age of single births, and tho avoragO 
age of the mother at the birth of triplets being greater than that at the ago of 
twins. So that mistrust of the ease, which has been suggested an the ground* 
of the improbability of the regularly increasing number at birth, loses perhaps 
some of its j uatification, 
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None of fchesQ remarkablo cases really carries conviction; wo cannot refuse to 
believe in the possibility of their occurrence, but if we were able to obtain verifi- 
cation of one extreme case, other accounts would assuredly receive U measure 
of support. I have tried unsuccessfully to get into touch with a more recently 
published case; in 1886 the Naples correspondent of the .Parin Register writes*: 
“About twenty -five miles from hero, and by rail two or three stations beyond 
Pompeii, is the historical city of Nocero. In it lives Moddalena Granata, aged *7 
who was married at the age of 28 to a peasant just nineteen years ago. Maddalena 
Granata has given birth to, either dead or living, fifty-two children, forty-nine of 
whom were males. She enjoys florid health, is robust, and twenty-four hours after 
her last accouchement was ready to go out to her accustomed labour in the field.... 
Her physician. Dr de Sanctis of Nocera, says that there is not the least exagge- 
ration in these statements..., She has had triplets fifteen times,” It seems almost 
incredible that anybody should have triplets fifteen times. There should be no 
difficulty in finding out whether there is any truth in this report ; a letter to the 
villagh Syndiodto has brought no reply ; probably a visit to Nocera, by a traveller 
in those parts, would he the most satisfactory svay of getting into touch with a 
descendant of Maddalena Granata or of Dr de Sanctis, 

A similar history, published in the Oazette Medicate de Lyons (Dot. 1, 1863)f , 
reports that the wife of a medical man at Fuontemajor in Spain, aged *13, had just 
been delivered of three girls ; it was the thirteenth time she had been confined of 
triplets. 

A number of authentic oases of a sequence of twin births are on record; the 
mother of the famous Dr Lottsom had twins seven times, all of whom were malesj ; 
Dr Lettsom and his twin brother were the last children borne by her, and were 
the only two who survived. A patient of Mr Herbert Sponoar’s told him that she 
herself had had six pairs of twins and no other pregnancy, 

A history due to Peiper (Fig. 2 of our pedigree plate) shows a sequence of nine 
twin births; each pair of twins were of unlike sex. Is there a tendency for a sequence 
confined to one type of plural birth to be uniform with regard to sex ? The only 
case of such a sequence known to me refers to three triplets oonsisbing of nine 
boys; there was an interval of 18 months belw'eon each birth; all the boys are 
living. Uniformity of the male sex may well have occurred in the triplets of 
Maddalena Granata, if we can trust that history, though she did uot have oxolu- 
sivoly triplets and wo are only told that forty-nino of her fifty-two children were 
males. 

An epitaph of some interest is referred to by Hakewill§ in 1685 ; “ Neither 
can I call to minde any example in all antiquity parallel to that of a woman buried 
in the Church at Dunstable who (as her epitaph testifies) bore at three severall 
times three children at a birth and five at a birth two other times." This epitaph 

* See Medical Prat and, Oireular, YoJ, j. lor 1886, p» 67. London, 1886. 

t Beferenoe in The Lancet, Yol. n. for 1868, p. 486. London, 1868. 
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is ['ivi^ii by Fj-iit)ds Tliyniii' in lii.s willncljoii (Clripjiiitm, i-. ;5, p. 1 14) IV.iiit ilio M.S. 
ill till' Cuttimiun liliriu'y; it was ctiiiicil by him in .SapL liW:l, ami ftucii in 
the nppunilix tu li(>arii<'’M iV.'i-'i l■di^.illn nf Chiiiiiicnii aive Anti'ilUK rrinriitns (b- 
IhiiiKldlite. Si'ViTal ri'pr(j(Ui(.'tiimK Imvn lii'i'ii piiblialn'd with siniii' larialiimx in 
ti|ii'Hing. Ii'i-aricis 'riiynMi'’s niiuiiiHcripl is nut ansy tn lii-fipliiT iiy Ilia iiimliillMt. 
ami \vt' lira [<i'ijatiy iiidtiiiti'i] tn IVnfasHor l{. 15. Diitlna hit' I'npyiiijf flm aptlaph 
I'vom till' script Cov ns ; it vuiis aa fnUiiws ; 

Hill Williiuii JIiiIhii jiilii iilatin rnKiiiiuil nl Alii-a 
Miuriiiii'C sail ibint onitt'lnsit luix i‘/i (leiu'pnlis 
't'lW Ufis bis nwiiWH biwva fcvtav baU'W 
Pot* siiiiMsns biiiiw, Dium his cleiinsiK mistiron*. 

Wr avc iilsii much iiidi-btpil to Mr T. W. liiigshn-wc, of llm DiviisUtliU' idbnti'y 
and Miisetiin, fur a do.scriptioii nf tlin iii(ntmri«l atnmi (tnlttiii friiiii Dcrtiysbin-V 
Hisliinj ijf Diiiisiiililf, 1S7'2). "In the middle aisle, iippiiNiU' tlm imljiit is a lai>p' 
slab, bciK'atli whicli is buried a wiiiimii who had niiii'tfi'ii childtt'ii al live iiirths; 
vis, lliree .suveml times three ohildroti at a birth, and Itvicn five, at ntlier times. It in 
not stmiigo that this account ia freijueiitly dishelieved ;...l)nt if Imdirinii the imwl 
Bti'aightfonviud can be accredited, it ia a lih'ral fact. tT(xiri the slab were tlie 
figiiroa of a man and woman in brasa, Vioth drcaaed in gowns. wiUi their haiida in 
the atfcibiido of prayer, at their foot waa the iiiacri|ilioii. Hetiealh the latter were 
two gnmpa, nne of boya and tho othur of girls, with the type* nf the uviuigeliKts at 
the ournrra.’' Derby.sliirc, writing in the iiiiicteenlb century, ijiintrK the inwriiitioii 
fi'niii JIcih'Iio'b edition of the Chroiiicloa; ho docs not Hlatu where he fntiiid tbi‘ 
dosci'iiition of the slab, which ia not, bo far as I have discove.rial. In la; foitml in 
Henrno's volumoH. 

Hahowill’s intorprotation of tho epitaph has been ixiixjati.slly tjimUHl ; itnlec<l, 
I iiiiisl confess to having myaelf boon romly to present tlio case ns nn anthenlie 
account of a scqueiioo of throe triplets and two qiiintnjiluUi. Professor Butler, 
however, is of tho opliuon that the epitaph by no iiieans juatifica this muidnaiuu *, 
he conBidora that all we can aoooijt from the epitaph ia that Alice had ninctiicn 
chiklroti by tivo luiBbands, nineteen being oxprowed ns "Ter lr(,!.s bi* ipdruw" to 
meet tho needs of the vei'ac. Tho date of tho atanc ia not given, all we know w 
that .ib was prior to 16811. Possibly further information was available to Hakewill ; 
in the abamico of any roforeneo to it we mnat reject tho caho fnmt oonsidcmtion 
as an undoubted example, which would have been of iiiloroat for mir piirps'**, and 
e.xpross gratitiido to Professor Butlor for bin caution. 

(c) 1 will now t«ld a few illustrative exninplea showing the oociirreneo of plural 
birth.s in the saiiiu family; those onaoa are all relatively recent and thw hiatoriw 
are probably accurate as far as they go. Peipor, in 1023* Fig. 2, publialiea an 
exti'emely interesting history of a woman, II. 4, married to a man who had a twin 
sister ; they had a sequence of nine pairs of twins; each pair included a male and 
a female; all the eighteen children died, and one is reminded of tho slateiueuta of 
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Arisbotlo* ami Plitiy regarding the high mortality of twins of unlike sex — such 
a pedigree as this in Aristotle's day might readily lead to a tradition, which of 
coume would have no general application. It is however of interest to remember the 
mortality of Dr Lettsom’s sihship. The mother of the twins in Polper’s case had 
nine siblings and so far aa was known no twins had beon born in her family ; this 
woman married a aeeond husband and had six single births, four daughters and 
two sons; tho first of these children, III. 19, died aged three months; III. 20 — 23 
all died at birth ; the last child, III. 24, delivered by Caesarian section, was the 
only one of the mother’s twenty-four children who remained alive; moreover III. 24 
was not without difficulties as he had to he operated on for spasm of the pylorus. 
The interesting, points of this pedigree are the marked inheritance of twinning, 
through tho father; also tho long sequence of twins of unlike sex, without any 
triplets or single births. The high mortality rate would appear probably to be due 
to the mother rather than to her twins, since five of hor six single births by 
a second husband shared the same fate. 

Another interesting small pedigree of twinning, due to Strassmannf, is shown 
in Fig. 3 ; it includes six pairs of twine of whom four paii-s were known to bo of 
like sox, one pair included both sexes ; four of the cases liad arisen through the 
father. The only female of the family to bo married, II. 4, was herself a twin ; she 
had only single births ; the male twin of II. 4 was twice married and had twin 
children 'ay both wives ; the only male of a single birth to marry had twin offspring. 
No triplets or higher multiple births are noted to have occurred in this family, 
Fig. 4, due to Origgl, provides a marked contrast to the two previous oases in that 
it presents a history of multiple births inchiding twins and triplets, transmitted 
through the female in every case, so far aa wo can judge. The family history is 
very incomplete ; it was given to the recorder by hia patient, IV. 7 ; she said 
that hor mother. III. 7, had two brothers who wore married, neither of them had 
any children ; we are not told whether these brother.s belonged to tho triplet of 
that generation, or were twins. Did these brothers abstain from parenthood, for 
perhaps economic reasons, or were they infertile on physiological grounds 1 Apart 
from this reference wo have no knowledge of any male of tho family having married, 
nor are we told how many inalos had been bom in the various sihships. IV. 7, 
aged 44 at the time of oNsorvation, had had sixteen children, triplets twice with 
ton single births; sho had seven danghtoi-s living; we are not told whether the 
remaining nine children were males or females or at what age they died. Tho 
eldest daughter of IV. 7 had four children, of whom three were born at one birth ; 
the second daughter of IV. 7 wa.s also marriod and was pregnant at the time of the 
record. A maternal great-aunt of IV, 7, aged 90 and still living, said that her 
grandmother had told her that triplets had occurred in the family aa far back aa 
any record could be obtained. We have tried to get in touoh with this exceedingly 
interesting family, but have not succeeded in doing so. It is very unfortunate that 

* J)ii Aiimalihnsy Liber vrr. Cap. iv. AriBtotle, after statiag that mixed saxes in a litter do not 
affect surviving in the case of animals, adds: "but ia tbe case of men few survive of twins if one ia 
female and the other male.” t Bibl. No. 16. J Bibl, No. 18. 
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the only two inalcH itf fclio faiuiiy of whom W(! lutvo uriy rocord imu’rioHl, fiut hml no 
children. 

Thrill! fm-Lluir caae.'i allowing the liiibility to multiple birth.'i tran.ainitti'd, .so fur 
as wo (am judge, through the mnthiir .seem worth putting oti record, J'/rn LancH 
(Vol. I. for 18Sf), p. ;i!)2) reports ii ciiae which was communicated to the Lisbon 
Medical Society by Senor Pereim da t.lruz. of Avciro. A womnri had had four 
confiiiemouta in eight yeiirK; firat, twins were stiil-born or died Koon afterbirth; 
the fallowing year a triplet, including two boys luul onu girl, was horn ; five years 
later a quintuplet waa born, of which the first chilrl lived ,i0 day.s, fbo .second 
lived 2S li(iur.s, the remaining three were .still-born ; two years later the woman 
had a single birth of a atiU-born child. The mother of thi.s sib.ship bad two .sisters 
and an aunt wlio were said to have been the Kiibjccts of .similar mnltijilc [ireg- 
nanciea; there la no mention of plund births among the children of any main of 
the family, nor are we told of any plural births in the mother's sibship ; no 
information M given iia to whether the aunt who hiul plund births was on the 
matomal or on the paternal sido. 'i’ho caao is thus very iinporfeclly described, but 
the history of the quiiituplot in association with other plural births, of tlm heavy 
mortality and of tho similar history on the mother's side of the family prnvidn 
positive information of oonsiderablc interest. In examining this case and tho 
following we must remember Mr Spencer's warning that when unu niembw of 
ft twinship dies the fvot often remains unrecorded; we should not jHirha]* regard 
it as demonstrated thut the mother of either of those sibships was certivitdy born 
alone. 

In I90C, Dr Roberts, of New South Wales, described a case of his cxjKirit'rice •. 
A woman, I. 2 of Fig, 8, aged 32, had been nmtriod twelve years ; she had a family 
history of twinning on her maternal aide; she had a personal history of Kovon 
confinements at the first of which twins were delivered, at the second a triplet 
which was born prematurely at seven months and did not survive ; there followtal 
a single birth; the fourth confinement produced twins; tho fifth and sixth were 
two single births; then there was a miscarriage and eighteen mouths later a 
quadruplet consisting of three males and a female of whom one male was stilMwjm. 
Ten of this woman’s fourteen children were living. At the birth of the quadruplet 
four adherent placentas were removed, they wore distinct and Bojmrate ; Giur 
separate bags of membranes are dosoribed. 

Finally, it is perhaps worth while to inolude horo tho ease of tlr do lawn, 
reported by Foyf, A woman aged 26 had given birth to fourtaon ohildron by two 
buabanda; by her firat husband she had one pair of twins and four single births; 
by her second husband she had eight children in three yoars— two fsiira of twins 
and a quadruplet; all members of the quadruplet ware living, the weight at birth 
of the children was 6 lbs., 6 lbs., lbs., and 4i iba, respeotively. 

* This short account of a few selected cases and references is extremoly limited 
, in its scope; tho purpose of it is primarily to suggest through a few illustrativo 
• Blbl. No. 15. 


t Blbl. No. IS. 



Julia Bull 


119 


examples the varied problems vvhioh arise in any consideration of the inheritance 
of multiple births. The historic extreme cases, which we must assuredly receive 
in a sceptical and doubting spirit, cannot for the most part he disproved, but 
unfortunately under modern social conditions it is difficult to believe that the 
possibility of some of them could ever again be demonstrated, at least in European 
populations. It is indeed astonishing that in 1886 the report concerning Madda- 
lena Qranata did not attract mote interest and comment and obtain verification ; 
if this be an accurate history, it certainly justifies some belief in many other reports 
which have been discarded as too improbable for con.sideration. In our own country 
it is almost equally surprising that the family history due to Grigg was allowed to 
he lost sight of and remain without any adequate description. How very incurious 
most of us appear to he with regard to remarkable occurrences whioh ido not touch 
upon our own immediate needs and occupations. 

I would call attention to one further point of some importauoe and interest. 
Dr R, A. .Fisher, from his very valuable study of Triplet Children*, concludes 
that “ The triplet data indicate that the paternal influence is only exerted in the 
production of diembryony.” Now my very small collection of a few exceptional 
oases cannot be used to prove anything at all, hut Figs. 1 and 2 do suggest that 
Dr Fisher's experience is not of universal application. In Fig. 1, the twin births 
of IV. 10 — 13 are presumably duo to their father’s influence, each pair is of like 
sex, but their mother had no hesitation in her statement that they were very 
unlike in other respects. Again, in Fig. 2, duo to Peiper, the long sequence of 
twins of unlike eex must be attributed to their father’s influence. 

Should the production of multiple births he regarded as a mark of exceptional 
vitality, or is it a sign of degeneracy with lock of control, or can we deduce nothing 
from the evidence available ? There appears to be a good deal of evidence sup- 
porting the view that on the whole the older mothers bend to produce multiple 
births, but we are not justified in accepting this as a sign of weakness or decadence 
on her part ; so far as I know, it is not necessarily the mothers who are worn out 
by repeated child-births who have twins, and we need to he very cautious in 
drawing any general oonclusioua from the mere fact of the age of the mother at 
the birth of her offepring. 

For obvious reasons tho infant death rate is greatly augmented at multiple 
births, and thus it would appear to be a wasteful form of reproduction. As long 
ago as 1820, Merrimanf gave figures from the Dublin Lying-in-Hospital referring 
to tho years 1787 — 1793, showing that of 388 twin children born to 184 mothers, 
17T'7 q flied iu hospital or were still-born, whereas 10,199 uniparous women only 
lost 7 7„ of their children. Mitchell gives worse figures for the same hospital, 
pointing again to the excessive mortality of twin babies in 1862. Strassmann 
quotes Prussian statistics since 1871j: indicating that the numbers of still-born 
children (n) at single births, (b) among twins, and (o) among triplets are as 
3'3 : 5’8 ; 12T. Mitohell| formed the impression, and gives some figures to support 

• BiW. Ua 18. 1- Bibl. No. 10 . t BiM. No. 10. § Bibl. No, 11. 
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it, that twins and triplets occurred with rather a tnarked frequency amonjfst idinta 
or in the faniiliea of idiots, but I have no knowledge that his auggeation hae btfen 
confirmed by an adequate investigation. 

Dr Fisher found no evidence auggesting that at a fixed age the surviving 
members of triplets wore undersized ab compariid with children of singlo births. 
It is of inberost to hear from Mr Herbert Spencer of a woman patiunl of his over 
six feet in height, who was one of a quadruplet; her three bwbhcrH were also 
over six feet in height and wem serving in the same regiment in Indisi. 
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ON CORRELATION FUNCTIONS OF TYPE III. 


By S. D. WIOKSELL, Lund (Sweden). 


1. As originally shown by Helmcrt* the distribution of the second order 
moments in samples of M individuals, chosen at random from an infinitely large 
supply (parent population) will bo of the form generally called Type III if the 
supply bo normally distributed and the moments are taken around the true moan 
(moan of the supply). Helmert also has shown that the same form of error dis- 
tribution will bo obtained if the sample moments are taken around the respeetivc 
sample means, a result which has later on been rediscovered by several writers, 


It will be the main purpose of this paper to study the correlation surface 
obtained for the second oi-der moments in samples of x and y, which are taken at 
randoiu from a normally distributed bivariate supply (suppo.sod to ba infinitely 
large). As it is clear that the marginal distributions of this surface will both be of 
Typo III, we have here an interesting object of investigation, i.o. a solid Type III 
distribution. 


The most convenient way to study problems of this kind seems to be by the 
aid of the so-called reciprocal or c/iaraoteriitic fimcliona of the distributions, These 
functions are defined in the following way : 


Uiimriate case: 
Bivariate case : 


R(<) = jdis/(ai)«’‘ 


R(fi. 4)= indyfix, 


..( 1 ). 

„( 2 ). 


Here / denotes the frequency function of the distribution in question and V its 
characteristic function. The integrations are to be extended over the whole range 
of applicability of /, 

Evidently !7(<, 0) and (7(0, t) are the respective cnaraoteristio functions of the 
marginal distributions of the correlation /(«, y). 

If the Napierian logarithm of U is developed into powers of t (or h and ti) the 
ooeffieients of this expansion correspond to the so-called seminvariants A (of Thiele) 
in the following, way ; 

Unimriate case : logi7'(<)= S --*4* (3)- 

i-LXl 

Bivariate case : logI/(ii,ti)= % X (4). 


® Bee Biomeirlka, Vol. xxiii. ISal, p. 4ltt. “Historical Note oh tho Distribution of the Standard 
Deviations of Samplea of any Siae drawn fron» avi Indefinitely largo Normal Parent Population.” 
Editorial. 
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If the characteristic fvincfcion of a diatribufcioo has been found the theorem of 
ITourier gives the following solutious of tho integral equations (1) an<l (2} ; 


/(ii:) = i| (iw Wfioi) o'”‘‘ 

and /(^' 2/) = ,o^\j f f tfiu’ib w's*) (0)' 

J— TOZ—flO 


We shall not here go into the (jiieHtions of convergoncy of thin iixversi{»n iw it ia 
quite evident that uo troubloH of this kind will arise in the applicati»n« contxiiriiKl 
in this paper. 

Furthermove, as is easily seen, the charaefeevistie function of the tlistribntiau of 
tt/«ncfion o/ic, {^ = gf(®)}, is given by the equation 

I7(«) = j(fe/(»)e»“‘ (7), 

and the ohamoteristio function of the bivaruite diatribulioi) of two dilTorcHt 
functions of » and y, {^1 = 3(0;, y), rt=/i(!r, y)\ ia given by the equation 

IHh, W = J| ^N). 

Putting itsO in this equation wo obtaiji tlio chnractorialic function of tiie 
distribution of a function g(x, y) of a jiair of corrolaled variabloa « am! y. 

Finally, it ia Well known and caaily demonatmted that the cliaraoluriatio funolioii 
of the distribution of the aum of a number of indopunthsiit variablea ia equal Ui 
the product of the oharaotoriatio functiona of thu diatribu tiona of the rcapective 
variables taken alone. 

Thia we may atata in the following form : If Ui{f) ia tho clmracteriaUc fiiiiction 
of the diatribution of «j, then the charactoriatic function of the diatribution of 

s!==Xi + a!t + Xt + .., +xs 

ia ff(f)= Ui{i). ... !/„(() ((I), 

if the variables ai, fry, ... Kg are distributed independently of each other. 

Similarly. If tTjfti, (j) is tho chaiaoteriatio function of tho DOTrolntiim of any 
pair aJi, j/j, then 

(fi, fi) =i 1^1 (tr. t«) - t7*(bi fa), tig (fit fa) **• 71^ (fit ft) 
is the oliaraoteriatio , fiinetion of the correlation of ^i“«tei + ®a-|- ... and 
fa = }'i+ya+ ... + yui if the diSbront poire «i, j/j are chosen indepondontly of oach 
other. 

2. I shall begin by demonatrating Helmert’a proposition with the aid of tho 
characteristic function. 

Assuming the frequency function of ® in tho supply to be 

*1 


1 
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12S 


the ch'avaeteriHtie function of the distribution of according to (7), ec^iiai to 
1 f«> i.'t‘ / 20*^ \~^ 

I (W). 

( l(ins(H]U(^ntIy the olmractcristie function of the distribution of the second order 
miiitieiit about tliu ''true" nioiin, 2 ^=^, in samples of N will, according to (fl), be 

u{t)=^(i-^py'^ (11). 

(hi accouub of (5) wc finally get the frequency function of 2 from the equation 

fs ( 2 ) = f jlwe~‘»'‘ ^1 - ® (12). 

On evaluation the integral (12) givcw the Type III distribution spoken of. 
This will itvr»t oiwily bo seen by the transformation 

So"* 

i, 1S=T. 

HN y 

/V'a— f fto _ ^ 

which gives I «) (13), 

or, putting (1 - n) f = f, 

If 1 r f ff 

^^W = 8-fl;2 2^j/f (14), 

f being a complex variable and the integration taking place along a lino running 
at the distance + f, parallel to the imaginary axis. As the integrand vanishes at 
the extreme ends of this line the value of the integral will not bo affected by 
a variation in f. Hence, aa the integral is clearly convergent, it is constant and 
independent of f, and it follows that we must have 

^ ^-1 

= 0-i (15). 

An actual avaluation of the integml will show that wo have /:= 
also follows from the equation 

f /(s)tis=l. 

Jo 

which must hero necessarily be fulfilled. 

I'hns we find the Type III distribution for a, 

= 

Q.E.l). 
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By taking the logailthni of (11) and eipanding in iiowera of t wo got llu* 
following wotl-known formula for the seiuin variants of Type HI ns given in (If!), 






3. X Generalised i'onn of Type III will be at linmi in Ihu lii-rnr fuitclinri of I he 
second order moment, taken around a fixed point at a given diKtnnce a from the 
mean. To derive this function we have, in analogy to (10), the ohamelcrmtic 

function of the distribution of 1 equal to 


1 p 

rVZTrJ -<a 


TT 

(lx e 'in'' " 


~"rc r 2it* x"* 

W ‘‘ = A tj 


..(10*), 


whioh gives for the frequency function of 
fallowing integral form (op. (12)); 


A' 


S(s-n)“ in oample.s of K the 


a^m 

'3> 


W = (l - m) ' ^ ” 0 2* ). 

This function, whioh paaaea over into the function (12) and tlio oriiinary Type III 
curve when (i-» 0, generally* cannot be oxprossed in elementary functions, I'xceiit 
as an inflnito series, If, for instance, tlio factor 

e ^ 

is developed in powers of tho exponent, and it is noticeii that nccording in (1*^) 
wo have, when 

N 

2a» 


f” 

ZtT J 


dtt(tw)’‘(^l-~w^ ^ (Ui*), 


we find the following serial expression; 

W-aV'w+rW+||/'V4(s)~^i/"'s>.(*) + (Ifi**). 

which series may readily bo reduced to a form fit for numerical applit'iilions. As 
a matter of fact we may write 

/<’'>iVs.a(a) = (-l)"/ivWi'-‘„(»), 

where f„(«) is a polynomial of the ?tth degree in «. Its gcncrat rorui is. if wo put 

'..W = (^=)'‘r(iAl) 


_N 

2v* 


r 


■ \V(iN] + n 


- 0 i 


' r(4A'+jr~l)^i,2 

* Wliea N=1 (12*) juusk be iutegraWe os it is easUj shown that wo moat have 
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Ife will be soon that (16**) is a special case of the development of a generalized 
roarsou T^'pu III, given by Romanowsky {BiomeUiJca, xvi. pp. 114 — 116). The 
objections advanced by Professor Pearson against Romanowsky’s goneralisationa 
do not apply to tho special form here arrived at^ as (16**) is, by tlie nafcvire of the 
problem of which it gives the solution, an analytically well-defined probability 
function with a limited number of arbitrary |jarameters (one more than in the 
ordinary Typo III)*, 

Taking the logarithm of (10*), multiplying by N and expanding in powers of ty 
wo got, on comparing with formula (3), the following simple general formula for 
the sominvarianta of the generalised Type III, as defined by formula (12*), 

■K = (r-\y.i^y\a^ + ra^) (17*). 


Forming the standardised seminvariants 




(f-i)i( 


If') 


WO stio that our goncraliaod Typo III will pass over into the nornml freciuoiicy 
function (of which y, = 0, except for r = 2) not only when N grows, but also with 
ii growing value of a*. 

As a frequenoy function to ho fitted to a pvon sot of data the generalised 
I’ypo HI hoe four arbitrary constants, i.o. in tho notation hero used, the parameters 
2 (,a 

ft®, and If, and the position, on the scale in which the variate is moasurod, of 

the origin (starting point) of the curve. These constants may bo determined from 
tho moan and higher moments in tho following way; Wo first have 
X, = ; Xs — r. ; X, ,= v, — 

if VI, denotes tho central inomont of the fcth order. We further put 


s = V9X3®-6XaXi. 

This quantity must bo real as a first condition for applicability. If « = 0, wo have 
tho ordinary Typo III curvof. Wo now get 


OX, 


i(3X3 4-s)®; 




Xs — « 
' 2?V4" 


(8Xa-b5)® 


of z, 


If Zq 18 the starting point of the curve, wc finally have, lu <leiiotiiig tho mean 


= 7?i — a* — 


~7fi — (3Xa " 2^) ( 3 X 3 -f 4 


* As polnltid out byBrE, S. Pearson ibe fqnotion must also be idoutical with a ruiiatioii 

studied by R. A. Fisher in connection with his investigatiojiB ol the "General Samplitig Distribu- 
tion of the Multiple Correlation OoefBoient” (Proc. It, Soe. A.Y. 121, 1026). Fisher uses another form of 
development, which ia obtained if the aeries (16**) is reavraiiged aooording to powers of f. 
t In Pearaou’a well-known notation we have 


!=.3'/a..j(6+B/Si-3|3,). 
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It is suttn tlmfe wo iiinafc have on fcho one Bide (in order that the coefficientH 
should ho real) 

and on the other aide (in order that IN >0) 

Xg ^ Sf 

which gives 4Xa*<!)X,X<. 

It follows that must be positivo (positive excess). The scoiinvnrinnfc X3 can 
always bo considorod as positive, as this only roijuirea that tho jwsitive dirMtion 
on the x-axia ia appropriately chosen. 

Thus the above inequalities require that we must have 
8A,X,<12X,’‘<0X,)u, 

or, in Pearson’s notation, S(3j — 24< I2/8i< 9A— 2Y. 

In the /9j, /3a diagram this inequality defines the area hetween two .straight 
lines, intersaoting in the point A“0, /Sa=3, 0110 of tho liiUM being tho line on 
whiati the ordinary Type III is strictly valid. The angle hotwoou tho lines is 
rather narrow, but ono has the impression that it must ctnbnice an inqHrrtant part 
of tho combinations of /3i and 0i occurring in practice. 


4. We shall now treat the following ; 

Problem 1. From an infinitely large normal bivariate supply aaropha of W 
pairs of a> and y are taken at random. What will bo the bivariatu rlislribution uf 

*1=2^2**, and x, = ^2!/’, if it and y are reckoned from tho true means! 

Putting /(is, y) = 

CTlO-J 

we find from (8) that the charixcteristio function of the bivariate distributiun of 

** A I V* 

and 


,2ir\Ti^ 


e - 8 (T-'ri) ;7v, *■ 






\( 2<r.« W 2o^,‘ \ ,4o,W, ,1"* 

' If ‘‘Jr'" Tr**j ■ 


.,.( 10 ). 


Oonsequently the oharaoterlatio function of the bivariate distribution of »i wd 
Xi will bo ^ 

U(h, h) •= - -y- < 1 ^ {jtjj * (20)^ 

and the correlation function of and s, will bo given by tba double integral 

] reo fw 

F (si , f s) = rn dwidwa 


fl'i A/ 

- 2crj* ,\ 




j4(ri>ffj“ 
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IiitracliiGing the transforiniition 






and putting 


2a-i^ 2<rj“ 

- Wi = Ti; Wi-Ti, 


N 


wo find for the correktitin funefcion of fi and fj the aoinowhat simpler formuhi 

Ss) = |_^dnrfTa[{l-Ti;)(l-T2i) + )-2TiT2] 3 ,..(22). 

It ia immediately seen that if r — 0 this formula reduces to the product of two 
integrals of the form (IS), and si) will then be the product of two Type III 
functions of the form (16). It ia also easily seen that for any value of r the 
marginal distributions, 

/(&,&); ./i(W=f“dri/(ri. 5-2) (23), 

J(l Jil 

take the form (13). As a matter of foot the characteristic functions of the marginal 
distributions arc U(ti, 0) and U (0, tj), respectivei.y, Tlio correlation function (21) 
or (22) is thus of Type III in both its marginals*. 

Now, as our function baa only ono more arbitrary constant than the Bravais 
funotion (18), it must bo a rather special form of correlation function. As a matter 
of fact it will be found on inspection that both the marginals of (21) have the same 
skewness or, which is the same, that the marginals of the function (22) are identical 
in form when reduced to scales in which tho standard deviations are equal. Further- 
more, the regression may bo shown to be strictly linear, which, in a way, is a serious 
restriction to the applicability of a skew correlation function. But, on tho other 
side, the coeflnoient of correlation is freo and not a funotion of tho marginal con- 
stants f. 

Tho linearity of regression will most conveniently be shown by finding tho 
sominvariants of (22). We evidently havo 

- iW log [(1 - h) (1 - k) - tt%‘ (U). 

ilo!\cc \vc find (boaidcs ^oo«= 0), 

(25), 


which gives 


XiO = Xoi — j X20 = Xfls; =3 4 -^)] 
Xao = X(a~ ■iV'; X40 — X04 = 3 .?^./ 


(26) 


* 01 oouTSo, the same would bavo beon the oaoe if wo bad taken the corccl&tiou suifaco of the 
second order moments about tbo sample means instead of, as hero has been done, around tbo moans of 
the parent population. In PioHiclri/ia, Vol. xvw. 1928, Professor Peavaon has studied the error Buiftyjs 
of the sample standard deviations (r^ and a^. Deriving from this the Burfaoe of 51 = 17 ,' and 
a formula very similar to (21) and (22) will be obtained. 

- + Op. Karl Pearson : “ Notes on Skew Frcqnenoy Snifnees,” Diometn'/ca, Vol. xv. pp. 222 f. 
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Further, we easily derive the general formula 

= (27), 

which gives Xn = IV i’’, 

I = X]a ~ 

X3i = Xui=3JVj'». 

For Xjj wo find the particular value 

Xa = if(2i-»+l-). 

Ab the general criterion for linear regreseion is * 

XuXao — Xji4i,oXii, XutX(B5=X(i,i+jXii (28), 

reapoctively, for the two regressions on fi, and on fj, it is seen thatlKJth the 
rogrsaBinns of (22) are linear. The coefficient of correlation of and (na well as 
of ri and vj) is 

P‘ 


.(29), 

..(30). 


Xii 

VXjjXia 

whence wo see that wu have .... 

The regression lines in the piano of fj, fj aro conseipicntly given by the wiuationa 

?r-iAf + r»(f,-i.ff)i 

In the distribution of vi and tho sominvarinnts aro olourly 

/2>ri«'* 


..(,21). 


X*o~iAr(A-l)!(2p.j 

T* 


^*1 


...(82). 

..,(33). 


Hence we have 


Xm “ <ri’ i Xoi = cTj*, 


Xa, , 


2<rj‘ 

"W 


2iri’crj*r® 2cra' 

A.J,=, JJ — ; ara = 


Jf 


Xm' 


Xio = 


Xti , 


So-iVj® 

' 27* 


r*; \u: 


Sa-i‘rrt* 


A" ' 

jY a 'I > 

16 o'iV,*( 2 *'*+r*) 

" A'® ’ 

4Str,* 

" A'* ’ 

The regression equations in the rj, ra plane are thus 


= jys ; 
48o'i» 

= jV-3 


„48<rjV,‘ 

Xsr— jf, > , Xa = 

48oAs' , , 

Xm" 


ia = era® + r* ~ (rj. - o-i*) 
«r = <ri® + r®2.(*,_ o-a*) 


...( 34 ). 


• Thia formda moy bo goaetariy known only wton tho danotii oentral It m.y, imrevor, 

be shown that it is valid also in the oaae of acminvarUnta. 



S. D. WlOKSSLIi 


129 


The regression of the means may also bo deduced in another way from the 
characteristic function, and this method has the merit to be applicable also in 
finding the regressions of the higher order moments in the arrays (the acedasticity, 
the olisy, etc.). Writing any correlation function in tho form 


/ {®. y) =/(■«)?» (y) f35). 

px (y) is the relative frequency function of y in an aj-array. The moments about 
a fixed point in the a;-arraya we denote by 

»*' (®) “= .(Sfi). 


If now the nhovo form of /(*, y) is inserted in (2) wo get 

XKtu ta)= 

whence we find that 

f W 

Using tho Fourier theorem we thus get the important formula* 




Now WG have, in the case hero in question, 

Thus wo get, remembering (13*), 

/w({:x)V(ri) = JV(A'-+2) (N + 4)... (i\r+2(« -l)}i [/«(fi)- (i)rVV+»(ri) 

+ Q) >V'V«(W +...(- l)”r*V<''V+»,.(fi)] •••(«)• 

But it will bo easily verified that we always have, as already remarked in §3, 

(- m. 

whoro is a polynojnial of the ??th degree in ^i. Hence wc find that avo have 

V,/ (fr) = N (iV + 2) (iif + 4) . . . + 2 (n - D) Q r'^'P, { fr) . . .(48). 

and it is seen that tho array moment of the nth order, when taken around a fixod 
point (tlio total mean for instance), is a whole rational function (of tho nth degrou) 
of tho iridoporidenb variable. 

Carrying out the development for '» = 1 and w = 2 wo now get for tho rogressiou 
of the mo<an 


* By the aid of tbis forraaJa many regreswion pxobloma can be readily solved, even when the correla- 
tion function is not explicitly given. In a fortLooniing paper I bare used the formula in developing 
regreBBion formulae, depending on the marginal frequency function / (x) and the Beminvariauts 
only, thus allomng ua to take a fulV advantage of the theory of univariate frequency funotiona, in 
particular that of Pearaon. 

Biometrika xxv 9 
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ill accurdaiico with (31), and for the re^’cseion of the variance (Kccda^ibioity) 

(Xt) = v-I CrO - K (?x)? = (1 - tt ^ (1 “ ‘ 

It is coneequontly eeen that the central moment of the accond degree (the variance ) 
in an array is a linear function of the independent variatK^. 'J'lui HCCchtHticity an 
measured hy the variance is thus linear as well as the regresHian I'f the nieaHv 

Finally, it may be pointed mit that although the marginals of our c^irridation 
function are both of Type III this is, except when r «=0, not the wvhc. with the. 
arrays. It will easily he seen that the distribution of an army must be equal to 
the sample distribution of tlie second order moment taken around a jKunt which 
does not coincide with the mean (except when ra^O), Thus this distribution is of 
the generalised Type III given in §3 (Eqs, (12*) and (IG**)). Wt! may conclude 
that (21) and (22) generally cannot, except as an infinite hcHch, be expn^e<l by 
elementary functions. This follows from the fact that a correlation fimction in 
alwEiys expressible as the product of the marginal and the array dintrihutioii. 

In order to solve the integmls (21) or (22), thus to In* able to compute /(/*» s«), 
we shall thorofdre liavo to use expansions of one sort at another. Hiich cxjMnsioiiH 
liave at my request been developed by Mr Tage I.rfim6uiK One Hindi expanHiem i« 

obtaine(3 by putting 0 = ei,-a’ = <7-i® in (l(i) und i = a’ — tri’tl -f*), y >Vi 
in and multiplying tha two expresoionK. 

From this davelopmont it follows, on Inking aooovmt of (17*), that not only tin* 
mean and variance but also tho saminvariants of higher order of in a ii-army 
are linear funations of ti. 

Out correlation function thus hoe tho property that nil the army-scminvmrfHJiite 
have linear regression. 


5. Tho problem treated in the preceding section led to correlation funetionu of 
Type III, but of a rather special kind, the number of nrbitrary iw-rninctisrs being 
only one more than for normal correlation, the skewness being tho eaine in Iwth 
marginals. 

In order to increase the number of parameters, in particular to get a snrfium 
with different degrees of skewness in tho two marginals, wo shall give the prohlom 
in the following somewhat generaliaed form. 


Problem 2. From a normally correlated supply samplos of n + «, x's and n + n, 
y's are ti^en, The n first sample values ore takon from individuals for which Iwth 
® and y ire given (n pairs of « and y are first taken). The rovnaining Wj as am 
taken from individuals for which y is not observed and the «, remaining y'a from 
individuals for which « is not observed. Find tho hivariiite distribution of the 
sample moments 


0 

^ n+nt‘ 


and 


08 


V 

Il+Jij’ 


x and 1 / being reckoned from tho mean of tho supply. 
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In fchia caao, tia may easily bo verified, the chivraclieriBbic fiincfeion tabes the form 




2<rx^ 

n -h vi 




4)cri‘ 


(« + %) (n + nz) 


hh 


71 

2 


Introducing the variables 


xb- 

^tx'r'^'ri- 


L 


11 + 112 J 

» + «x 

V W. + ??2 


2v? 




and 


n+ni’ a + jij’ 


we have for the ohanictariatlo function of the bivariate distribution of fi and 


y(vi,Ta) = [{l -Ti)(l-T 2 )-r*TiT»] 2[1-ti] " 2 [1 -Ta] ■ ‘i ...(46). 

Thus we have 

J j*®} foo _ 11 

/(5l.Js) = ^ .a dMj(ittl2[(l-1»it)(l~w') + l-“WiWB] 2 

i,^V) .1 _oo J _al 

«i ri, 

x[l— Wif] 3[1— toai] a e-fiViWi'V ..,(4G). 

In this function there are throe more arbitrary paramotors than in the Bravnie 
function and two more arbitrary paramotors than in (22). 

The seminvariants are here evidently, as far as the marginal sominvariants ate 
conoarnad, given by the formulae 

= = w. 


For the mixed acminvarianta wo evidently have the same formulae as in § 3, i.u. 


(48). 

The criteria tor linear rogrossion, 

XjiXk) = X2+I,0 hu , 

XliXoz == Xo,fc4-xXii, 

are here ovkkutly also fnlhllod and thus also hero the regression is linear. A further 
calculation will show that the scedastioity as given by the variance is of the .second 
degree in except for ni = 0, when it is linear. The coefficient of correlation 
between and fx (and also between and jjx) is 

p-^\/ W 

But the akewness is, if ?ii and ?ia are not equal, not the same in both marginals. 
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(M Correlation Functious of Tape III 


Wi3 have indeed = \ • 

)tio’ « + «i 

, ' . Xo,“ H 

.'ind Poi“-.'"a“ 4*“ • 

W n + 713 

Expjvnsions for tlio eotupntatiim of (46) havo al«o boon dovolopoti by Mr I^tr-sRctj. 
ij. Aijollier intori!at.in^^ oorrolation surface will bo obtaiiiocl if we stdve t ht‘ folloW' 
ing Third Prohltmi'. To find the correlation of 21 = if .r,. 

arc impairs taken at randiim from a normally diatributed supply (*• and y Uoing 
deviations from the mean of the supply). This surface mil evidnUly hr nf Ty}>c III 
%)). one laarpm and of normal type in the other, Ita charactcrisbic fimutioii ta oas^ily 
obtained. Evirlontly 

lift, ( 2 )= r r r du^dye - * '-’A j'' 

LcriCTaiiTT vl — ?'*.» -taJ -« vJ 

(SO). 

.V '»W .. ^ 'W '!■■■ 

which ({ivoa U (ii. ti) - h) « ‘ .\ ('>1). 

ItwcwnU, 

it ia Been that (7 (t, Is) = (1 — tj) i ■ r, (Si2) 

ia t.ho charactcriatic function of tlio corrolation of ^ and y. Hence we hav»,t in thm 
case 

fii:'n)'= , ^ s [ I o!m;iAo,( 1 - Wii) " '-i c ■ a "■"‘D*’'' I -if, (]"*"■"“ 

J-eoJ~CQ (5Hh 

which ('Hnetion may easily be oxjmndcd in ft aeries suited for nnineriuid cttinjniintiun. 
So, for inatftnoo, we may write the ohurncteristic function in the fni-m 

U (n, Tj) » eS (1 - Tj) Jg- T,**' (1 - Ti)-*-’ (54). 

and it followa that if wc put 

1 ^ 1 s 

TiS-f’' 

fSrg) 

the oorrolfttion fmiotion of f and •y can be expanded in the series 

• 

which is a combined Oharlier and Romanowsky series (witb given coefficioafe). 
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Uaiiig the same methods as in the previous auctions wo find the following values 
of the Semin variants ; 

“ 1)1 

Xoi = 0 (except when i = 2) 

( 57 ), 

X -<; 1<=0 

Xu = 0 (when 3) 

By the same mothorls aa in the previous seotiona we further easily find that 

m=o. 


f,=iAr+’^(J-i) (58). 


We thus see that the regrasaion of i) on f ia oonatant (noh-rogreasion), and that 
the togresaion of f on t? ia parabolic of the aecond degree. Similarly, the soadastioity 
aa expressed by the viiriance of i; in the f-arraya will be found to be linear and the 
scedastioity as expressed by the variance of f in the »t-urray8 to bo parabolio of 
the second degroo. 



ON THE PARENT POPULATION WITH INDEPENDENT 
VARIATES WHICH GIVES THE MINIMUM VALUE 
OE FOR A GIVEN SAMPLE. 

By KAEL PEARSON. 

(1) Thi.s paper lU'isea from a very Fad Plunder miide by me in tliR Insl itimic of 
Biometnka, Vol. xxiv. pp. 461—‘l63. It ha-a probably been ni)tic(‘d by otliera. ami 
I hasten to correct it, for I recognised my error as aooii sis the printed Juiirniil wan 
in my hands. 

My problem was tlie following; Given that a sample in the form of a hivnilatf; 
contingency tabic has been drawn from a parent population, what is the Iwat form 
of patent population to take on the iiasiiinption that the variaftia are noteorrcbiU'd 
in that population ? 

Clearly we ought to take that form which will cause tho wean Wjuare cm- 
tingency in tlio sample to be a niiniimim. We will dewoto this mean mjuaretl 
contingency by Wlmt choice shall we make of the relative frcrjiioiicies jf, and 
5 i of the sth and Itli categories of the two variates in tbu parent iKipuIntion in 
order that we way have the maximum probability that the two varinto in the 
sample come from an uncorrelatcd patent population ? The fallacious pitwf referred 
to professed to show that jf, and j( should have the values provided by the marginal 
totals of the sample. 

(2) Let us suppose we have a parent population classed Mnwllng to two 
independent variates and that p, is the probability of dmwing an individual of the 
sth category of the first variate, and gi the chance of drawing an individual of tho 
Jth category of the second variate. Then the chance of an individual combining 
both these categories being drawn will be p,qi. 

Now, if we have a sample of size iV, containing ri„ individuals in the sth-tth 
category drawn from this population, the meanstpiaro ootuingency ((I’will bn given by 



Here is a measure of deviation from the assumed itidependent variate popula- 
tion, and it is usual to take ATp.^a,,, and where n,, and n,i aw the 

totals of the individuals occurring in the sample with the sth category of the first 
and the 4th category of the second variate. This is to assume that the sample 
adequately represents the parent population as fat as the totals in the various 
categories reached. But if the parent population bo unknown, and we are dMiroua 
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of determining whether the variates in the sample are or are not independent, 
then it would appear that wo ought to choose the quantities p, and qi so that wc 
have the greatest probability of their indepcndoriee. In other words wo ought to 
ohoose p, and qi so that is a minimum. 

Lot U.S write n,ijN = so that «,( ia a relative frequency in the sample, and 
/S(«m) = 1 (ii). 

Kit 


£(}>,) = 1 , S { 9,)=1 


We need to find a minimum value of in (iii), subject to the conditions (iv). 
Let represent this minimum value. 

Wo have in the usual manner 

Z Sp, ~ S S Bqt, 

^ ,P.^ I qi I <1? . p, ■' 

25i). = 0, 2S9, = 0. 

S t 

Or, by the aid of indetenninato mulbipiicra \i and Xg, we find 

i2^ = Xi, -|S'^!- = Xs (v), 

jV / ?( q?,p, ^ ' 

Multiplying these respectively by j), and q, and then summing rospeotivoly for 
a and t we have, by (iv), 

Xi = l + i/>», Xi, = l+^“ 
and accordingly, writing = 2 ~ , hf-Z --- , 

t 9 Ps 

both right-hand aides being positive quantities, 

+ + (v6is). 

If the number of the categories of the first variate be m and of the second wt', 
we have equations, which are, however, owing to the relations (iv) not 

independent. It is interesting to note that this ciopendenoe ia illustratoti by writing 
(v) in the form 

p, = 2 --'t /(I + q, = 2 /(I + ^6’), 

^ tihQU ^ ^ 

contribution to 1 + of sth row 

or J), = ■ ; — o — , 

sum of contributiona to 1 + of all rows 

contribution to 1 + A’ of tth column , ., 

qt-- — — — — o — (vi). 

sum of contributions to 1 + of all columns 

These conditions of the values of p, and 9, to give the minimum (f>^ will not as 

a rule be satisfied by taking Pa-^ ®nd qt-^> l>tit they will he satisfied in the 

case when there is complete independence in the sample itself, i.e. n,i — n,n,ijN. 
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Parent VopnUition inith IndvpPMilent V ciriM(’>i 


Equations (v) present consitlevabit?. difiicHlties ia snlution iu the gotu'ral tttsn, 
which it is to be hoped sotmi competent inatliematicijm will overcome. Tliiqy 
appear to lead to very high otsior C(iuatum.s. 

We cati, however, illn.stratc the matter on a simple case, that of a ronrhild table. 

!fjh 


We have from (v) 
?< 


I'll 

iin 

ifty, 


Hjn 

diji 


N}H 

in 


, tv /«uV</i + “la*/?* 

= Pj '(1 + 0 ''). J > i“V ■ , 

l. + 'P 




91 '/a 'V 


'^11 


= 91= a +^). or 9. = 

pi 1'^ ^ .l + ^« 


..(viil. 


Accordingly 


..(viti) 


ji,’_'laK»i* + 9 i«aa’ 
pi’ -^aiiu' + JiCit* ‘ 

Substituting for qi and qi from the last two equations on the right, wu hftvt' 

© 7fT-#i 


7 


pi Pa ” V Pt Pi 

V J5, yij 


pi Pa V p> _ 

Writing & = z, we obtain on rataonnlising an equation of the 10th onler Ui Rn.l 

s, and since Pi +p8 = l, theoretically the problem ia solved, for the same proceMt 
may be repeated on the gfa. 

We can, hosvavsr, shorten the process by using the Vs of Ecpiation (v). For 

I ^f*r*^a+ iiaa^i*! 

' iia*b, + Ua% 

where iii* » "W + . *.» » -j; q. 

SfH p# 


©■ 


i,. 

Px Pa 


{ix'p. 


Solve these equations for - and — . Wo find 
Pt Pa 


1 _ Vnaa’^-WMai' 
■“ r'"' 


p,a_hi*tia®-Vi%’ 

Pi 6a*an’- hi* «ia’ 


.(xi). 
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Now write hijb^ — X, then 

fh ^ 1 _ . 

Pi Pi Un^-X^Ui/’ 



"n* - "ai'* - (Kia'" - !iia“) 

^rhiH pi wliiin A' iH known. Now, mturniug to Equation (viii) and uaing (x) 

luul (xi), wo have 


Pi=, 


,.(xii). 


v« 


lY_’ 

\'«3i* ~ Wjav Wii^ + Mia* X ' 

which on oxpanaioii leads to 

X*'Uia® Ua* (Ua* - «ia“) + AT* («»' "n" - Uia'* Uai®) 

- 2A'=Uia* uji* (i/a“ - «ii“) - (Maa* - liia*) 


+ X (iiai*i(i2* - 1111*1(22*) + Mai* Un*(ii2i* - Mil*) = 0 (xiii). 

The appropriate root of X being found from (xiii), (xii) will then give pi and 
Pi being known pa=’l— pi. Hencu by (viii) wo have tho ratio Ja/?!*, and sinoo 
'/a + t/i = 1. we find ijn. Lastly, from pi, pa, /ji and pj we can find and so complete 
tho problem. 

(3) I'Uttstrations from Tetrachorio Tables. 

"We may illustrate this first on the following example, showing tho volation of 
Intelligenoe to Athletic capacity in 1708 achoolbOys. The deoimals ariso from 
boys placed on tho boundary lines. 



lufcelUgent” 
and aboTo 

“Slow Intelligent" 
and below 

Totals 

Athlotjo ... 

581*26 

566*76 

1148 

NoivAthltttio 

209*26 

360*76 

560 

Totals 

700*5 

917T> 

1708 


Treated as a fourfold table tho correlation of Intelligence with Athletic Capacity 
is '2035, But this result really measures the correlation within this particular 
sample. We may inquire what is tho probability of this as a sample ; 

(o) B’roin a parent population with independent variates, determined by the 
marginal totals of tho sample itself. 

(6) From the most probable independent variates' parent population. 

To answer these questions we first rewrite the table in terms of u's, thus : 


«n = '.3403,1030 I 
Uji= '1225,1171 

Mu = '3318,2085 I 
1 Mjj = '2053,5714 1 

Mi.= '6721,3115 
Mj.= '3278,6885 

«,i= '4628,2201 

•a. j= -5371,7799 

'Total = 1 '0000, 0000 


Wq have X=:&,/ia=9i/9s twooquatiana of (vH), or 

q,=Xl{l + X), ffjs=l/(l + X) (xiv). 
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Parent Poptilatioa with Iitdepcndeiit Vai'iatm 

(ft) Htira K2.“7a, H fcl'i' 

ji'iinilatioii to have its probiibilitii's cleteriiiined by the marginal tetuis nf the 
sample. Call the reuniting ifir- 3'heji 

« I «1. n.i %. I'.s'iJ. 

» ■;iT22,!l()(i,H + ‘;)0+!),34r>-|. + ■tl!)SH,K)20 + ■3;iM+,42r;l 
= i'0ir.s,ii7sj;i. 

Hwice Oirio.nTlIS iiml 2y-(i413. Tim nnly cmwli-aint i« ihr 

total .size of the .saiiiple, anil in a aiicoiiil Hnmple hj, nini Wa, 'VitnM liilbT. Tbiis 
we interpolate for onr ^ with «'=s4 in the 'i'able* timi we firni J' ‘fHlU,(K17. ami 
accordingly it i.s highly im[irubablfl that aiich a coiiceiilralioii nf intelligmum ami 
athletic eaiJaeityciiiild luivo been drawn from a jatrent iiopnialimi in which (he two 
characters were inrlepenilent proviikd thnt jmrenl hiid tine, mitiw rehiiim 

pyoportions of inlelligence inul utliletic cupucili/ im itre .i/wwii tii the mmjita. 

But why shnult! wfs limit [Hrasible parent |io)mlatioiw having lln*»« two 
oharactera independent to this parlicnlar eiise f llather we. might to wok for the 
must likely population of inrtcjieiident variate.s from which tlmaninph' might have 
hoon drawn. 

(ii) To solve tills pi'oblcni w« minst solve Ii<|inU.ion (,viii) for mir iMi'liculitrj’aw*, 
and then use (xii) and (xiv) to find in and f/j wliirli for the miniimim value 4>* we 
will term pi and tfi. Wo have 

ttu’^-USa.lIIO, Kis> = -1101,0508. u,i"« -0150, 0812. iia* « -0421.71.50. 

-0134,1221, i(,j< -0121.2313, •0002,2.527, ««»» -01117,7844, 

whonoe wo readily find, on aubstitutiiig in (xiii), 

- -0003,1543(BY» + -0000,24005X» + -0000,3610«X* + -0002,30 UI7X* 

- -OOO-l.iOKllX - -0001,7,5310 .» 0. 

or in a more convenient form 

31-6486X'- 2-4005A'-‘- 93-6108X!'-23-0107X’ + 54'O.HnX + n-iTilrt « 0. 

This equation has a positive root between 0 and 1 npiiroacliing the latter vnliii*. 
Two approximations by Ndwton’s method gave 
X -804,70.53, 

whonoo >ii = '‘mi,4im, q,« -6362,.5183, 

since by (xiv) or si»« X/(l + X), 

From (xii) wo find 

Pi - -6804,0866, p, » -3303,9144. 

Thence we have 1 H- « 1-0165,6244, 

and accordingly = 1708 x '0166,6344 » 26'680(), 

This marks a slight incroaso of probability on tho i«iront jjopuhaion b«td on 
tho marginal totals, but tho increase would have in this case small iinimrtanoo for 
praotical statistics. 

* TahltsSor BtmelHciam and Slalltlltima, Part I, p. 3(1. 
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I will take as a second illustration of tho method the following fourfold table 
giving a tetraclioric correlation between ’3 and -4. 



A 

Not A 

Totals 

11 

270 

S8 

338 

Nuts 

33 

33 

(58 

Totalrt 

303 

121 

424 


To obtain an accurate equation for X, ten figures were taken so that the 
relative froquenoies were as follows ; 





•6307,924,528 

•2075,471,698 

•8443,396,226 




■0778,301,887 

•0778,301,887 

■1556,603,774 

a.i 

«,s 


■7146,226,41.5 

•2863,773,585 

1-0000,000,000 


Here 

= ■40S5,04G,2'79, »is* = -0430,758,277, hsi“ = ita' = '0060,576,383. 
Whence tho ordinary is given by 

1 + ,#.»=: 1-0416,404,760, 

= 424 X -0416,404,766 = 17'66, 
and P = 000,331. 

This results from assuming the parent population has the class probabilities given 
by the marginal totals of the sample itself. We now leave the marginal frequencies 
to bo found so that they give a minimum j;*; wo need the following values; 

«j/ = -1 644,340,032, == '0018;665,269, mji* = -0000,366,931 = v^i*- 

Hence wc obtain the qtiintie equation for X, 

9,6.59,306X'>- 3,639, S81X‘ - 208,459.178X»- 181,860,477^'’'- 994,484,656X 

+ 081,190,690 = 0. 

This equation has a positive root between 2 and 3, and another between 4 and 5. 
The latter gives a high value of </>“. The former root is 

X = 2-442,129,416, 
and as this equals qi/qi, we have 

qi = -709,482,161 , qj = -290,517.839. 
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Parent Pupidatiim with IndqxMtent VarutKw 


Proceeding now to find the lutin pslph have ffoiii (ix)^' 


© 


= ^.040K,27K,;t:)H, 

■5107,01, ’iJSH 


which gives 

These, viiliica of tin; jii's and (/’a pniviile 

H-i^« = l-0i0,KH,809, mill 17'CKI. 

giving P = ■000,707. 

The change, a.s in the previnun caae, iiicremies the vnlnn nf P, but only KligtiUy. 
Thus here again the parent population nf imwinium [irohaliility weiiio !ttiirci!ly 
worth the labour of computing. 

Lastly, I took a tliinl case, in which the tetrochitric correlutitm wn« vu-ry !uw, 
namely the distribution nf Boys and Girl.s by their hair enhnir, in two rnlegfirieK, 
Dark and Light. 

The table i.s us (bllowa ; 

Hair Ottlonr, 


H(.'X 

Dark 

I.iRhl 

Tolni* 


r>^{i 

17<J 

' 

7(<.“l ; 


4H 

MH 

MN) ! 

ToUIh 

t>7J 

zn 



This gives us for the relative frequencies : 


Uli 

"u 


■4084,9420,84 

•1350,0783,59 

■•5444,0154,43 




■3413,1274,12 

■1142,8671,43 

■4,555,934.5,57 

li.l 

1 


■7498,0096,00 

■2601,9304,94 j 

1'000(I,0(RIO.O« 


Whence with marginal totals wo find 

1 -f i^».= l'0000,0190,8 or x*--0000,019,0« x IgO.'i -'OOa+.TOWI. 
which gives a high probability that the hair colour in these ffnmj* nf boj* mid 
girls is independent of sex. 

We now turn to the most probable parent iwpulation. It is lu-erwiary In wurk 
to a large number of decimal places, because the population nf luaxinium likuli- 
hood is sc close to that of the marginal totals. Wo have 


111,“ = '1688,6751,80. 
nn“ = ■1164,9438,72, 
ii«» = '0184,7080,40, 
Kb’ = ■0130,8122,44. 


«ii*- -0278,4476,80, 
«m* = 'O13S,7O04,22,- 
«»*- ■0003,4117,08, 
•«»<» •0001,7059,58. 
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From those values we deduce the quintio 
130-50(1, SaOX' + 1127-761, 551^*- 2430-616, 818X® - 2, 1031-603, 410X^ 

+ 1.1302-055, 758X + 9,7920-980,050 = 0. 
Lociilising a root near three, we find by a double Newtonian approximation 
X = 2-9969,2335. 

It may be doubted whether we can approximato closer to the root without carrying 
the ooefificients of tho quiutic to more places of figures. 

From the relation (jfi/g'i = X we find 

5i = -7498,0756, r/i,= -2501,9244. 

Then from Equation (viii) we deduce 

Pi = -5444,0146, p, = -4555,9854. 

We SCO from these results how little the p*s and 5’s have been modified by 
socking tho most probable parent population. 

Substituting in the expression for 1 + we have 
1-1^‘' = 1-0000,0190,8 

exactly as before, or X°=''f*®24,V086. 

Probably the last figure in 1 -1- is untrustworthy, and it is not possible without 
more labour than the matter is worth to distinguish between tho marginal totals’ 
parent population and tho most probable parent populations. 

To judge by the results of the throe tables here discussed, it is not likely that, 
with the restricted freedom of a fourfold table, we shall obtain a substantially 
higher degree of the probability that two series come from the same parent 
population, when we take that population to be the most probable population 
rather than base it on the marginal totals. 

(4) Theory for 2 x n Tables. 

In the case of Biserial Tables, whore tho two aeries iiro both supposed to have 
totals due only to mndom sampling, tho equations heoorno hai-det of solution ; and 
thus far I have only reached such solution by a method of approximation. We 
will suppose the tables reduced to the form : 


11« 
War 1 

•Uja 

lias 


%* 1 
Wan 


Hif 

Wju 


Uin 

Pi 

Pa 

7i 

5a 

... 



It 


5n 

1 


where pi, Pi, j], 5a ... 9 . ... Ji ... gfn a-m the chances deduced from the parent 
population which we intend to choose so as to give the minimum to the table. 
ITsually they are found as we know from the sums of the rows and columns. We 
have supposed the cell frequencies reduced to relative frequencies, their total being 
unity. is the minimum mean square contingency. 



J +2 Parent Fopulalton with /‘ndepentlrni Variatr^ 

By the second equation of (v) ^ve have fur the minimmn 

Z "*•* ^ ] 

V 111 Jh Jr . i'j 


It fullows therefore that (/. = 


aince )S' 


"V ;J 1 }h 

^ Pi Pi +^t 


i.y 


But from the first equation of (v) 

Lot us write pilpi== I'; tlien 

i .i\ v«// /-i\ ';«/ 


Now substituto the value of tj, in (xvi) and Iho dunomiiintor will tiivijlf mil 
and wa havu 

s '!i'! 

(xviiV 

s . 

Vut,* 

This is the equation to find F and on its solution wo shall have pi ami pj kritiwu, 
and the q’a may then be found from (xvi). 


.. , . no «u*— F®«iu* 

(xvii) may be written 0= ib _ ...i. .. 

»-i Vtti,’+ FnJ* 


Now assume Fo is an approximate value of F, and take F»* F«(l +«), luting 
Newton’s rule to detormino an approach to e. Wo liavc 
0 !, 111 ."- I'.’ux.* 

•■■1 J »i/ + Fg aj,* 
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Now suppose Yo to be the value duo to and pi, or y=S(l + e), then 
Hubstitufcing for Yo we find after .some reductions 


»=i Vyr PaV/Vpi pi J 


Ui ‘ 


■1(2,' 

' pi Pi‘ 

j- Q .<? 

p2' 

/lil/ 1 «S,V 

' " «=i frb.® 1 UuM 

\ pi Pz) 

Vpi pi) 


.(xix). 


S 

«=i 


Accordingly we take suitable values for pi and pi, aay those of tho aotual 
morginal totals, from these wo compute Uujpu «-ulp^, «5s7p» 
form the sums indicated in (xix). Knowing e we determine another pi and pa from 

Pilpz = (^ + ‘)pilpi, 

together with J)i + 2 )a = l. If e docs not come out adequately small we must now 
repeat the process using pi, pt for pi, pt. Next the q’s arc found from (xvi), which 
may be written 




«s.‘ 


+ - 
Pi Pz 


\pi Pi) 


.(xvi)“", 


where the values of - and — will already have been, calculated. 

Pi Pi 

We can proceed to find from (xvi)''*'* directly without determining tho g'a. 

,=i\pi pi/ 


Let 

then clearly 


Tia + 

piq.Piq,’ 


hence summing for s we have since S (g,) = 1, 

I'>g, = l + y». 

or ^«=y»-i 

loading to = NCI'® - 1 ), whero N is the total frequency of the table. 
Wo may note that this result can be generalised. By (v) we have 

1 


.(xx), 


qi-- 


\ pj V 


Pi) Jl + ^i' 


mf)f (hW (*■©) 


hence 
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Thus (S.(^’))‘ 

(xxi). 

where T = (S, (!^))‘ + (s. + . . . + (S. (^; ))* 

and l=(l+^»)/r>, 

hy summing for t. Accordingly, as before, 

(xxii). 

It is thja only necessary to find tho p'e (or the q's) in order to determine tho 
niiniinum <p. 

(5) IllusimUon. 

I take the following data for Anaemia in the boys of a sinull L.C.C. ffchool — 
one of the poorest schools of London — see Repuri of Medical 0 fleer, 1(100, The 
ages of the boys wore 1 to 13. 


Non-Anaeraio 

19 

23 

19 

Anaemic 

34 

' 40 

96 

Totals 

B3 

63 ■ 

47 


11 

1 19 

14 

33 

13 

34 


We taka as our hypotheeia the supposition that there is no rolution of Anaemia 
to the age of the boys. Now this is a sample from a population of boys froqnenting 
schools in districts where lack of employment, itnprovidenoo and drink are wide- 
spread. Assuming an indefinitely large parent population, we do not know the 
proportion of anaemic and non-anaemic boys in that population, nor do we know 
what is the exact distribution of ages. Hitherto we have assumed those to bo 
given by the marginal totals. 

Let us take pi to be the chance of drawing a non-anaetnio boy, p, of drawing 
an anaemic boy from the parent population. Let the chance of drawing hoys of 
ages 7, 8, 9,... 1.3 be ji, ji, gj, ... g,, respectively. Then the deviation of our sample 
from the parent population of supposed independent categories will be measured 
by (/>®, where 


al \ 

“Ailf*p.gJ’ 
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whore 4 ' ia 1 or 2 , giving the blood class, and t ranges from 1 to 7 . n,i is the eell 
freqnenoy and if = size of sample =367. It is convenient to write u^ = n,ijN, so 
that 



.(xxiii). 


If as usual wo put for p, and q, the values dodiieod from the sample wo iind the 
table may be written : 



7 

8 

9 

10 

11 

12 

13 



•0517,7112 

•0926,4305 

•0626,7030 

•1080,8183 

■0617,7112 

■0762,9428 

•070M,4400 

•1089,9182 

•0381,0714 

•0899,1820 

•0354,2234 

■0926,4305 

-0483,2153 

•0735,6948 

•3568,4833 

'6430,5177 

(? 

•1444,1417 

•1716,6213 

•1280,6540 

•1798,3651 

•1280,6540 

•1280,0540 

■1198,8101 

1-0000,0000 


Using the p's and j's of this table, hereafter to bo written p and 5 , wo find 

i + ^^oi'Ooss.iaii, 

and 867 = 30729. 

Wo now proceed to compute e from formula (xix). As wo have to find 


l‘!i + l'l}L + /“'• 

Pr pj' \pi pil Vpi 


pi ViJ 


, Uj,' 

Pi‘ ’ P? 

I give here merely the final sums, in case any reader cares to chock the 
arithmetic. We have 


•0101,7747, 



= -9730,6644, 


= 1-0000,3172. 


Hence 


«= 2 X •, 


0101,7747 


4-9731,6160 


= -0040,9296. 
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Or, if WG U 3 C and pi tn represent the p's which approximatn to the /i'h tif the 
paront population of greatest probability, wo have 

(!+«) = . 5573, 5660, 

pi pi 

loading to = 'liSTS.BGlH, •6421.1 »6(), 


We now proceed to find 

\1 ^ 
j in order to determine (j,. 

s 

(5-k)‘ 

and oocowlingly q, 

1 

•1444,1429 

•1438,1.531) 

2 

■1716,8145 

■1709,61)48 

,3 

•1280,0311 

■1281,2953 

4 

•1803,4440 

•1795,0650 

5 

■1290,0507 

;1285,2983 

0 

•1298,9364 

•1293,6497 

7 

•1201,02.37 

•1190.0430 

= 

r0041,e483 



We have for the approximate minimum 

l + |^»-2’»-V008a,4600, 
or ^>=.-0083.4600, 

and ^ = 3'0830. 

In this particular case we certainly have made a reduction in the and but 
not one of any practical importance. The e is already so small that it does not 
seem that we should gain much by a second approximation. 

It cannot, however, be asserted that in other cases the jmrent population of 
maximum probability may not differ much more oonsidembly than the present 
does from the parent population as represented by the marginal totals. 

We want far more experience of what differences cun arise between the two 
ways of approaching the subject, In particular we need the aid of a more omn- 
potent mathematician than the present writer to deal with the genaral ease of ^ 
for an » X n' table. As far as the present very limited data for two very ep«ial 
types of contingency tables reach, we might conclude, but hardly safely, that we 
shall not make large errors if we replace the most probable independent variates' 
population by a marginal totals' parent population, 



THE HKULLS FKOM EXCAVATIONS AT DUNSTABLE, 
BEDEOEDSHIIIE. 

By DORIS DINGWALL, M,A., B.Sa., and MATTHEW YOUNG, D.So„ M.D, 

Introduction, 

With the kind permission of the Conservators of the Dunstable Downs and the 
Stint Holders, the University College and Hospital Anthropological Society, in 
collaboration with T. W. Bagshawe, Esq., P.S.A., undertook the excavation of the 
most northerly of a group of bell barrows known as the Rive Knolls, situated three- 
quarters of a mile west of Dunstable, Bedfordshire. The work was begun in 1925 
and was carried on during the four succeeding seasons 1925—1929*, The skulls 
aro preserved in the Institute of Anatomy, University College, London. 

The barrow is from 50 to 60 ft. in diainotor and the primary burial was found to 
bo nearly eentral. It oon.sistod of the skeleton of a woman in the orouched position 
lying on the right side in an oval cist out in the chalk. This was surrounded by 
a flat-botloraed ditch possibly used for ceremonial purposes and belongs most 
probably to the Early Bronze Age, 

The secondary burials were of cremated boues covered by an inverted urn of 
the Middle Bronze Age type, and a collection of burnt bones in a shallow hollow. 

The tertiary burials wore scattered without any clearly defined plan over the 
southern half of the bai'tovv and the adjacent surface of the downs. It is with these 
tertiary burials that this paper is concerned. 

The dating of the skeletons is diflficult because they were so close to the surface 
of the mound that it is unsafe to attribute them to the same date as that of the 
objects found in the same layer, The stratum contained a brooch of La Thne III 
type (probably 100 — 50 B.o.) and a gilded bronze buckle with iron tang of probably 
the 6th century a.d. Besides these there were variou.s objects of Roman, po.st- 
Roman and Saxon date. 

Mr Dunning and Dr Wheelerf have discussed the archaeological evidence in 
detail and have come to the conclusion that the ''objects asBOciated with the 
burials suggest the 6 th or 6th century a.d. for the date of the whole group.” 
Whether their conjecture that the series of skeletons "represents part of a Saxon 
raiding party which had been worsted by the local inhabitants and summarily 
executed” is a correct one will be discussed when the analysis of the cranial 
measurements has been presented. During the excavation there were clear 

^ For a fall raport aee the Arcltatol. Jowm. Yol. lxxjcvih. 1931, pp. 193—217. 
t Op, cit, pp. 205—210. 
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TABLE I. 

FlhDmiiiff the Mmm and Variabiliiies of the Gharacters in the Male series of iSknl/s. 


Cliaracbcre 

Ko. 

bfcans 

• 

r 

C* 

2.") 

1524-80 ±21*32t 

106-50*15-07+ 

f}-yf>±o*ni)+ 

L 


1844)2+ 0-81 

6 •84* 0*57 

3-lf1±<)-3J 

F 

ni 

182‘7n+ O-Ol 

0-50* 0-04 

3'50±O-3ri 

n 

52 

145-42+ 0-73 

5-28+ 0-52 

8'63±«*30 

I!' 

fiO 

98-66+ 0-72 

5*07+ 0-51 

5-14*0*51 

ir 

50 

135-6B± O'DD 

4-63* 0-40 

3-41*0-34 

on 

40 

116-25± 0-4fl 

3-32* 0-35 

2-««*U'30 

ut 

4H 

102-07± 0*03 

4*34* 0-44 

■1 -23 ±0-43 


44 

317-30* 1-14 

0-54* 1-02 

3'01±CI-32 


41 

321-25* lUO 

o-oi* i-oo 

3-0«±0'3:} 

s 

50 

874*10* 1-07 

13-91* 1*30 

3'72'*0-37 


50 

12B-86* 0-87 

4-76* 0-48 

3*00±0-37 

4 

51 

127-24* 1-36 

9-03* 0-06 

7-S7±0-75 


52 

I17-B2t 0-93 

6-71* 0-00 

5n9±O-50 


50 

112-18* 0-68 

4-09+ 0-41 

a*fi5±0-.37 


51 

112-74* 0-90 

7-06+ 0-70 

0-20*0*62 

AW 

52 

87-27* 0-76 

5-48* 0-64 

n-fJ,H±0*65 

i] 

51 

627-10* l-9fl 

14-13* 1-40 

2-08 ± 0*27 

on 

32 

118-03* 0-93 

5-24* O-OQ 

4'4.i±lW»n 

O' /I 

34 

70-97* 0-64 

3-74* 0-45 

5-27±0*»4 

tw 

33 

96-73± 0-78 

4-40* 0-56 

4-(H±0-57 

j 

19 

138-11* 1-on 

4-01* 0-75 

3-34 ±0-54 

iVW 

32 

50-69 * 0-53 

2-08* 0*37 

5-88*0-74 

FIT, Ti 

34 

61-65* 0-43 

2-50* 0-30 

4-8.1 ±0-50 

NIi, 1 

34 

61-36* 0-40 

2-71* 0-33 

5*28* 0-04 

FB 

34 

25-24* 0-20 

1-54* 0-10 

«'10±0*74 

O^t fi 

31 

42-81+ 0-20 

1-57* 0-20 

3-07±i»’47 


34 

42*44* 0-28 

1‘05± 0-2(> 

3-HHt0'47 

0»,Ji 

31 

33*48* 0-33 

1-00* 0*84 

6*57±0-7l 


34 

33*47* 0-33 

1-03* U-23 

5‘77±0-7O 

o/jR 

27 

40-74* 0-25 

1 -as* 0 * 1 « 

3-24*0-44 


20 

61-10* 0-51 

2-77* 0*30 

5*42*0-71 

Oi 

27 

40-62* 0-47 

2-44* 0-33 

6*26*0-7l 

ol 

36 

40*04* 0*43 

2-50* 0-30 

0-25 ±0*74 

30 

97*81* 0-70 

4*74* 0-56 

4 ‘85 *0-67 

/ml 

4S 

30-71* 0-32 

2-2«* 0-S3 

0S1±O'03 

fiiib 

43 

30-40* 0*32 

S-IO* 0-23 

(+91±0-76 

\m B/L 

62 

78*09 * 0-47 

3-40* 0-33 

4-32*0-42 

100 B/F 

61 

79-83* 0-61 

3-60 ± 0-30 

4-68*0*45 

100 R'lL 

50 

7a-40± 0-43 

3-03* 0-30 

4'13±0'<ll 

100 BIH' 

60 

107-28 * 0-71 

5-06* 0-61 

4-71*0-47 

100 Cfn/OB 

32 

73-48* 0-80 

3*90* 0-49 

5-31*0-00 

100 O'Hij 

la 

61*86* 0-58 

2-40* 0-41 

4*76*0-79 

100 FBiFir, R 

34 

48*06* 0*66 

3*20* 0--i0 

0 - 66 * 0-81 

100 NSIFB, L 

34 

49-26* 0-00 

8-48* 0*42 

7-07*0-86 

100 SB\NW 

32 

60*03 * 0-70 

3-96* 0-49 

7-lK}±O'&0 

100 0^10,, li 

31 

78-15* 0-87 

4-80* 0*62 

a-2a±0’7e 

100 Oj/Ot. L 

34 

78*86* 0-90 

S-B7* 0*04 

0'fJ«*O‘8l 

100 o,/o/. /t 

27 

Ql-57* 0-02 

4-78* 0-65 

5-80*0-80 

100.^n6//mi 

43 

82-04* 0-08 

0*40* 0-00 

7'78±o-aa 

100 O'ilOi 

20 

80-44* 0-01 

4-01* 0-04 

5-10*0-fl0 

JPl 

26 

88-04* 0-66 

3-30* O’40 

3®-75*0-fl2 

Fl 

33 

04-17* 0-88 

3-82± 0-41 

6’-l7*Q-e4 

A L 

33 

74-02* 0-47 

2"-78± 0-33 

3®-66*0-46 

Bl 

33 

41-Bl* 0-42 

2-40* 0-30 

6“-82±0'72 

e^L 

86 

27-44 * 0-71 

3*''e2± 0-60 

13**10*l-a3 

Q^l. 

86 

18-60* 0-76 

3-81* 0*63 

28*-29 ±3-9l 

Oc. I. 

60 

60*30 * 0-36 

2-60* 0*26 

4-22*0-42 


* Ole on Oubio Capaeily. The mean oubio capacity of 152i'8 o.o. baeed on 25 sktUls yras wilnWkUd 
by fllUng the skulU with icuat&Td seed and raeaeijiiDg the amount oontatned in the graduated oyllniier. 
The mean oubio content was also estimated by transformlog the weight in grama of flrn^y paek^ 
mnstard seed whioh each skoll could oontaiij into euWo oentimetws, the volume of seed when tightly 
packed which oortesponded to 1000 grams having previously been determined by meane of the erttne 
dtolon {MaodonaU's method). The mean capacity thua found was 1495 c.o. The alight diflaraaoe In.thc 
mean ostimetes by the two methods is probably to be explained by (be faot that owing to the i^agUe 
condition of some of the skulls it was not possible in these to use saoh firm p^aure in paoWng tho 
seed ae in the erdne fitolon. The mean oapaolty of the 86 skulls computed ironi the m ean length, 
breadth and height by Miss Hooke’s formula is 15aft*e>8 o.o. 

+ Standard errors, 
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indicatioTiH thab the burials had not all taken place at the aame time, and the 
haphazard nature of moat of them was emphasised by disturbance and overlapping. 
A certain number were in trench graves, and in one of th^se an iron buckle was 
found in close association with a skeleton. It ia of a type common in Roman and 
later times. There is nothing, however, bo show that the trench graves and super- 
ficial burials belong to different periods although they probably took place at 
slightly different times. 

An interesting feature of the group ia that about one-tenth of the skeletons had 
their arms crossed either behind their backs or before their chests. Such a posture 
suggests that they had been bound at death and this, coupled with the casual 
nature of the burials, points to the conclusion that the site is not a formal 
cemetery. 

The Crania : Means and Variahilities. 

From the total series of approximately 100 skeletons, about 64 skulls, 52 male 
and 12 female were, after a certain degree of reconstruction, in a suitable condition 
for obtaining moat of the principal measurements. The sexing of these skulls can 
be relied upon, as it was in almost all cases verified from an examination of tho 
pelvic bones. The means and variabilities of the cranial characters of the male 
series are shown in Table I and the means of some of the principal characters 
of the short female series in Table II. As the variabilities shown in the length, 
breadth, height and cephalic index of tho male skulls are not greater than those 
shown by the corresponding characters in the Farringdon Street series of 17th 
Century Londoners which were taken from one graveyard, or in the contemporary 
Whii/echapel series collected from a single pit, there is no reason bo regard the 
present scries as other than fairly homogeneous. The methods of measurement of 

TABLE II. 

Showing the Mean Values of some of the Principal Gharacters in the 
Short Female Series. 


Ghar&oidrs 

No, 

Moans 

L 

12 

170T 

F 

12 

178‘3 

n 

12 

142*9 

R' 

12 

96*3 

M' 

11 

126*9 

OE 

11 

110*5 

LB 

11 

95*1 

U 

11 

516*2 

s 

11 

368*3 

Q’ 

U 

312*2 

100 BH 

12 

79*9 

100 H'lL 

100 BIS' 

11 

71*1 

11 

112*7 




loO Shdlufrom, .Exmmtiom at DumtahU 

th« .several cranial charactcr.s jii'iicf-i-scrl in the Bininclric Ijalioralnry wi're elnscly 
adhered to, and the ayinbok by which the chanictars nre ropreHCiik'il in the tnbli'K 
are those de.scribed and iiaut! in the viiriima cmnielugicnl ineinoirK iinbbshwi in 
Biovietriht'^ , to which reference may bn mmle. 

The Ajjinitiee of the BhuHa: Ooe^GieiUn of Itacial Tyikeneea, 

Thu ai'chiieologieal uviiiencc being very friigniontavy ami net at all cniiviiH'ing. 
the first point to lie determiuc'il wa.s the racial type to which the skiill.s im a gnmp 
most closely confnrmed. For thw purpose I’rofessor Pcars'in's Chielbeient ol Kncial 
Likenesat was used. The available evidence seemed to suggest tlmt tin* sUiiHh 
were those of Angln-Sii.vona (w'rffilJiimiiiigand Wlieelor), lint ii mean cejiliidie iiidfx 
of approximately T!) for males anil for fetuali'S did not support: the vImv llott llie 
skulls conlbrinoil to the type shown by well-ivutbontticated Anglo-SiUoii skulls sneb 
as tho.so preserved in the London Mu-senms which Im-vn been desfrilii'd by .'b'lviiiij, 
the Bidford-tiu-Avou cnlluoticm dcscrihed by I!rush§ or the Hnrwell ; I'olli-clioii in 
the Anatomy Dnpartment at. Oanibridgo. 


TABbK III. 

Oaefficiente of Raeiul Likcncus between the DmteUtblo ffron/; iiutl other th-mqve 
of JMule Crania. 

Dunstable (3fi'R). 


CruSv cvetnoiDnU 


All characicrA 


Indicia aiul 
aiif^kn 


lliiducKtd wMfJTloiftuls 


All 

clmraotctYt 


ludlBCA ftjlll 


ISngliali Broiiiso Agu (27 '2) 
Anglo-Saxon ... (3G'2) 

Hytho (101 -8) 

Britihili Iron Ago (riO-fi) 

Whikohaiiol ... (I)2*:i) 

Britifth Noolithio (2H*») 


S-HG-h-ia 

\m 


.3*l2±-29 

>1) 

0n8±'17 

30 


7*07 ± ‘28 

'12 

7-lS±-17 

30 


«‘«C»±*28 

12 

a-40±-20 

'22 



p 

n‘50±-18 

29 


l'C7B±-«) 

if 

17*5)3±*1H 

27 


2fl-2a±'30 

[IB] 


1 1 ‘IM -J: ‘.no 
‘JK) 

20'UK + *.'lg 


Hl'77tO‘7H 

2H-31 

nri'OAti’W 


* See more cepecJally Vole. j. pp. 410— illSj ni. pp. 190- 807 and xiv. pp. a«CI™~aOl. 
t mornetrika, Vol. xvr. 1924, pp. 11>^14 and Vol, xvm. 1980, py. 105-117. Tlio alandard davIatiouK 
iiaed in Table HI to lorni the O.B.L.’s are those for the long Egyptian aerie# E of lh« afltU-aaLh 
Dynaatiea, provided by Davin and Pearson in JUtcrntrikcif Vol. xvt. 1924, p. 888. 
t Ibid. Vol. xvni. 1926, pp, 65—99. 

§ Arcfbaeologia^ Vol. Lxxni. 1922—28, p, 106 (Appendix I). 

II This oollootion has been meaBured by Doris Dingwall, bttt the moan ineaaxireMienla have not yet 
been published. 

Tbrongliout this table the quantities following the 4* algh are “probable’’ not “alaadard’' 

errors. 
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The male skulls were thus omnpared not only with au Anglo-Saxon* aeries bat 
also with the Bnglish Bronze Age series, the British Iron Ago* series, the British 
Nisilithic* series, tho Hythe oraniaf and the 17th Century Londoners from 
\\ hitiicimpolj:. For the comparablo lignros for these several typos we are indebted 
to the authors of tho inemoira containing the data relating thereto which have 
1)0(01 ptihlished in IHometnka. The crude coefficients of racial likeness between 
the Dunstable male group and these other groups are shown in Table III. The 
rijiluccd coefficients which re.sult from an adjuatineut that is made to allow for tho 
variation in nunihers of skull.s available in the different groups are also included in 
tho table, filhese eoeffieionts are relatively comparable. As the mean numbers of 
skulks available for comparison in the Bronze Age and Anglo-Saxon groups are not 
very different, the crude coeffioients of racial likeness between the Dunstable skulls 
and tliu.so groups may in the first place bo ooinpoi'ed directly. Such a comparison 
aiiggcsts that the Dunstable skulls aro more olusiely related to the Bronze Age type 
than to the Anglo-Saxon type. For .shape characters (indices and angles) alone the 
coefficient in tho fortiier ease is fi'l and in tho latter 7T. For all characters the 
diff'eronou is not so evident aa shown by coefficients of 3’9 and .o‘2. When due 
allowance is made for tlio difference in number of Bronze Age and Anglo-Saxon 
.skulls available for oompariaon, the difference in relative oloaenesa of relationahip 
juat described is confirmed. In general form or shape the Dunstable skulls clearly 
reaemble Bronze Age more nearly than Anglo-Saxon skulls. The reduced coefficient 
of racial likene.a8 for all characters between the Dunstable and Bronze Age type is 
still smaller than that between tho Dunatahle and Anglo-Saxon types, suggesting 
a closer affinity with the former, and tia the difference ia about 2'5 times its 
probable error it may probably bo considered significant. In general form the 
Dunstable group is also more similar to the Hythe group than to the Anglo-Saxon 
group, hut, when all characters aro considered, though the coefficient between the 
Dunstable and Hythe groups is still smaller than that between the Dunstable and 
tho Anglo-Saxon, the difference is not so great that it can be considered really 
significant. The Dunstable group is distinctly more divergent from the Iron Age 
group than from the Anglo-Saxon group. It shows a divergence of about the same 
order from the typo of the Whitechapel I7th Century Londoners which, as is well 
known, closely ro,somhlea that of the Iron Age. Tho Neolithic type ia, aa might be 
e,xpoeted, very different from that found at Dunstable, 


Gomparwon tif Individual Oranial Characters: Values of a. 

The characters in which the Dunstable type resembles moat closely, or differs 
most notably from, the Anglo-Saxon and Bronze Age types may he aeon readily by 


reference to Table IV in which the values of a = ■ 


ngnf_ /M, ~ 71/, V 

1.' \ <r, / 


Ili-kTl. 


are tabulated. 


The mo.st pronounced differences between the Dunstable and Anglo-Saxon skull 


* Biameirika, Vol, ix®. 192B, pp. 801 — 875. 
“t Z6i<i. Vol. x«v- 10S2, pp. 185—20*2. 
f Ibid, Vol. m. 1904, pp. 191—245. 
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Skulls from Exoavatiom at Dunstable 


TABLE IV. 


Values of a = \ between the Dunsiabte and other 

■' n, + Ji, \ IT, J 

Sritiak Male Series. 


Cltaraoters 

Anglo- 

Baxon 

EneHah 
Btcmxo Ago 

Hythe 

British 
Iron Afcc 

WlnUf. 

chivpel 

Britifth 
NerOliiUi« 1 

100 BIL 

57*92 

16-66 

75-20 

69*44 

1(X)*34 

llHi-WS 

100 S'fL 

0*33 

0*17 

16*00 

21*49 

47*21 

27*37 

100 SIS' 

fl‘60 

12-01 

9*05 

0*69 

0*94 

20*40 

Oa. I. 

3*29 


0*70 

— 


1 

100 G'HIGS 

2-42 

4*47 

0*00 

__ 

7*30 

U*lh) 

100 SBim/, R 

__ 

— 

0*02 

— 

3*07 

*■' 

100 Nsisir 

8*83 

1*70 

— 

1.3*30 


IR'H2 

100 OijOu ^ 

100 0%\oK R 



0*03 

0*09 

— 

0*21 


l-f)3 

— 


4*22 


(}‘r>4 

KXifi^ffml 

100 OifOx 

O’H 

4-31 

3*09 

— 

2*37 

0*00 

0*29 

0-00 

2*41 


0*64 


Pl 

o-io 

f)-77 

«*43 


0*33 

7 '30 

Kl 

4*34 

0'09 

0*36 

0*12 

2*04 

0*44 

Al 

0*73 

0*40 

1*03 

0*21) 

2*08 

Oi)i 

L 

27*23 

0*12 

53*19 

6*30 

80*32 

(fS*13 

n 

20*88 

20*34 

2*06 

24*32 

30*00 

08*06 

S' 

3*23 

l'4l 

0*02 

0*71 

1-06 

0*00 

os 


—a 

0*09 

— . 

20*70 


R' 

0*12 

0'32 


8*74 


o*tn 

IS 

2*34 

0*04 

10*82 

2*15 

2-03 

0*33 


4*18 

0-77 

1*71 

0*75 

33*85 

0'6l 

V 

3 '80 

11*83 

13*89 

0-23 

]'52 

16*88 

s 

Q*83 

i*n 

10*86 

2*76 

9*14 

27*14 

O'R 

0*36 

3*34 

1*73 

3*34 

0*87 

0*04 

J 

13'4fi 

O-IO 

10*87 

88*03 

40'd8 

36'BB 

SR, R 

0*30 


1*50 

— 

0*70 


NS' 


1-61 


0-03 


S*Bl 

NS 

2*40 

0*20 

1*32 

10*20 

6*92 

ia'89 

OuR 

0-04 

4*98 

4*26 


0*31 


0,\ R 

— 

_ 

— 

3*37 

— 

0*09 


O'le 

0*67 

1*06 

0-23 

0*00 

2*63 

A 

1*07 

6*16 

0*18 

— 

U‘44 

.™- 

0, 

0-36 

2*66 

V95 


4*14 

0*42 

fml 

1*48 

0*83 

c-es 

1*19 

3*57 

0*33 

yTni> 

1*30 

1*12 

0*27 

•"■* 

0*07 

0*00 


types are shown in the maximum length and maximum hroadth and the indicw 
involving these absolute measurements, namely, 100 x B/L, 100 x Bjll' and 
100 X H'/Z, The Anglo-Saxon skull is on tho average about 6'6 mm. longer and 
about 8-6 mm. narrower at ite broadest part than the Dunstable skull although of 
about equal height. It has also a longer sagittal arc, a narrower face (bixygomatio 
diameter) and a relatively narrower nasal aperture. The Bronze Age skull is on 
the average 4’5 rnm. broader than the Dunstable skull, but is practically equivalent 
to it in mean length and mean height. The indices involving the maximum 
bi^dth, 100 X BjZ and 100 x BjM*^ are thus higher on the average in tho Bronise 
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Age than in the Dunstable speoimons. The Bronze Age skull has also a larger 
horizontal olrou inference, a longer palate, a wider orbit and a smaller profile angle 
( A P) ; the mean sagittal arc and the mean bizygomatic breadth, however, 
correspond closely in the two types. 

The Dunstable skull differs from the Hythe skull principally in maximum 
length. On the average it is about 7 mm. longer. The indices involving length, 
100 X BjL and 100 x H'lL, are thus higher in the Hythe skull. The Hythe skull 
has also a shorter eranio-facial base (basi-nasai length), a shorter sagittal arc, 
a less extensive horizontal circumference, a smaller profile angle ( A P), a narrower 
face (bizygomatic breadth), and a shorter foramen magnum. 

The Female Skulls. 

As there are only 12 female skulls, any detailed comparison of the average 
measurements of this group with those of other types is not justifiable, So far as 
an average based upon such a small number of specimens can be relied upon, 
however, there is a strong suggestion that the female skull is definitely broader 
than the female Anglo-Saxon skulls described by Mornnt. Its mean maximum 
breadth is 142'9 mm. as compared with 136'6 mm. in the female Anglo-Saxon, As 
the mean lengths in the two groups are equivalent, the Dunstable skull is thus 
relatively broader than the Anglo-Saxon; 'the cephalic index is 79'9 as compared 
with 74'4. The mean 100 x Bjll' index is in the Dunstable skulls 112’7 as 
compared with lOS'V in the Anglo-Saxons in the London Museums. Comparison 
of these characters and of the mean measurements of others in the two groups 
seems to indicate that the female skulls conform generally in type to the male 
skulls and differ considerably from the female Anglo-Saxons. 

Bisoussion. 

It has been suggested by Dunning and Wheeler* that the skeletal remains 
found in the most northerly knoll at Dunstable are probably those of a Saxon raiding 
party which was exterminated in the 8th century A.D. by the local inhabitants. The 
detailed analysis of the cranial measurements ofthe group and the survey of its cranial 
affinities with other racial types, including Anglo-Saxon, Bronze Ago and Hythe crania, 
would appear to suggest that the skulls cannot be considered those of Anglo-Saxons. 
It might be regarded as more probable, if the dating of the burials can be accepted 
os approximately correct, that the skulls are those of a colony of the local 
inhabitants who were summarily disposed of possibly by a raiding party of Anglo- 
Saxons. This view receives support from the oircumstanoe that almost 20 per cent, 
of the more or less complete skulls that could be measured are those of women and 
that these female skulls confonn in their general shape to the male skulls 

It is not improbable that a definite broad-headed element derived largely from 
the Bronze Age population, may have persisted in certain localities such as 
Dunstable, On the other hand, the existence of a "moderate” degree of association 


/oc. cits 
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SkuUxfrom Excavations at Dunstable 

between the Dunstable and the Hytlie emnia is uf interest in view nf iSkH.!SBig<;r 
and Morant’s * cunuliiaioii that the latter are probably for the intjst jairt the desceri" 
dants of a Roman ciiUmy with a large central Kuropcan element. The Five Knolls 
at Dunstable are in the vicinity qf Walling Street and the Icknield Way, and it is 
not iinpoasiblc that the broiui'huiulcd tondeiicy which ia a feature uf the relatively 
homogeneous Dunstable aeries may be ovidonee of asimilav J'hirojwaii eleioeiit in 
the inhabitants, introduced at the time of, and persisting to a notehh' degrtH; afU'r, 
the Roman ocoiipatioii. The various objects of Roman date found with the Bki’lelnl 
rciiiains at least provide distinct evidence of contact with this [Kiople. 

The view that the shulU represent a survival of Roman invmicrs is, jKsrlinpa. 
on the whole more prohahle than that they indicate the, pni'sisti'tico of the Brniize 
Age population. The C.11.L. between the Dnn.stiiblc shnlls and an Ktrusean serk'K 
lias been found by Dr Morant to be lower than that hutween the DnnstaWe and 
Bronze Ago groups, and he Ihinlca it not unlikely that the I’umjKiinns and poasjldy 
a few otliar European aeries would al.so resemble tlie Dmi.'ital)l«! akiills mure ehwely 
than the Bronze Age typo duos. 

While some reasonable doubt may still he held as to the origin of the Hkiills. 
all the avidunoo that can he derived from the crania themsclvc.s si'cms In intJicaU' 
iputo uncipiivoonlly tluit they are not those of Aiiglu-Sa.\niis of a recognised lyis’. 

Msasurements of the Mandibles, 

Comparatively little is yet known about tho detailed eonuMirisoii of inoasurc- 
uieiita of tho tnaiidibular chainoturs in adequate series of s^xicinicns liiilonging tt> 
fliffetent types of skulls. Now that a comprehensive soheuio for tho mcasimunent 
of this bone has been devised and desorihad by Morant’j' it is probsvbla that sniuVdo 
and adequate data for tho comparison of different typos will soon bo available. Thu 
records of mean values n( ineosuremonts of numerous characters, using the toehnique 
described by this author for series of mandibles associated with Anglu-SajmnJ. 
I7th Century London§, Badari 15gyptiau|], Tibetan Afl, Nepalesefl, Tamil**, 
Fukien**, and Hylam** skulls which have already been fiublished in nmmciirs 
in IHometrika, indicate that definite progress is boing inoclc in tho provisioti of 
material for a proper study of the racial characters of an iinjmrUnt part of the 
skull which has hitherto, largely through unavoidable circunwtanees, rocoivud but 
little attention, 

As there wore approximately 40 more or loss complote matidibloa atiaooiatel 
with the relatively homogeneous series of male skulls in. tho Dunstable. ooUectiou, it 
seemed desirable that the mean measuremoiits of the principal mandibular clmraBtor# 

' Ulomatrtka, Vol. jcmv, 198S, pp. 186—209. 

t /bill. Vol, wv. 1088, pp. *58—260. 

1 lliiil. Vol. xvm. 1036, pp. 66—98 (Tatlo iviii). 

I IWii. Vol. xvin. im, pp. 1—66 (ApponOix 0), 

II Ibid, Vol, SIX. 1927, p. 149. 

1[ Md, Vol, xyi, IBM, pp, 108— 10.i. 

Ibid, Vol, xi8. 1828. pp, 279—996. 











IJxometrfka, Vol. XXV, Parts I and 11 

I). I)iiig\vii!l luid i\r. 'lining: from })un.tUtbtv. 
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slimild liii jilaocti on rocoid. Only male mandibles have been dealt with. The 
mejtsiiroim'uls Liken were those listed by Morarit in his memoir in Biometrika, 
Vitl. XIV. 1023, and the tcehnit^ne ol measurement which he describes therein was 
ctirel'nlly i'oUowisl. The symbuls which are used to represent the various characters 
life tlio.so introduced hy Miirant and used in all the memoirs to which reference 
has btsm made. Atthouj^Ii the number of mandibles was only 4i2, defects in some of 
wbleh occuHiimally procliidud tluj measurement of particulu.r charactera, so that the 
inimbcr is nnt quite so large as the number of Anglo-Saxon male mandibles 
miamiirod by Moran t, it was deemeil arlvisable to calculate the variabilities of 
tile various cliai'uctcrs in order to provide provisional estimates of these. The 
eatimati: of the variability of a mandibular character, which is based on a number of 
observiilions that may poasibly be tu> more than adequate to provide a reliable 
critcriiin, is bi.'ttor thun no osbiinatc at all of the variability. So far, no attempt 
has apparently Inuui made to furnieb, or at least to publish, even approximate 
measures of Uu! variabilities of the .sevoral mandibular characters. 

Tliij meiin.s and variabilities of the mandibular characters are shown in Table V 
in apposition to the moans of the corresponding characters in series of mandibles 
belonging to Anglo-.Saxuii, Badari Egyptian, Tibetan A and Fukien male skulls. 
The laat-niontioned Asiatic group was selected for comparison in preference to the 
Tamil or Hylain rnaiidiblo.H, for which mean measurements have also been published 
hy Harrmver, becauHc it puBsesuc-s, according to this author, a heavier and more solid 
type i,if nmudihle tlmu uithur of these two racial series. 

Fniiii a ootnparison of the data in Table V, it is evident that there is a very 
oloao vesumblaiieo between the Dunstable and Anglo-Saxon mandibles. The mean 
values of many of the corresponding characters in these two types are almost 
iikmtical, mid few of the remaining characters diverge in average value to such a 
dograo that the. differences can he considered real or significant on such numbers of 
observations ns are available. It may readily be seen that the mandibles of the 
other skull typos in the table arc, as might be expected, less like the Dunstable 
type. 

Unfortunately, there is no other male aeries of British mandibles with which 
the Dunstable typu can bo compared. Miss Hooke* has published, however, the 
indiviiiual ineasuronuints of the characters iii a series of about 60 imsexed 
mandihloH belonging to the Farringdon Street 17th Century Londoners. For the 
indices and angles — the characters which describe the relative proportions and 
general Ibrin of the mandible — in this unsexed series, the means and variabilities 
have been calculated. These are shown in Table VI in comparison with the 
corresponding constants for the Dunstable male series and with the moans 
computed for Movant’s Anglo-Saxon series by taking males and females together. 
Moront has stated that in his series the male and female indices and angles are so 
similar that, for the small numbers dealt with, the differences would almost 
certainly not be significant. From a brief scrutiny of Table VI it is evident that 

* Illonutrtka, Vol. xvill. 1926, pp. 1—66 (AppondLx C). 
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Skulh from ExcavtUiong at Eungiahle 


TABCE V, 

Shmmg a Gom})ari«ou o/t/i« Afau-n VtUmg af the MandUntlaf Oharaaiers 
in the Dunstable and other series nf Male tHkulte. 


Oliaraoters 

Daim table 

AiiglO‘BaSQQ 

Tibetan A 

Badati 

KgypUan 

Keane No. 

Fukian 

Cbiu«ftga 

Keans 

B.D. 

No, 

Uoans 

No. 

K 

1 

Ho. 

Means 

No. 

Wi 

12U'0S± 1'0«» 

0'47±0-72* 

29 

183*7 

26 

117*0 

25 

109*5 

30 

121*9 

Ji8 

Uli 

102'{)a±l'06 

6'03±0*74 

40 

103*2 

45 

80*2 

25 

RH'8 

32 

101 -0 

38 

k 

32*51 ±0‘39 

2'40±0’2fl 

39 

33*1 

40 

30*a 

25 

32*0 

34 

05*3 

08 

tz 

45‘43±0‘37 

£*38±0*2C 

42 

45*3 

57 

4ii-7 

25 

43*4 

30 

40-8 

08 

C-Cf 

99-34±1'H 

6*92±0*81 

27 

100*3 

27 

03*8 

25 

HO-8 


»7*2 

3K 

rl 

38-«±0-8l 

a*29±0*3fl 

42 

30*4 

5B 

37-2 

23 

3fl-7 

34 

01i|*4 

38 

rV 

32*76 ±0*45 

9*93±a'32 

42 

33*2 

01 

32*1 

26 

33-0 

39 

04*4 

08 

0,' 

47*68±0'3G 

2*30±0*26 

41 

48*7 

43 

4(1*7 

25 

41*1 

29 

43* B 

38 

c„(,V 

35*70±0‘M 

3-80±C*46 

37 

33*0 

40 

34*2 

25 

33-H 

37 

36*4 

.38 

5’ofl'o 

OS*40±MO 

6*96±0*7B 

*JO 

100*4 

33 

S2-H 

24 

S3-0 

3t 

il6*4 

38 

1 

84’96±0*60 

3'82±0‘43 

40 

87*9 

38 

H3*H 

i'l 

H2’0 

31 

83*1 

0K 

Mn ^ 

84'92±0-67 

4'26±0*48 

40 

R0*W 

41 

.R3-8 

9-1 

K2*4 

31 

88*3 

38 

eJ 

21-31 ±0*27 

1'09±0*19 

38 

21*7 

3H 

1H*H 

26 

20*3 

3fl 

20*1 

38 

t,b 

9-01 ±0*26 

1*67±0*10 

30 

9*6 

42 

K*1 

25 

9*8 

37 

«*0 

08 

«i,Pl 

27-9dto*ai 

l'34±0*ie 

39 

9HI 

611 

29 -3 

24 

27*3 

33 

00*8 

»3 

p.A 

28-28 tOMS 

2'81±0‘30 

30 

26*2 

3h 

25*4 

25 

20*7 

32 

00*0 

38 


7-36±0*27 

1*77±0*19 

43 

7*1 

69 

8*2 

26 

8*6 

30 

*-i> 

.18 


26*02±0-00 

2'94±0*36 

06 

25*3 

41 

334) 

24 

93-4 

31 

27*6 

38 

J«®/ 

29*C7±0*4l 

2*46±0*29 

35 

300 

41 

38*3 

2.5 

sy^R 

31 

.32*0 

0H 

Mi 

4*fl8tQ’4L 

2*1Q±0*29 

28 

3*1 

0 

3*0 

25 



6*0 

08 


193*40 ±1*46 

9‘U±1'02 

40 

198*8 

30 

190*4 

S4 

189*6 

31 


38 

ih 

48*41 ±0-83 

6-07 ±0*69 

57 

47*9 

6L 

41*8 

25 

44*8 

36 

47*2 

08 

di' 

13*39±0-27 

1'00±0‘I9 

U 

13*0 

36 

15*0 

26 

19-3 

03 

13*0 

08 

Ofh 

0O*OO±O*88 

6'41±0*Q2 

08 

66*7 

46 

eO'8 

26 

el -a 

33 

06 9 

08 

c.h 

88*66 ±0*92 

6-93±0'85 

42 

69*4 

44 

50*R 

26 

63*8 

06 

frS*K 

08 

Of A 

35'DO±0*37 

2*2a±0*28 

39 

30*3 

40 

36*0 

24 

30*1 

31 

39*7 

08 

mth 

S6*60±0*36 

2*26±0*28 

41 

27*2 

51 

24-0 

26 

24*6 

31 

2H*0 

04 

Pif 

30'66±0*37 

S*37±O'20 

40 

30*0 

64 

2R-0 

25 

30*4 

30 

32*H 

08 

cj 

7e-10±0'79 

4*0O±O-56 

3R 

77-7 

42 

74 *0 

26 

70*2 

33 

70*8 

38 

rl 

■64*89 ±0*70 

4*29 ±0*49 

38 

04*0 

45 

58*4 

25 

67*0 

03 

tii-fi 

08 

ml 

106-76 ±0-60 

4*04±0-66 

34 

107*2 

31 

106-2 

26 

101-3 

00 

108'8 

38 

100 Orhjml 

6fl-27±l'01 

6-Q6±0*7S 

31 

00*9 

97 

D7*B 

26 

01 1) 

33 

04*0 

jm 

100 

93-48±l-U 

6*67 ±0*79 

26 

94-4 

16 

8tt'9 

9ft 

8fl-2 

29 

94'7 

08 


1S0*87±2-12 

13*06 ±1*60 

38 

199-0 

82 

124*9 

2-i 

1 10*4 

00 

1299 

08 

100 ro'/rl 

49*66±0*84 

ti'ie±o-59 

38 

61*0 

45 

65*3 

Sft 

Brt'6 

33 


38 

IWOfOjcul 

42*33tO*09 

6*80±O‘7O 

35 

44*0 

88 

43-3 

96 

48*4 


44*6 

08 

IdQ ffugJOrCr 

100-01 ±1-80 

0*e2±l*3l 

27 

90*a 

18 

98*9 

24 

S7*4 

m 

im*t 

38 

100 o^n/Cfh 

89*07 ±1*01 

6*21 ±0*71 

38 

eo-0 

40 

83*8 

26 

80*9 

n 

80*0 

08 

100 iKjc^Or 

37*e6±0*82 

4*77 ±0*68 

34 

40*4 

36 

44*0 

25 

30*9 

02 

41-0 

38 

i^^di^Crk 

66*34+0*84 

0’02±O*69 

36 

66*2 

30 

67*0 

24 

58'8 

29 

00*4 

38 

Ml 

120* -88 ±0-915 

6**94±0*67 

38 

120’*3 

47 

126**3 

26 

120’*0 

34 

i2r’*o 

38 

Rl 

68’’70 + 0'08 

6'’'9B±O’B0 

37 

72* *0 

36 

70"*5 

25 

73**7 

01 

74**7 

38 

<3l 

70**86 ±0*83 

6"*20±O.B9 

40 

e8’*6 

31 

C7"‘l 

24 

90*'6 

31 

7(r*6 

38 

GL 

68’*11±0*99 

e-’OD + O-TO 

37 

08" *2 

32 

64"*8 

25 

vr-7 

28 



C'L 

e9'’*04 + 0-93 

6'’*60 + 0*60 

3« 

68‘*3 

36 

62"*9 

24 


28 

77*'* l 

38 

Fl 

1 

8a“‘40±0*81 

4’*31 + 0*68 

26 

87"*0 

6 

90**8 

25 



DS'-O 

38 


* Standard etrora. 



Doitis Dinswall and Matthew Young 


167 


TABLE VI. 

Shmeini) a Onjiijxmsiin of ilie Mandibular Indices and Angles in the Dunstable Skulls 
uiiih those, in Anglo-Saxons and nth Oentury Londoners. 


C'h&rocterft 

DutisUblc 

1 m 

AnftlO'SaKOU 
(M. an4 

Farringdon Street 
(M. and F.) 



IT 

No. 

M^Qi 

No. 

Uearts j 

No. 


j .tO’a' + i'fli* 

ri-ori+O’Ta* si 

69-1 

00 

r>8-r)9+0'78« 0'Oe+O'5fl* ei 


1 a3-4a±Mi 
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74 
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61 
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27 
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42 
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46 
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3H 
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80 
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62 
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■l‘77 + 0-6« 

34 
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70 
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38 

85-7 

66 

04-10 + 0-60 C-7r>±0-61 

81 
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90 
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72 
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5D 
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S-28±0-nB 
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06 

n7'-87±0-73 S*'70±0-62 

01 

Cl 

j 

8”0.1±n‘70 

37 

09‘’O 

07 

8r-42i0-!)0 7“-05±0-04 
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0*'80±0'86 

36 

80*'4 

87 

66'-40±O-86 0'-84t0-e0 

66 


’ HUmiAkcI enott. 


the Diinslabie iiifviitliblu iu its general form rcacmbleB the Anglo-Saxon mandible 
more dowly than it tinea that of the I7th Century Londoner. In seven of the 
fmirUsen chanictors owintNWJtl, oven though the number of specimens available is so 
relatively gtntill, the Dunstable nmndtblu probably diffora significantly from the 
Londoner, whorciui Ihn mean vaiu«.H of the characters in the Anglo-Saxon mandible 
are « airnilar to thoae in the Dunstable mandible that probably only one or two of 
the differencra observed can be considered real. The fact that the Dunstable 
matidibk tMomhU* the Anglo-Saxon mandible more cloeely than it does that of 
the 17th Century Londonor from Farringdon Street in no way controverts the 
CDticlusiun that the DunstablK skull is more closely related to the Bronze Ago 
type than to tho Anglo-Saxon, as it has been eitovrii that the Dunstable cranium 
is more eloMly relaUid to Ibn Anglo-Saxon cranium than to that of tho 17th Century 
Londoner from Whitochapu!, which ia very similar to tho contemporary Beries 
from Farrinfplun Street, 

Tho number of fairly compkto mandiblos available in the Dunstable eories is 
ubviouely inadequate to justify any attempt to oaloulate the correlation between 
the various mandibular oharactorfi. 



ON THE APPLICATIONS OF THE DOUBLE BESSEL 
FUNCTION TO STATLSTIOAL PKOBLEMS. 

By KARL PEARSON. 


Part I. Tueoketical. 


(i) I left over from the discussion iu Biomelrika, Vul. xxiv. ii|i, 2 S)H— tlio 
case in which two vatiablea, ii and ». fallow Type III curves of the fnnu 





leading to the surface 




..(ii), 


where 71 and 71 and tj and tj arcs not eciual eivch to ciush. We rei|uire to diswiat 
the distribution surface of P™ s - n. 


Lot J = tJ + 11, and wa have 

Let us write 


if7i'i+*7j'«''' 

1) T(n+ ••• 


(iii). 

(iv). 


Now m want to integrato to from to.A=»to; lot us put A' »■ Ft ami 
integrate t from 1 to w . 

Hence the distribution curve for F is 


r o roe-iOi-Jti J' |"e-l'h+r<)Y<(t _ 1 )7(t + 1 A (v ). 

This curve is closely allied to the Bessel Functions of the socomi kind with 
imaginary argument, 

Let us consider the expression 

1/) (F) a Fn+'i+i e-Bnr-r.i Yi(t _ l)n(t+ l)'idt (vi), 

then if we had started below the OJ line (see Diagram Fig. 1, p. 295 of thts pnxir 
referred to above), we should have had to integrate AT from - F to co , or t from ~ 1 
to cc ; then by changing t to - t,we obtain precisely the expression (vl) with t, and Tj 
interchanged. Thus the only thing which remains to be changed when we put 
F negative is the term which we accomplish by interchanging 71 and yp 



Karl Pearson 


159 


Thus the equation to our curve is 

2 = (vii), 

whuve y is to be taken from — co to + oo , but tj and rg are 1)5 be interchaii^cd 
when F IB Tiogativc in (ft, 

(ii) 1 start with the integral 

W = I Vt'll' 


Then 


Jr.+r-W rto 

1 rtCj ® J 1 / \ / 


dc: 


dt 


= (- 1 Fn+r, j (i - l)n (t + dt . , .(ix), 

Keturning to (viii), 

F = e-'''W>’| 


or, Cl and oj being positive, 


'j e”*"! 

.-Li. , 


if= 


g-*o,r 

(SiTi^yF 




Accordingly 


rfnlT 

cic: 




F(ci + c,)' 


?rrir(Tj + i) 


and 


dn+nlf (-i)rir(Ti + l) d'» / 


['2 / 'V 

Is'* \(Ci + Ci)''i+V ' 


doi'idcj’’* Y rfcj's \(Ci + Ci)’’! 

Applying Leibnitz’s Theorem 

,_( -i)’'«r ( Ti 4-i)r (-2F)". (-2y>->{ -(Ti +i) ) 


dcindca’* 


UCl + C2)'l+ 

n(Ta-l)(-2Fy.-* 


(ci + Ca)'>+'‘ 


2 " (Ci + Ca)'>«^ (ti + 1)x (ti + 2)) + ... 


(ci + Cayn+i 


Tj (ti + 1) , Ta (t« - 1) (ti + 1) (ti -^2) 




(ct+cay#"^ ' 1.2 {<r+"S?(2F)“ 

Now put Cl = iyj, Ca = ^72, and we have from (vi) and (ix) 

,|,(|r|)=F’'i+">+^j Vibi+r»>S'‘(t- iyi(t + l)'.£it 

2'.r'.e-i'ri+Vvp(T^4.1)f-^ ^ t.(ti + 1) ,j'r,(T3-l)(Ti+l)(Ti+2) , 

T 7 -t[ , n,_, 1 \a V2 ■>■ 


.(xi). 


(i(7i + 7a)r‘+‘ 


-hSS 


(T7+*y 


1.2(7i + 7j)'*y“ 





160 Applications of the DovMe Bessel Function (*) 


Hence (vii) and (iv) for Pi t> — u pOBifcivo, 

2 y,, 

r(T>+i)(7i+'yar>+‘ 


X ; 


1 J. 4- •r a(Ta-l)(Ti+l)(Ti+ 2) 

’^1!(7i + 7s)K 2!(7i + 7i)’y’ tj ! Tj ! (71 + 71)' 


Ta!(T, +T,)! 1 

--KFaJ 

(>tii). 


The last term if the aeries bo finite, i.o. tj an integer, will be as above. 

It follows that for y = 0 we have 

_ r'(T, + ^]0^ . ... 

(7i + 7.)'>-''+*T(T,+'i)r(r, + i) ^ 

This expression for is symmotrical in n, t*, yi and We can take far tl>e 
u — v side of the curve 


r(Ti + l)(7r + 7j)'>'''‘ 

V fl 4. --Il.'il’il.l 4.Tl.(TriI.y fe?.+ ^l(’'» + 2) , , , 1 

L il*(7i + 7a)r 2i(7i + 7«)*^* n! T,!(7i + 7iyil'^iJ 

(xiv), 

loading to the same value of z^.o. 

(iii) In order to discuss the moments of the curve in (v) we require the sum 
of the first p terms of the negative binomial (1 — ®)-”, The following elegant proof 
was provided for me by Mr E. 0. Fieller. 

The remainder after p terms of the Maolaurin series in tho integral form for 
a function /(«) is 

But for the binomial /{(c) = (1 — it;)”'", and accordingly 

y<rl (») = (- 1> (- m (- »t - 1) (- ni - 2) . „ (- m -p + 1)) (1 - 

ffm)" 

1 - « « (1 - a)/(l - a + i), 

then i =e 0, «= 0, and i »= ai, « a;, rft =» du, and we have 

-= (1 - ®)-'" X /,(p, m), 


(1 - a)-"'!’, 


therefore 

Take 


>*. 
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where (p, m) is the ratio of the incomplGte to the comploto beta-function 
Accordingly the anm of the hrst js berms of (1 — 

= (1 

= (1 -«)-“(! -Z„(ji.m)) = (l - (xv), 

which is the result we require. 

Returning to Equation (xii) we have 

f y* E = (“e-u «»,+« 

..A , 'r2(Tl + l)^p^ Ta(T2-l)(Ti-t-l)(Ti-h2) , 

+ Tl y + Tl 7+ ■■■ 



Tjlrai /a/ ^ ' 

where and -'f' = 72/(71 + 72). 

Integrating out with regard to y we have 

^ 7‘d7= ^ I^r (tj -t- s + 1 ) + T> r (t 2 ^■s)^ 

+ — ’■» - 1) r (n + s - 1) 7 + . . . + Ts! r (s) f 

(xvii). 

First take s » 0, 

±5^* r(r. + I)(i + 

m T^! ^ J 

= 117(1 — i|r)'i+i X sum of first tj tormsof the negative binomial (1 - )-<n+*> 
= ^ (n + 1, Tj -h 1) = Jf J (n -h 1, Ts 1- 1), 

Ti+Ya 

by the Lemma just demonstrated. 

Hence the total area 

= JlfJ (Ti + l,rs + 1 ) + M/ (va + 1, Ti4- 1) 

7,-l-Va 71+7, 

=B (n/rT) (ir 

In the lust integral write I — ^ for .r, and wo have for the total area 

7t 

— - I — xyadx + f a’"! (1 — aj)’'3cU'l , 

« V'^l) T2) U 0 ) 

7i + 7a 

but the sum of the two integrals in the curled hrachets makes up B (n, rs). Hence 
the total area equals M as it should do. 

BioraeUika xxv 11 



Next take s = 1. 

We have for luonient about F= 0, 




- (ii siniilai- cxjmisaiori w n iiml ra iiilcrclinrigeil mill 71 mill 
72 alsn). 

The exprcasiiiii in ciirlnil brackets, call it Q, may be reml ilk 
Q = r(T2 + 1) (^T2 + 1 + ^Ta + 1 - I) t +^’'* ■'■ (Ts + 1 - 2) 

+(l>±i)ili+.?>.(T>;^.?)(,,., 1 . - ■i)r +■■■) 

= rcra + 0 ((Ta + 1 ) (1 - lA-)-''**" /,-♦ (t, + I, n+ I) 

- (n + 1)-'A'(I — l/r)"'’'!*’’ /j (Ti-f 2, Ts)). 


Thus 

TS + I , 

7s 

Vl'I'Ts 


7i 


Tj + 1. ^ 


7i 


, Ts _+_1 / 

7a V 


(ri + 2, Ts) 

Vl i'Tj 

(Ti + 1. Tl + 1) + * ' / . (Ts + 2, Tt). 

7» 

7i i-Vj 


7i+7a 

(ti+ 1, Ts + 1) + / (ts + 2, Ti) 

Yi'i-rj rt+Yi 

Tl+ 1 


But 


-(j’j,, (ts + I, Ti + l)^-/ (Tl + 2,Ta)^ l,.vviii), 


7i+Tj 7l+7. 

Ti ('^1 + Ta -b 1 ) -b / *y^ (■'■3+2, Tj) 
TjH-Tj Vi + 7s 

7i 

7i < >2 


r(Ti + Ta + 2) /r 

"r(Ts4i)r(Ts+i)\j» 

or, integrating the second integral by parts, 


7i+ys _ . j Ti 




l^T*! + Ta + 2) 

■r(Ti+i)r(Ta + i)VJ, 


Z'. 

/ f7jH-7v« 


7?._., 

(1 " .ir)'4di‘ + f ^ .-t'a (1 » 

' II 


7a 7L'‘Ya'’ \ 

Ts + 1 (71 + 73)41 'a' V ■ 


Since the auin of the two integrals is as bofovo the complete r-fniietioii, we 
bud from (xviii) 


/_Ta + l_ r (ts + Ts 4- 2} 7T‘7a'* 

* 7a T (ti+ i) r(Ts+ 1) (71 + 

_ Ti + 1 "klk + ?) 7T*7a'> 

71 B (ti + 1 )~r (tb + i) ( 7 a + 72)'ii'''3* i ' 
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01 ’, since Lho second term in both lines is symmctricAl in n, 71 niid ra, 72 , 
t T2 + 1 Tl + 1 

Ml = - 

78 yi 

Wo hiive next bo Uko ^ = 2 in (xvii), aud have 

“ rk -M jk ('" ''kV 


.(xix). 


’(t 2+ O'/a' 

(■ri + l)fa + 2) 


+ • 


2 ! 


T2 (Ta — 1) r (xa + 1) 


(Ti +I)(n+2)(Ti + 3) 
3! 


+ ^ TS (t 2 — I ) (xa - 2) r (tj) + . . . lip tu 


+ ,1 similar series with itifccrchangea of tj, xa and ry^ 

= -t + 2) (xa + I ) + (xa + 1) xa f + ^5, ±i Kp + 2) _ i ) 

+ ^)Oi± .g) (Ta - 1) (X 2 - 2) t“ + , . . up to 

+ a similar series with proper interohangos. 

Uepluoiiig (xs + l)xj by (xs + 2-l)(xa + 1 ~ 1), xa(x 2 - 1) by (xa + 2 - 2)(ri + l - 2), 
(xa - J) (xj - 2J by (xa -I- 2 - 3) (xj + 1 - 3) ete., wc can rewrite our fit us 


fiS 


, (1 - l 




(Ta + 2)(xa + l)|l + ''’~V- 


(xi + 1) (ti + 2) 


2! 


— + . . . to 


- ( 2 X 2 + 3) (n + 1) ^ |l + ^ t + fri r + - to f ’>-‘j 

+ (xa+l)iA’{l + 2^"'t2)t + 37i + 2)pi= + 3)^a+ p, 

-t- a similar series with proper interchanges. 

The fir«fc series in curled brackets is (1 — Crj + 1, ts -h 1) j l-ho .second 

scries in cui‘le<l brackets is (1 — (n + 2 , ts). 

T (5 obtain the third series we not© that, if 

,s = 1 + f + ... up to 

= (l-a|,)-(nxW7j_^(,., + 2,xa). 

JiSir) 


then the third series =*: - 


d^lr 


= (1 - (n + 2, Ta) + (tj + 2) (1 - /i-V, (ti + 2, ra) 

4x^+2, xa) ' 



KH AppUattiom of the Double Besxel Function (.<;) 

Siilistituting 

[(’•= + 2) (Ta + !)/,_* (t, + 1, tj + 1) - (2t, + 3) (ti -|- 1 ) j h-t ( -I- 2. t,) 
+ (ti + 1) It-* K + 2, Tj) + (t, + 1 ) (tj + 2) -i')’ ^ 


-'|r)’■^^(Tl^^Ts| + 2) . 

r'^t+l) i'(-^+l) 




+ 11 similar series with proper intorchnnges, 

= + + (r. + S.rt) 


7a 


_Vi_ 

7i »-72 


7i72 


Vi -«• Vj 


, (ti + 1 ) (t) 2 ) . 9 , \ _ 7 a'* 7 i'‘‘ r (n + TS ■)■ 2 ) tj 

71” ''..a..,.' ^ {7i + 7ar>+''<''‘rCn+ i)r(T,+ i)7» 


71 * -a- ■ ' ■ ^ {71 + 

7 i+ 7 a 

+ II biiuiliiv sul'icR with proper juterchangOH. 
We can now oonibiue the two series iumI find 

7a° 


= .t.r.,., (t, + I, Ta + 1) + / (ra + 2, Tt)| 


7i + 7.i 


7i*Tt 


2 (ra + 1 ) (ti + 1 ) f - r,- 4. 0 ^ \ j. r /t 4. 9 i- 

J + 2, Ta) + / (T. + 2, T. 1, 


7i7a 

, (n + l)(rt + 2) f 


7 i + 73 


Jl,. 

rri'Y-j 


7l’'‘7a'’ 


(n + 1, n + 1) + 

7 i + 7 i Vi-rrs 

r(Ti + ra+2) 


(ti + 2, Ta)l 


(71 + 72)'’‘‘'"'a’''l p ^ P 
But wo have already seen that 

hT8 + 2) Yt'tya'’ 7t_ 
r(T j + 1 ) r (Ta + 1 ) (7 j + 7a)''‘ ' ‘ Ta + 1 ' 


h (ti + 1,ts + 1) + / (Ta + 2,Tt)“=l - p 


■ ixx). 


71+7.J 


71 + 73 

Similarly 

I r, {r, + l.r.+ l) + / y^ (r, + 2. -r,) ^ I - J Vr'-T.'* 


' -3 ' '_7j„ 

7i + Ts 7 i + 73 


r(Ti+ l)r(ra+ 1 ) (71+78)7 ' '•trVi + I' 


Again integrating by parts one finds 

it_*(7i + 2,Ta) = - 

and similarly 


.I” (ti + Ta + 2) y , 

-n + 1 (7t + yayr+rn+l r(^nT)T>a'+T) + + > ), 


i*(Ta + 2,Ti) = - r (t-i + ra + 2) 

+2 + 1 (7r + 7ii)7+’-«+i p + i* (t* + 1 . n + 1 ). 
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wo find 


Substituting in (xx) and remembei*ing that 

* (*^1 + Ij + 1) + (t2 +1,ti + 1)~1, 

' — + 1) (t 2 + 2) _ 2 (tj 4- 1) (ti + 1) 


72^ 


7i72 7i 

_ r (n + rg 4 - 2) 

C 71 + r (ti + 1)1^ (Ta + 1) 

[ Tg 4- 2 ^ Ti 4 - 2 2 (t 2 -fl) 2 (ti+ 1) , Tg , Ti 


+ 

7b 71 


72 


71 


+ - + 

78 7i. 


}■ 


and since the last term in curled brackets vanishes, 


nj' = (•^a + 1) (•^a + 2) _ 2(Tg + l)(Ti + l) (ti+ 1)( ti+2) . 

“ 72 “ 7i72 71® ^ ' 


Subtract and we have 


Ta + l , Ti + 1 


Putting s«3 in (xvii) and proceeding in the same manner, we find after con- 
siderable algebra 

_ (Ta + 3)(Ta + 2) (n + 1) 3 (xg + 2) (xg + 1) (n +1) 

+ 3 (^a + n (n + 1) (n + 2) (Ti + 3) (n + 2) (vg + 1) 

7a7i® Ti® ^ 

Hence transferring to the mean we find 

,r3 = 2(Ti+l-ri+l) 

\ 72^* 7i / 

The algebraic labour for <and its bmnsference to the mean ia ao considerable that 
it is clcsirablo to use the chamctoristic function of the distribution. 


, .(xxiii). 


We have first to find 
and this bj (xii) 




„ f ",-(r,-„)r y,, A , „ ’‘aClLt 

r (va + 1 ) (71 -f- 7 a)''i‘*‘^ Jo \ hi (71 +73) IT 

+ Tg (T a - h) (ti + I ) (ti + 2) T“)h - \ ,1Y 

21(71 + 72)^ ' va!Ti!(7i + 72)’’=l''W 

-f a similar series with the proper interohangca. 

Write (va — ct)) Y=y, and we have for the charaoteriatic function F{(o), 






r (t 2 4- 1) (71 4- 72)’'i+^ { 72“ .'0 


1 f*® 

!„ “-'‘y 


■ 4 , Ta(vi + 1) . 'ra(Ta -l)(Ti + h)(Ti+ 2) /72 - a>\"- 

1.'(7 i + 72)V y ) 21(71 + 72)= \ y ) 

- . . . d ]■ dy + a similar seric.s, 

T2!ril(7i + 7g)'2 V y M 



Ififi Appliwtiong «f the Drnihle liesud Function 

. 'frP. '" \ 

7i + W 


l7i+7a)'>’'‘ (72“™)' 




_ 7j/ W (Tj -f I , Tg 4 J ) 


iicnec 
ii’(ni) = 


H- a siiiiilar sariaH willi w (.'hangotl to - rii, sitict! 1' b(Tiim(\N T. anil 
n, 7i eliangoil tn tj, 72, «lc. 


M 


t. aV'*'-/ 




\ 7 «/ \ 

71 ' 


:;;5a 7H u (’■» + 1 . Ti + I ) 


M 




. (ts 4- 1. Ti 4 1 1. 




But till' Slim of Hill two incoiiiiilf.tu U'function ratios is unity. Acoiiirlingly fclio 
oliariuitiM'i.stio ftinction * 

F((o)-- rtm Csxiv). 


('-3 


Now tlni lugarithin of the. chariintoristic. function is given by 

wlicrc! Xi, Xj, ... X, 


1 7 ,’/ s Xiia X#£ii" 

lngi'(<a)= j, -I- 2 , +•••+ ,, i- 


.(xxv), 


11 + 21 +••■+■,,!• + •■• 


ire, tlio seiiii-invnriaiits. Thus 

X,w' 


Xi w j Xa fij* 

21 

= - (n + 1) log - (ti + 1) log ^1 + 

. -,K f<o 1. CO^ 1 

- (n + 1) 


7 s/ 

w 1 !a« 1 

7l»'^3 7/+-'^i'7s''^ 




f® _1 ^ 1 lu’ 

.71 2 71 “ ■*' 3718 + ■ • 


(- 1)'"^ »• 
■' 7i' 




Equatijijf powers of w we have 

Ta -f- 1 Ti -H 1 


— 

Xa s® /U .3 = 1 


T2 


7 i 


/Ta + X , Ti + 1\ 

\ ra® 7i* / 


X2 = pi, = X.2^V-'‘V) 

\ 7 » 71 / 


X4 = /44-iW = l.2.3 


fr^+i+n+i 
V ra* 7i^ 


•') 


and so on. 


5 = /7s - 10/72/73 = 1 . 2 . 3 . i 


fa 4" 1 Tj + 1' 




71 


.(.xxvi), 


The area M of Uie ourve musk be made rmity to obtain the charactieriKtic fiincUnn, 
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The first three semi-invariants check with the values fouinl directly for tlio 
firfit three inomente. 

The above equations suffice to give the mean, sUindavd deviation and 0i, ^2 ibr 
the distribution of tlie difference of any two statistical coefficients, satisfying equa- 
tions of Type Ilf, when these coefficients are measured from the start of their 
ilistributrioiis, 


(iv) The previous investigation will not only have made it clear that we are 
dealing with a functioji closely allied to the Km(ai) Bessel Function in a geueraliHccl 
form, but also that it is desirable to work out some of its properties. We may write 
our curve in the form 

^ = (ryi + ya) F) (xxvii), 

where, if v = |(tx - f- rg -f 1), 

yC., (i (71 + 7a) 1') = «o (i (71 + 7») P)' I” e-Vn' y.)yt (j _ i)., 

(see Equation, (v;). Oo being a constant. 

Thus (a) = c,,®'' I ^{t-Xyt(t + Xytdt. 


If we choose Cj so that when ti = t 2 we have ®'n,,,(a!)= 7ir..(!t)i whore u is now 
Ti + h wo see that our will pass over into tlio Bessel Eunotion Kvitr)] 

this requires us to take C(| = V7r/(2•’^(v-^^)). Thus our curve becomes 


1 M (71 + 7a ) /'_7?._Y*'^^ 

2 r (t, + 1) r (t 2 -I- 1) \, 7 i -i- 72 / \ 7 i + 72 / 


r(v + i) 

^(iT' 


5-pJlli+y,)r 


X (i (7i + 72))^)‘'®’r„T,(| (71 + 72) i') (xxviil), 

whore p = (72 - 7i)/(7i + 72)' 


I propo.se to call 

7i%j, ,, (iv) = m- e-»' (t - l)n (i + 1)'. rft ( 1 / = | (n -|- tb -t- 1)) 

(x.xi.\) 

the Donhlo Bessel Fiuiotion*, and to study some of its properties. We may firal. 
find the difforontial equation which it .satiBfie.s. 


Write for brevity !i = TI and ditforentiate twice, 

fir ~’fr ^ 

g ^ V (v -y II _ I V«< (t- l)n(i + l)7dt + x” j”e-" {t - 1)7 {t + ly^dt. 
Accordingly 

.1:= + a' = vhi + iS"" j“e-« {«(«= - 1) - (2v -1- 1) (1 (t - 1)7 (J -p 1)7 dt 


* Of conrao ouJj a Doublo Besaol Function of the second ordoi' and irnaginaiy arKUineiit. 
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,\piilkatious of the Douhle Bessd 


Now 

(t - 1 )'1 (1 + 1 )'» <//. 

= f " (i - 1 (« + 1 )'»“ 

= f'°ir'''l(Ti+l)(t-!-lVKTs+l)(t-l)|(t-ll'i{t+ 

J \ 

niiico LIk! I'lL'i'ju liLitwoen liiiiitH vanishes, 

= 1%-’^' i (2v + 1 ) (< - l)'i (J + 1 )'. rf( H- (t, - tO I” c ■" - 1)'> ( M- 1 )'• <!<■ 

Substituting we have* 

iL'* '*' * (I'c ~ ^ ~ ^ ~ ( X x X 1 ■ 

This ia the differential eiiuation siitisRod by 9if,,,,,(a-). It may also b« WTiltcii 

a’® ® ■■ “ + i) (Ta + i) + (•* + i (ti - T>))‘| “0 . , .(XXX liin), 

wiiiob show.a ita relation to JC,^.^(,c) when = fur wvtislies the I'liuatiuu 

(v) Wo next turn to the roourronce furmuluo, Conaiilor the uxprutwiuii 

Integrating by parts, aiuee the part betweon limita vanishes, wu have 
J = a'j — l)n (i + lyids. 

Differentiating out, 

J = j " fl-.* jTi (t + 1) + Tj (t - !)(({ - dt 

= (2r - 1 ) j ” 6-»‘ t(t-l )n-i (t + 1 dt + (n - n) I "e-'" (< - l)'r-' (I + 1 

Accordingly 

I ” e-“ t (t - 1 )n-i (i + l)'i-r dt 

"" 27^ r ~ j ” f ‘ * 

(xxxi). 

Multiply both sides by VTr,'!!''~‘/(2'“^r(i/“l)) *'*'‘1 express the right-hand aiile in 
terms of the (ff,,,,; funotiona. We have 

Tl\e other solution o£ this eqjiation is the Double Beasel Function /tj.t, (i). 


(xxxii). 
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The left-hand side may also be expressed in terms of (®) and 

?fTi,T,-x(®) as 

SO that we have 






!,(xxxiii), 


from which a table of (») could be fairly readily computed. 

Next consider ®fTi+i.ra+j(®); we have 

V«7r/n*'+^ f<o 

or integrating by parts, 

= f K^i + 1) (t + 1) + (T, + 1) ({ - D) (t - I)'! (t + 1 


adt 


= [(a-' + 1) !)'■(«+ l)'.dt 

+ (n - T 2 ) J” e-»‘ (i - 1 yi (t + 1)'. dt j 

+ (***ivy 


s-r 

Again 


I’-idJ 


® j “ e-*‘ t (t - l)n (t + 1 )'. di = - I “ (t - 1)'. (t -I- 1)'« 

= j ” e~*‘ [(t - 1)'" (i + 1)"’ + In* (* + 1) + n « (t - l)j (i - l)"r' (t + 1 )"«-’] dt 
= j “ e-*' (J - l)n (t + 1 )-. dt ■)- (2i/ - 1) I “ 6-»> (t - 1 (( -I- 1 )-. dt 

■ (n- n) 1)'> 


v'-dt 


-h (2r - 1) “e“»‘ (t - 1)'!-' (t + df. 




Multiply both sides of this equation by 2 * V(y q. 

) J1 • ® 


2''r(i^+i). 

(ti — T 2 ) 


r® 

^xt . 


l)n-l(i + iya-'lcZiq-5i: 
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Applications of the Doable Bessel FunctwnAK-,^ , {x) 


and thus by (xxxii), 

“ +i;CT 97,- + 7v a (.'i 

(xxxvi. 

Henoc aubstituliug (xxxv) in (xxxiv), 

9fT,n,n+i(‘''') = 97,_j, ,-1 (»') -f + 2„ _ i) *^'■'1' '■ 




Or finally, 

97,+l, r,-H (®) - r,-l (®) = -- {■ 




^Ts\’ 

'Vai.-U 


97, 


I (•'■)■ 


.(xxxvi). 


7'liia formula rcduaos, when ti = t 2. to the faniiliar and iniicli Hiin[ik<r one 
/s:^i(a)-77,.i(.r) = |! 

for the Baasol Function of secoiul order and imaginary urguiiioiit*. Hy mtuins of 
(xxxvi) \v(! express 97 ,+i,,,.h(;(.') in terms of 97,„,,(.r) and 97,j-i,,,,..i(j:). Wo hIiiiII 
find it convoniunt to uan the symbol 2',i,,,(;c) in the following manner! 

W (xxxvii). 

Then by (xxvii) if T' ^ (71 + 7») K and p =■ (7* - yi)l(yi + 7»), 


and by (iv), 

5 = iilf(7i + 7s) 




(. 

\7l + 7!/ 


' ft 
Wi+7a/ 

T,H1 

1 

rfra4-l)r(Ta-b.l) 

/ 7l ^ 

t.H-I 

i 1 

f yt ^ 


\7i + 7«' 

1 1 

Wi + 7a^ 

) 


-pj" J-V “ e-'"‘ (« - 1)'! (« + 1 (it) 


’(Ti+l)r(Tj+l)v'7r “n.'.X' / 

/ ^^^/^’'V;;r(Ta + l)r(n+l) a-"* ' ) ...fxxxvni), 

vil), 

^ = Jlfi (7r + -Y.) M imv Tlf ■ '■ ^ 


or by (xxxvil), 


Hence 


(Trd- 1) Ffri-f 1) 

The element of frequency is 

^dy=adr/i(7!i+7.). 


«rfy = Jlf(l -t p)n+i(l -p)p.+ 


r»(a+l) 

r(T,+i)r(T2+i) 




Putting Ti = Ta = 0 — we have 

^(iF,= Af (1 - p'F+ie-pr' T^T') dY’ . 

* Watson, Theory of Bentl Funcltoni^ p, 79. 


.fxlfis), 
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I'll 


wliioli agrees with the value given in Biometi-ika, Vol. xxi. p, 1S3, Eipiation (xli), 
if WH remember that we are here dealing with one-half the full curve, and that p 
i]iay be eitlier positive or negative. Sometimes one and soraotiines the other of the 
tsvo expressions I") ami ?’r,,T,(h") may be the more serviceable. 

Writing (xxxvi) in the form 

= I (l.+ + (^ - ( 2 V -’{)') 

wG may replace the Ijy the funefciona and find 




iv + ir'*' 4v’-l 


+ .,U^ 


t('-SV-7)V-v.-xW (=<H). 


When we make ti « t 2 = y — this becomes 

'/'.«(*) = 2 /; 1 T,(x) + 2U(«0, 

and is identical with the formula (xliv) on p. 184 ol Biometrilm, Vol xxi. 

(vi) In tho nn.-tt place we may consider the diHevential coefficients of our 
funotiuns 

1 <Kr,.r, (^)) = W - 2 , < ({ - 1 )'! (t + 1)'. dt, 

and tluis by (xxxv), 

= - a' . 'If ^ <Kr, , ,. (^). 

Thus 

(xW). 

This roducoa to the familiar relation 

of tho Bessel if-funetion, when Ti = Ta=v-'J'*. Tho oorrospoiiding voault in torms 


of 5fT,,T;(«) is 
d 


.(.)) = - 2/_y (1 - W ■ 


.(xliii). 




If ti = t 2, then 


dx 




* Wfttaon, Theoi'if of JiestelFunctionx, p. 79, Equation (5), with wi=l. 
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We may put (xliii) by aid of (xli) in the form 




;r d T,,.,, ( .r) 


dx 


.{xliii hix), 


whence if ti = t 2 the result 


2r 


of Hiometrika, Vol. xxtv. p. 308, Equation (1) directly follow.s. 


(vii) The.se ruaiilts enable us to deterinme Ibo equation for tiut iiuhIc of llti' 
curve 

where d” = ^ (71 + yO 

We must put rfr/tii'' or rir/(Zi" = 0. whence wc obtain, if I'' cumisjKiiui to Llio 
mode, i.o. = J (71 + 7s) wbore ? is the variate, v-u, at iiimic, 

or, by (jdiii), since r = ^ (tj, + tj + 1), 

p _ _ nril! _ |i - %h--> > ^M.). 

^ Ti + Tj n + T, I \n + T,/) 

If we take ti = ra, tide agrees with a somewhat dill'eront nutation (p iit'galivo), with 
the result „ 

f' 2U(P') 

2i'-l yV(P') 

of Siomeirika, Vol. xxi. p. 184i, Equation (xlv). 

The simyilest form of the result is in the functions, namely 

Tj— Ta driT* yfri-l.T,-! (P*) , . 




Clearly if a Table he formed of or 5",,, wc ctm I'm' every entry <>1 

n, Ta compute the right-hand side of (xliv) or (xlivfrw), and then by hackward 
interpolation obtain p*. Since p always lies Ketweon + 1 and - 1, 7, anti 7, being 
(see Equation (1)) positive, we may have to find Y' either from (xUvhis), or from 
the equation 

^ _ TsyyTi _ diT,Ti _ 

Ts'+Ti (T1 + T2)' 

as the ease may be. 




(xliv ter), 


(viii) Tables to be oompitUd. Before it is possible to illustrate the statistical 
value of the Double Bessel Function, it is needful for tables of it to bo computed 
Such tables will be oalouiated for the argutnente n and tj proceeding by O'o. Iti 

• The euiiliery Table thus fomod will oortespond with the colufflM oatJtlcd ■■ p” on pp, 19S— 20] 
of Bhmetrika, Tol. xxr. 
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order to conatriiot such tables by aid of the recurrence formulae of this paper rve 
need to compute fourteen primary values of or ST,,, The reader may 

be reminded of the following fundamental relations, in which K'^'i + ’' 3 + 1) ■ 

JV„ri(®) = 25j r“(i(Ti + T,) + l) |i ■*■”(*- + 

(^) - 2- r (t (rr+ r,)+ T) 

see Equation (xxix). 

When Ti = Tj, V = Ti + i and T,i,r. (®) becomes (aj), the single T-funotion, wheru 

2'n+i («) = 2nl-rf(Tr+T) 

and ifri+i (®) is the Single Bessel /f-funotion. 


(1) 2'-i,_j(®). 

r-i.-jW = = - /fo W- 

Kg(x) will bo found tabled to 21 figures by Aldis in the li. Soo. Proc. Vol. LXIV. 
pp. 219—221. 


(2) r-i.oC®). 

Take 2 “= t — 1, and we have 


or. 


7-},o(®)=a/| 


T“(f)“ ■ 


(3) J’o,-i(4 


(®) = V® «■"* (1 + l)"i dt. 

Put a'(t + l) = Ja®, and we have 

A-iW=r3(j)e L* 


r*(3) 


4(1 


Here |(1 — 0 : 2 ^*) niay bo taken from the probability integral table. 
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( 4 ) 7 0.0 (■■'•■)■ 


— J.rj 


{^) n.o(4 


'''i.«W=2!/2 f 

— _1_ ^ ./-H p-j: f 

J. ' 


7'l,oW = 


2 c""*" 

rM) ■ 


(fi) 7'o.l ('<■)■ 


7o, i ('*) ~ 2 ^/2 r^rj) 1 1 "* ' 

1 ) 1 ', taldiijf X (t + 1) = .j,n‘, wo hnvo 

,,, , , 4V2ir . f» e-i"’ . , 

whoime uitegrafciiig Ly parts, 

2 0 , i (®) = p^( j) + '•''2'^ i (4 - «s '.t)!. 

(7) Wo may noto two formulae here which may ho of .sorvioc ; 

= 2.J+1 P'(^ti+T) 1, ■*■ 

iiiiil putting a: (i + 1 ) = u, wc have 

■^0, ~* 2ri+^ + i) J'l * ***^'^*f^*^ 

which thi'owH bade the computing of j?i,T,(aj) on the 'rfthlejf nf tha luvumpUitt’ 
V-Functi{y]\, 


(S) Again 


1 

^rLoW^g^.-HplJn + I)* 


'I (£ ~ l)'i rft 


■ 2'i« r^(4n+ 1) 

-J, 

-2'.+if»(jTi + l/ 


1 f™ , 

— 7 -; . e"® 

Ti + 1 ) _ « 
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ThUvS e^vjily computed by aid of tables of the complcfco r-functiciu 

and Newman and Glaisher’a Tables of fcho Exponential. Patting in (xlvi)Ti = 0, 
we have 

7o.o(*‘) = in (1). 

Putting in (xlv) ts = 0, we have the sjime result. Again putting ti= J-, we find 


A.»W-2^2 r'CI)” 


2V'27re-"’ 

i^( « ■ ’ 

which agrees with (6). Once more putting ri = — J, we have 

rn / \ IP (4') /'^ 1 

, » W = '*' = V 2 f'^) “ 

which agrees with (2). 


( 9 ) 

y-4 , i (•■«) = hv j ” «-■“ (i - l)-i (< + 1 dt. 

Now Ka(ii:)= [V"(i-l)‘^(i + l)-irft, 

or (ffl) = j “e-» ■(< - l)-i (t + 1 )“J dt. 

Aoouriiiigly ^^(e"*/£'o(®)) = - j (4 - + l (W, 

and = ^(e-* /<■(,(.•«)) 

But* = 


therefore 


eo) 

-')■ 

Now 

{x) = l^c-” "-ii (t - l)-i (e + l)-t dt, 

or 

(Ko (ffi) e») = - |“e-* ({- 1 )* (t + l)-i dt. 

Thus 


or, finally, 

'd'i.-i W = (-Kt (») - dfc («))• 


To find ^ and T :^ , _ j (®) we may use the value.s of Kq (x) and Kt (^) provided 

by Aldis in the R. Soc. Froo. Vol. LXiv. pp. 219 — 221. 


* ■\Vatson, Theory of BestelPuncliom, p. Tt (7). 
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(11) 7 '„,i ('4 

If Ts be a positive integer 


2o,r,(®) — gVjVl j'i 


'“(iTa + 1) 


(-li'a iC'a+1 (•“ 

- 0*-..- I I 

) CM'I Ji 


2r,+i ^(^Ta + l) 

(— iy> 

r*(^Ta+l) dim' 




d't 

C* \ ® / 


_ 1^ r(r:^-|-l) 


2a.- (2a)= 


'2'.+ir“(iTa + l) 






Sp') ...(xlvii), 
ra! / 


If Ta = 1, 


7’o,i(a.-)= -fi-*(l+2*). 

TT 


(12) 2\,a(a;), 

We have at onoe from (xlvi) 

7i,o («••) “ ^ e"* 

(13) 2'u(®). 

7j,i (it') = (®) “ (®) = i «“■' (f •<■ ■■‘•'). 

Sea BiometHka, Vol. xxi. p. 183, ftn. 

(U) 2’i,i(®). 

Wo will prove first a reonrrenco formula of somo sorvioo in tabiilivtiiiK Double 
Besacl TTunotions. 

'.+1 = 2^-;r+2 P(i(Ti + Ta)+|) li **’* (* + 1)'’ (J - 1 + 2) fi< 

= 2n+V.«P(f(Ta + Ta)T|') 

X I (1 - 1)'>+^ (t + 1)’» (it + 2 1 V" (t - iy> (1 + 1)'» (i(| , 

^'n,'.+i= i'n+1. + * 2^0 (xlviii). 


Put T] = I, Ta = 0, and wo havo 
But by (8) 


1 (*) — 2j[,o(.T)+ pf||-j»7'l,o(!f). 


h.o f') “ 4 ,/2 ram * * ' ^1-“ ~ 2(72 ra(|) 


Accordingly 


4V2r‘(i)’ 



Kabij Pearson 


as) 

We may rearrange (xlviii) in the form 

(®) 

Put n = 0, T 2 ~ i, and we have 

Ti, j («) = To,# (®) - «2'o,i (*)• 

But hy (7) 

1 ^ /f* \ 

where /' is the incomplete r-fimcfcion ratio*. 


Similai'ly 




Thus r., j (a!) = ^ If (1 - f'o. (»)-»(!- 1\ (»)). 

The values of /' 2 »(|) and /'a.® must be found from the Tables of the 
Incomplete V-I'miclion. 

Wc may, if we jjloase, work from blic probability integral of the normal 
ourvo, for 


Hones writing ®(t + 1) = i'«“ we have 

,n 1 r 


|V«(«-1) (f + l)i*. 


T, . W = -i ^ f ” du. 

1.4^ 25r“C5)Jj.'» ^V2 

and then integiabing twice by parts we find 

2i, i (sj) = g (l - i (1 - ■ 

Having regard to the values of in (3) and TD^^(a!) in (6) this may be 

written 

= g J’o.4(“) - y 2'o.-i W. 

SO that can be found from To^^(a!) and ?o,».j(a!). 

I e~^u'^~^dn 

* The BiTubol I' ia here ueoil to distinguiBli the integral ratio ■' from the 

f7i VTTh 

I e~^v^dv 

quantity I (n, = 1 ) ~ ^ *he work Tiiblee «/ t/ie Inoowplete r-Fu7iGtion, 1922. 

To obtaiu I'z(q} (cam thoao tables wa mual take u=sfq and 11=5 - 1. 
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MISCELLANEA. 


(i) Adjustments for the Moments of J-shaped Curves. 


By W. PALIN ELDERTON, C.B.E., IJ'.l.A, 


Whou stLiitisfcioa Gxpi'oasiblQ by tho exponential ate stated in groups foi' eacli equal 

subrange /i of A', the successive gmujisareJ j etc.; or 


etc. Theso terms uiny also bo regarded as a geo- 
metrical progroasioii*, the first terra lxsingyotr(l-c“*/') and tho coraraon ratio It follows 
that if wo treat tho are.aa as a goomctrical progresahm extending to infinity, calciilato tho momouts 
on this assumption and read the result as graduated torm.s of a goometrlwil progression, we shall 
roach oniTcctly gi'advmtod areas, and wo can subsequently write down tho oquation to tho curve 
with littlo trouble. 


Ollior i)oints ilvo howovor involved. Let us write tho goomctrical progi'C88ii.ni as and put 
A =s(l -u)'“b then the momonta about its mean are 
2nd moraout 

3rd „ 2d»-3i<2+/l, 

4th „ 9i<-18dH10A^-yJ, 

and if wo work out /Jj and ^2 wo got 4 -i-A*/p 2' and 9-f rospootivoly. 

Using tho oxpouontial, tho raomonts, etc. about tho mean am: ^3*2(r3, jyi=4, 

Hence when we calculate moments, a<wuming that tho statistics form a geometrical progres- 
sion, whereas they arc really areas from a ourvo, and sock to choose tho type of cniwe from 
Pearson’s oritoria in his aysbom, we shall roaoh a porsistoiit error. For tins purpose tho and /Sg 
found from the statistics should bo raduced by AVw- 

This rule can bo usod as an approximation in all »7’-sbaj)fid curves and will bo found to give 
satisfautovy results. 

S(j far wo Imvo as.suraod that we know tho start of tho curvo and that all tho bases of tho 
areas are of equal hiko, If this docs not apply wo can, iu tho ease of an exponential c\uwe, fib the 
curve, excluding tho first (incomplete) term, and regard that term as related to an appropriate 
base extrapolated from the graduation of tho roniaindor. This ie an arbitrary arraiigomcnb but 
has practical advantages. 

In other ./-ahaped curves in similar circumstancoe tho first step would bo to assuino an 
exponential, to find therefrom approximately the base of the fii'st incomplete group, and then 
assume that the area is concentrated at the middle point This will generally givo good results : 
tho asaumjitiou of the exiionential overstates the base and the aasiimption of half-way aasnmes a 
less rapidly falling curve than the /-shaped forms of Types I and III. There is therefore 
a balance of error. 


* "Geometrical progression” is used throughout to describe a disorete series and exponential curve 
to describe a oontinuous one, 
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Miscellanea 


Turning to llm Htatintioal wile, the esauiplc (in p. lOG uf Friupimcy Gurim and Condation 
givGH ^.,-'2-04ri, /di = 4'()'2U, ThoHtt tiguren cnmo from tliu vmmljuHtoil iimimMitw, ami 

(Icidiictiiig ••!!) from tlio ab(jv(i valneH fur /Bj tMul /^a \v& roimh 4*14 luui D’Ol. Tim tluiorotical voliuw 
when iui exiKiiioiitial ovivvo in to lin used arc 4 and 0. 

If wo ivppl^’ tlm riilit as an apimixtnmfcloii in (ithor tZ-Hliaped onsos wo find that in Urn cxarapli! 
on p. 109, whore a twisted ./-.Hbap(Mi ourvo in given, and tins 

ivtjustinoiit leads to = '^27 and (J.>“ 2'412. Honcx) - 0 ho<;i mics - ‘ODB instead of - ’.'UIH. 

The tliGoretical cnfcevion would lead \ih to cxiiect fijBa- d3j 

Tlifiso cvxainpbJH are not, of coiu’se, complete evidence, hut they show bliab the HtiggcHticjiv may 
lc;ul to aocurate I'eaults, (tnd it ban the niovit of simplicity. The rule with regard to the adjust- 
incut of the /S’h by may he eomhiniH) vvitli the approximations given on p, lOfl of Fretjwawj/ 
Ciin'oii and Correlation, where it i« menkioued that the mean is ov'OixhvtiKl, wlum uj jk ponitive, 
by about B (T, and the Hcoond moment about the true mean (i.c, the mean aa comseted liy 

/iV(12<r)) 5 h uiulorstated by ahiiut ^2 SincoffiM unknown, theaci quantities will he (sus they 

arc small) , Vm*' and .-f , Ua'. In this form the dinienHioiis ate. tniunhiined, and wo hw. that 

I2;i; 

the ilogrise of approximation m inca-suml by If 4 bo tiikon itK a unit ami tlm muinente 

fiiniid in tonuH of A, i.c. in working unitH, tlm currectioiiH aro 1/12 ami iw aUiUal In the 
woi'kjiwbrofon'oil bo. 


(ii) Note on Mr Palin Elderton^s Oozrections to the Moments of J-curves. 
JiY K. PEAItSOX. 


Hr Bldertou has duducfjd Ida cnipiricid rule from the exponential curve and HUggiiaUnl that 
ib may give good roanlts for all y-ouwoB. Hnch curvc.H include tliose of finite range, ami thoNo 
having coufttantu far voinovccl from thoao of tho exponential curve, The ftimplioity uf the rnht is 
BO intriguing, tliat I tluniglit I muet try it on one or two ciu'V(w far roumved from the exiKiiiwnlial, 
th(3Bo curves having knowti (i'n, and coinputahlo .froquoncict). 

1 prop(5ao al»e to compare the accuracy of the rosulte with moment con'OuUona hy other 
mothoda. 


Fini DiitribtUinn. 


OouHidor the curve 




'O'BOB+xry'ft 

,3*I93-/ry 


Tlua is a Typo XU lAcurvo of Uraitod mngo, for x vuna fnuu -O'SOR tu +(iTS13, ur tlur rango in 
10 mute, with an asymptote at tho end of tho mngo. Tho curvn is wliat Mr Kldrrhm Uu-inK a 
twistod /-shaped curve, i.o. it riaos vertically at tho -(h808 ond. We rrmy write tho curve in 
the foi’in 


and its couatanM aro then 



Mean«7T), 


Wo nood not trouble abiiutyi,. 

Dividing the mngo 10 into 10 equal submngeu, wc find hy tho Tabla nf the. Jw.umiM>', 
Beta-Function tlio following frequencies for a total of 10,000 : 


Subrai]gc 

0—1 

1^2 

2-!t3 

3—4 

4—6 

5-0 

6-^7 

7—8 

H- !) 

frequency 

138 

267 

368 

468 

577 

705 

870 

11 Of) 

1540 
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liiking mftruents ftliout thfl centre of tUo group 705, I find for the cnido moments coefficients 
ri' = l'01G5, i.s'= 8'6977, r,-,'-25-{i030, ri' = 134'i»77, 
lending, after traiisferenco to the anida mean^ to 

.i' = 7-41fi5, na’ = 508-17, ,*3'= -15-49047, ;i/ = 109-GI!9,62S. 

To got g;,' positive wo olmiige tlio direction of the asia of .t- and ineasm-o from the other end 
(if tnir curve, tluiH 

A-" = 2-')fi3rj, fii.''=5*{)247, /x 3"=10-4094’7, ft/ = 109-669,528. 

;^2 

IVo have now to follow the rule and subtract a- from a". But wo do not know rr, and are 

Ibc* ’ 

/-- A2 1 

coinpollGd to use vu 2 "“ 2-434, 071, Thua — t— ~ -'. whevGaa the true 112 would give 

12 V;*./ 29-208,852 ^ ® 

^^ = '033,333 ftb againab ‘034,236. 

The moan by Elderbon’a Rule is thua : 2'D49,lfl7. 

Tho correction is thu.s not largo enough; it would have been smaller still had we us(i(l the 
true but supposed unknown cr. 

The frem the unadjusted momeuto ai‘o 

f3i"=l-156,141, f32"=3a24,304. 

Elderton's Rule bids us subti-act Here wo can us© tho corrected To ascertain this 

wo. must go back to i< 2 ' = 9'6979 and subtract from it tho square of the distance of’ the oorrMtod 
moan from 5-0, 1 . 0 . (7'4IGC-0-5)2=(l-g]G0)2=3-(J72,972, to this we ai© to add iV- 
(r2=9-5979-3-673,D72+*083,333«*6‘008,261, 
or a-=2-461,l76. 

Further, A2 /(t®=- 1CG,437C. Accordingly wo have 

,3i'= -988,7035, ^2'=2-957,8GG6. 

We can now collect these results and compare them with the values obtained by various 
mctliod.s. 


TABLE I. Results for Risl/rihution, Curve I. 


Character 

True 

Values 

Uiiadjustod 

Values 

Eldcrton’a 

Adjusimenta 

Fearae’s 

AdjuBtmentB 

Martin’s 

Adjustments 

Mean 

2-000,000 

2-583,000 

2'649,187 

2-489, 070 

2-529,440 

Standard Deviation 

2-000,000 

2-434,071 

2-451,175 

2-499,079 

2-472,188 

ft 

1-000,000 

1-106,141 

•888,7031 

'984,240 

1-048,328 

ft 

3-000,000 

3*124,304 

2-967,8665 

2-987,067 

3033,464 


Wo have shown, how the values provided by Eldertou’s Rules are obtained. Miss Pearse’s 
adjustments are given in Biometri^ay Vol. xx^. pp, 314 — 3S5, and in Tables for Siatisiicums and 
Biomeii'icians, Part II. pp, clxxxvii. — cevi, with the requisite Tables XXSVIII — XLI. 

* Mi-Eldetton tells me he -would have used the uncjorrected but this is amallet than the coi- 

xeoted fi^, and accordingly since the ^'a are already overoorreoted, it would have inoveased the dva- 
ctepancy. 
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1 have t<i thunk E. S. Mavtui for the arithmetical work, fii case any n^ader .sh«nilil (;an; 
to follow out tlic work, I giv(! liia cliiof i-esuItH. Writing down the frciinoiuicH in ravi'rse ordju', 
we have 

= 7i.j=lrj40, «:,= 110}), 7i4=K70, «r,==70ri, 

Tiii'iiiiig to Tablt! XXXVIII, he I'minil for 

('learly q must bo taken jw -li. Table XU then gave the K'h witlmut jnteriiolatii'ni as 
A'l^ -2HM-:i02rj, A'a^2124‘0472. -17H3-fm7, A'(«ll)3M:J2!). 

Now the lirsb frcf^ucncy was exchifled, ajirl inoinentH taken for the rouiaindin' aboul. tlin .Hturt 
of the range of .second frcqiuincy r.^, Uaing the formulae, TtiHcs for \h exo, the 

valncH 

;ii' = l'4Qn,!)70, /ia'=H*4firv10r», /i;,'=47’04l,:jt)fi, >i/.-^=2b!)‘2rif{,473 

were found. 

Ti'anuferred to the ooiiti’e wo obtain 

= 0’24ri,3n5, ir)-h02,7i)3, mi = I Ui’hlO.O^r), 

and HO tr and tho ^I'h. 

It will bo noticed that tlio whole of this niornciit oaluulatiij" svork iniiMtalHo 1 k> ilono when 
UHiUji Eldcvtou's Rules. But the (idjirntmcnts ar(» brhifor in tlu! latter than looking iqi q .iiid the 
A''« from Mws Pcarwo's Tables. It will not as a rule Ikj reqniHito In interpolatP. 

The last colnrun of Table I givo-s bim rOMults of Mr MuHio’s n«>t yet published umllmd. lly this 
mothod thorn are two unknowns to be pj-ovlmmly foutnl heforo computing the riioiiKUitM, nanmly 
tUo degreo of a«ym\>lutieity ixs delernuuod by Mina I'camV and furtlier Uu*. p<wjHnii the 
aayraptoto— lying in the first Huhrango—- is osHUiucd to bo unkmuvn. 'rhis ilunhln igiiorain'o 
renders ihc method lena exact than Miss PtiaiWH which supposes the position of the osympfobi 
known. 

It is clear that both the Poarsc* and the Martin niotlmds give in this raHi*, inoro ainairato 
rcsviUs than TCldorton’s. It. rornaina thou for the jiuiginont of the individual tnvcHtigator to 
dotermino whether tlio incrcaaotl accuracy is or is imt worth the somowhat iiiiirenHwl ]at«mr. 

Second DUtriiution. Our first curve was one with l(nv/j-value.i. I tiiought it desirable Ui Urkfi 
an extreme case in the opposite dii’cctitm, nuiiioly a lAshaped curve with idgh ff-valuvs. 1 sought a 
curve with ^i = T,0 and ^^=20, roughly, which would have fairly oivsily detoj-minod constant.-^, and 
of which the areas could be found without double intniqsilatinn into tlm Tnhlcit of Un: lmionpl>'0' 
Seta-Functum. A Typo VI J-curvo was taken with oquatimi 

1 00,001) X 2*1 06, hOO 
■ 

This gives a totid frequency of 100,000, with the following eonstanU ; 

Mean (frc»m.r«l)- -036,714, <r«.-ori:i,:M2, 

(y|te= 11*206,807, igtt«21'«44,Oi3. 

By aid of the transformation a’«l/{l -^worau ennvort the curve into an iimtmiplete/J^funuLitm, 
i.e, Bg ('hj 15), and thus find tho areas. But difiic«Uie.H pi-csont tlioinHiilves, if we ah* U> liavt; a 
workable uunibor of sub^froquoncicH. Tho ciu*ve is oxtreinely leptokurtie, and if wr ctinfmo mu-- 
solves to the number of some 25 sub-frequencies, the .submago A ruimt lie of maguitiule alKiut -04. 
This causes about 72“/^ of the frequency to fall on tho firat Muhrangc, and them is a hmg tail 
wherein if wo only proceed by units of frequency it ia difficult to know where exactly to place 

* TheTearee method would doubtless have eiven still oloaer- reaultK, If wo liad UKcd, as we oiiKlit 
alao abruptness ooellicients, at the far end o£ tlie range, whore the eurvo is porpendicular to tho x-axis. 
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them. To ;wl(\ to the difficulties interiwltition liy asiial methods into the Tables at 

the upiici' end nf the ciii-i'e ia unsabi.ifactoi'y. After ccrtaiii modifications of the /3-functioii ha\'o 
been made*, and the first sub-frequoiioj checked by iietual expansion, the following systom was 
nbtaiiied : 


a- 

Frequency 

X 

Frequency 

1 'Ob— 1*04 

71796 

l-48~l*52 

23 

l*04~l-Qa 

1Q022 

1*62-1*56 

15 

1‘0H— 1T2 

Q43B 

1'58— l*G0 

10 

1T2-1'1C 

3108 

1*60—1*64 

(J 

1 •16—1 -20 

1600 

1*64— VOS 

4 

1*20-1 -a-i 

861 

1*68—1*72 

3 

vu-vm 

4B0 

1*72-1*70 

2 

1 •28-1 *32 

276 

V76— V80 

A 1 111 

l‘32-l*36 

101 

1*80— 1*64 

1 1 

1*36— 1*40 

97 

V84— 1*88 

0 0 

1*40-1 -44 

69 

1*88-1*92 

1 0 

1-44— 1*48 

37 

1*92— 1-9C 

0 1 


A tUKi JJ are two altornativo sohcnics for the arrangement of the hiil. ]3ut they provide so 
little final ohaugo of Migtiificanco when tried by tlio Poanjo method, that it is clear that t))o three 
final units would have to be scattered far more widely apart than appeared rcuiaonahlc to get a 
oloRor approach to the observed liigher moment values. As scattering inoroftRes the (9 ’h, it was of 
no iidvontago to try tlio Scheme P, see Table II, with Klderton’s rules as they arc already too 
large. The reader must romotuher that with Po»«no‘s method wo neglect in the first place the 
first frequency and find rnomcnt.s about a?e*V04, but with Eldcrton’s nietliod we find moments 
about a!s=l, T give the final results inTablell without supplying tho intermediate links, I may 
note that Pcarse’a q lies between *4 and *6. If wc interpolate for it, wc find y*'478,7Gii. Our 
last column in Table II is given to indicivto wlwthor it is worth the troiOilo of interpolating for 
f/ and the J’a. 

TABLE IL Results for Distiibution, Curve II. 






Fearse’s Adjustments I 

Character 

True 

Crude 

Eldeiton’s 




Values 

Values 

Adjustments 

Soheiue A 
ff = *5 

Schenm B 
q='5 

Scheme A 
Interpolated q 

iMoivu frmu .v = l 

■036,714 

■042,721 

•040,061 

■036,721 

•036, 741 

■035,684 


•033,342 

■049,034 

■053,366 

■063,241 

■063,241) 

■063, *206 

fi, 

ll'20fl,B»7 

IS'87 4,089 

13*313,147 

!0'a09,210 

10-832,106 

U)'7HI),H03 

ft 

21'884,(H:i 

24*332,380 

23*770,638 

20'373,4B:i 

20'4r)5,0ir) 

20'036,7r)3 


Eldevton’f Riilo gives the boat result for the standard deviation t, but tho dcducti(jn3 arc ,secn 
to be insufficient in the case of the mean and tho two ^'8,when h forms so considerable a part tif 
(T. should need to go to a higher approximation. Poarso’s results indicate that .wo gain 
nothing of real significance by ii)teri>olatiug for q, a pi'oceas whidi of c<nu'so increases tho laboui' 

* I have to thank Mr £. C. Pleller for aid iu this matter. 

i His role would give a worse result for the standard deviation had he obtained a better veault for 
tliG mean. 
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of adjustment. Again, wo may note with aatisfiiction that Httlo dilVereiiGU in niado. by iiiciHaj^ing 
the scatter of the tail, or the problem of where beat to coneentrate the Ifwt tail unit iu after all 
not of great importajice. Pcai-Ho'H adjustments /or the third and fourth lumuentw give Uki 1<»w 
valiiGH for the but, taken (ui a whole, for theHo «fl well ixh ft»r the moan they yudd more 
aocximte rosults than Kldertim’n method. It w, of course, an application b' a niof-^t extnnne 
case, and there in little doubt that KldcrtuuV method would give iiuprovtKl reaultH wuw. the 
corrective terina taken t«> a higher approximation. Wo inuat not, however, forgot llmi it is prio 
ciHoly tluise <U«bribiitioM« wbioh give an ovorwholmiiig froqueuoy in the first suhrango (incntiitia, 
house property, etc.) that oauHo the greatest trouble witli our gmliiatiori. For such eiirvcM A/tr is 
not a very small quantity, and we cannot afford to rot/Un only the lowest power of Lho quatitity 
a[ipGaring in fcho adjuntnient. 


(iii) A O'eneral Expression for the Moments of Certain Syrnmetrlcal 
Functions of IHormoI Samples. 


Bv a. n. GliAHY, M.Sc. 


In a paper entitled “The iforaontw of the Distribution of Normal Hamphsa of ilo^vsimsH t»f 
Departure K’otn Normality,” K. A, Fisher* has dovoloi»od a techinqiio for tliu caloulatlon of 
monionta of fuuctiouH nf the typo whom 


yfe.sa- 2 .Tjaslrti 
« |u| 

^ * - --- 2 - * 


■ (« - 1) t» - a) iJ “ (n - i) in- i) 
etc.. 


nhrt^ 


..(Jh 


''itli -i) *1-^*',® 

and where the xi represent the measures of n olomonts drawn ivt ranclora from a normal universe. 
Fisher has given the exact formulae for some of the lowoi’ monionts of and The 

object of this note is to show how these results may l>e derived by an alternati^'e pn>ws6» and to 
write down a general formula for those momenta Iiv what follows, the momouta of the functv<niH 
nip/wij'’/® will be considered : the lower moments of the oowosponding Fishor funotioiis can onsily 
be calculated therefrom. Square bruokots, [ ], indicate universal urithmebio moan valno , alwab 
a fixed origin, not about the wvmpling raeao. In the proaont problem Lho univcml mean and 
standard deviation may bo presumed aero and unity rosijeotivoly, without loss of gtmorallty. 

First, ft general formula for the moments of mp, oalculatud from aamplea of n drawn fh>m a 
nofinal universe, will bo caloulated. The method is that which C. O. Craig t has used to show li«w 
the aomi-invariants of motuents of samples drawn from any unf«er«« may ha derWecl aud by 
which ho hoe calculated the exact values of the ftrat four laoments of and . 

Craig’s method, os applied to the normal case, starts with tho following identity in t ; 

(iii), 


* Frocudlngs of the Royal Society, A, 180 (ld 31 ), p. 16 lej. 

t “An Application of ThieWa Sami-Invarianta to the Sampling Problem." Jl/etron, Vol. vii, N. 4 
( 1928 ), p. 8 seq. 
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from wliich it followH, Hince the are independent, that 

r.svn 

n I 

npon aubHtitiitioii for tlie an given in (ii). 

It ia immediately evident that, in the normal oaae, [731/] is aero if p atul r are both odd 
nninbors. It will only be necessary to oonsidor the case of rp even. 

Now 

The means in the last expression can now be calculated by identifying the coefficients of 
on both sides of (iv) : 

(2S-SU)! „ 1 


„ 1*;’ / IV 

pri\...pr,] 2«,=o\ nj 


(»-*)> »i ' (m - 2»i) ! . . , I ( pr, - 2»,) 1 ■ 


..(ri), 


with 

Hence, from (v) and (vi), 


j rp’^Siy 






a\ n) (J- 


zM}. s 

*)l »i 1 (p^i - S^i) I . Sg I (pi't - 2 «e) I 


..(vii). 


Fisher* has shown that in the normal case a simple relation subsists between the moments 
[/*/] and tlio [^■/M'3^] • Hia method of proof, depending on the properties of differential operators, 
is somewhat complicated. The following method indicates the genesis of the rdationsbip. 

By ail orthogonal transformation of the original variables a?*, of which one of the transformed 

variables is S;r(, followed by a transformation into generalised polar coordinates of the 

v« 

remaining n — 1 variables Xi, of the differential element 

\*/2jr/ iai 

it is easy to show that the moan Wi, the second moment (“JJ P*' P is the radius of the 
polar coordinates) and the w-2 polar angles *ve all independent. Now it is clear that the 
functions upon transformation, are explicit functions of the polar angles only and uro 

thei-eforo independent of 7719. Hence 

“ [w] 

From the known distribution of TT^t, the last factor is as follows ; 

(i 4 

From (vii)i (viii) and (ix) the required expression for [mp^TWa’] oan be written down at once. 
The property that And 7n.,,/77i9*‘/* are independent may also be used to demonstrate certain 
simple relationships between two-dimensional semMnvariante of the type (W9, wip) when I is 
kept constant and k is allowed to vary. The probable existence of these relationships was 
surmised by C. 0 . CraigJ from, the form of the lower semi-invariants. The (?H2 j Are given 
by the identity in a, /3 : 


J,^ama + __ 


S 2 8t 
pfc+i-i 


itUI 


..(X). 


* Op. cit. p, 37 . 

t “ Student,” “ The Probable Error of a Mean,” Btometn'fca, Vol. vi. ( 1908 ) p. 1 aeq. 
t Op. cit. p. 01 . 
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Th<* iirrit to.i'in may ba wntteu 


lS» 


witli 


i/,,- [»>»„■] ='■^^1/*^ X (VI. 


since 77?2 mid arc ji)dei.)endcnt for nnnual wwiplcM. Hence, fituii (ix}, 




‘ X ['Vl> 


from wliiclj it MIhwh that, if a is sc snialt that 2a<H, 





(Si). 

ExjiaiKlinij the Ingftvtthmic and bimmiial icrnis in tho exponent <if tlio ln«fc exiiresMimi ami 
compui'iiig the cnoiliciont iif n^/SI* with Uio cori'ospmniUig cooincioiits in tlie scvoml side of (x), it 
will bo Hooii that 


and 


) cori'ospmiding 




Thofio voHults arc tu ageeoaxont with thoKC for ni,,), /■, /»*0, 1 , 2, 3, 4 and p«b 3, 4, from 

wliich Oraig Hurmisod fciio general rosiilts given nt (xii). 


(i7) A Statistical Stud^ of the Daucus Carota L, 

By william DOWELL BATEK 
(Univerfiity of Miuhigan). 

Tho object of this article is to cora)[>Rro two swoplos, oaoh of one thousand, of the Wild Oormt 
ttvkou A'otn the roadside in Michigan and Indiana. Tho witnplo from Michigan was Liken nwir 
Anil Arhor during the Hummer of lh30, while* that from ImUami was taken near Torix} llanlo 
during tho summer of 1931. 

Tho Dauous Carota, or Wild Ciirrot, is a weod winch grows profusely over tlio north-imatorn 
and north-central parts of tho Unitoil StatiM. I have found it growing in Michigan, Indiana, 
Kentucky, West Virgiida, Virginia, Djatriot of Columbia, Marylandi Delaware, Pennsylvanin, 
Now York and Ohio. This planfcds from one foot to iWo or six feet in httlghfc and hiw its tlnwers 
arranged in umbols. At the ends of tho tall and rigid stems 01*6 enlargomentM or kiudw fmni 
which flowor arms or rays grow. At the oud of each ray is a cinnpcisito flower nmdo up of nviiny 
tiny white flowers of different sizes, The entire infloroaoeneo conUilnhig flower anus with their 
flowers is from one to four or firm inches in diamotor and as a whole reaenibles delicate white 
lace. Tliis i-eaemblunco is no doubt the source of tho name Queou Anne’s Lace. Around tho knobs, 
at tlio ends of the stems, grow tho rays whioh are in rows, there being more rays near the base. 
Blower arms at the centre of the cluster are much ahortm' than tho athora and contain few 



Plate I 


Biometrika, Vol. XXV, Parts I and II 

Stuily of thv. Jkmt'va (Jarota L. 



Daucus Carota L 
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Howki'h which are Hometinios j^vink and purple. The iwcompanying Plate I showH a flower cluater 
and alfsct a cluster after the rays have turned inward and the seeds arc maturing. 

Iloneiitli the bottom row of the flower arms are found green bracts which resemble sepals. 
They are sloiidor and are made up of pointed branches which vary in number from one to Hoven 
or iiioro. Tluiso branched leaves hug close to tho lower rays while the cluster is young, but grow 
downward after it reaches maturity. 

The following proaonta the chief charocteriatica of the diatributions of the number of bracts 
from both Hamplea and also those for the disti'ibution of the number of flower arms. The signi- 
ficance of the means of thc.se distributionB arc determined, together with the linear correlation 
hotwcon tho number of bracts and tho nmabor of rays for tho sample from Indiana. 

1. Chief oharactoi’istica of tho distribution.s of bracia. 

The following tables give the frequency distributions of the number of bracts from the 
samples from Michigan and Indiana. 


Number of 
bracts 

Michigan 

Prequencios 

Indiana 

Pcequencies 

4 

1 

0 

5 

7 

0 

0 

8 

0 

7 

41 

0 

8 

303 

08 

9 

224 

143 

10 

140 

159 

11 

127 

205 

12 

03 

201 

13 

52 

189 

U 

1 

3 

1C 

2 

2 

10 

1 

0 

Totals 

1000 

1000 


Moan 

Mode 

Median 

Eango 

Standard deviation 
Skewness 

Signiflcancio of moans = 


Miohigan 
9;463 bracts 
8 

0133 „ 

13 

1-71016 „ 

0-5007fl2 

DifTorence of Moans 


Indiana 
10-8B7 bmeta 
11 

10'9S5 „ 

8 

I'OlblO „ 
-0'215047 


Probable Error of Difibrenoo of Means 
27-88 


The two distributions differ in several ways. The range for the sample from Michigan is 
13 bracts, while the range for tho Indiana sample is oight. There wore no flower clusters on the 
Indiana plants which had less than eight bracts, while thei-o were 57 plants from Michigan 
which had less than eight bracts per cluster. Moat of the olusters from Michigan had nine ov 
JesH bracts per cluster, while most of those from Indiana had 11 or more bracts ; yet there vas 
one cluster from Michigan which had 16 broots while the highest number from the other sample 
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wn« iri linwtfi. 73*4 per cent, from Michij'im lioil 10 or lets hmctH i>cr climf^Ji', uhik Tfr!) [^ercciit 
from Iiiduina bad 10 or mara bracts per eluatm*. 27’0 iwr uent from Michigan bad 1 1 or ihor« 
^Tbile 00 per cent, from Tudiaim Inui 11 or nmm. Wl eluatcj-K from Mieliigan luwt 1^ nr nmift 
l>racta per duster, wbile 194 from Itidimia bad Ifl or more bractw per duster. 

A very good idea of bow thase two diutHbutioiiH differ m Jilwi umiijfesUKl by skrvviie.'iw ; that 
for tlie Michigan aamplo wiw plus ‘.1(10703, wldln that for Indiana was mimm Om tliKtri- 

bution is skew to tlie right and the other is nkow to the left. 

lliatograms in Diagram I help the eye to cliatiiigniNli these difTewsicfoa to wutio exUn»t. 



The signiftoance of the means shows that the two samples wore not the result of random 
sampling, The probability that one moan would differ from the other so much HUggojsta that it 
is almost impossible fur these samples to be taken from the same parent population at random. 
This significance is nearly 28 times the probable error of thodiftbreiice of feho mimne, which Hhows 
clearly that the samples are not oonsiatent with each other. 

2. Oharocterietlcs of the distributions of the flower arms. 

The following table gives the frequencies relating to the flower arraa in the clustors of the 
flowers of the Wild Carrot. 
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Number of 
raya 

Michigan 

FreqrionoicB 

Indiana 

Prcquoticiea 

Number of 
rays 

Miobigan 

Frequenciefl 

Indiana 

Frequencies 

13 

1 

0 

53 

14 

36 

18 

1 

0 

64 

18 

63 

20 

1 

0 

66 

10 

26 

22 

3 

0 

66 

17 

60 

23 

0 

0 

67 

6 

37 

24 

7 

0 

68 

4 

31 

25 

0 

0 

69 

g 

20 

26 

11 

0 

60 

4 

41 

27 

19 

0 

61 

1 

21 

28 

24 

1 

62 

2 

28 

29 

22 

0 

63 

5 

12 

30 

36 

4 

64 

0 

17 

31 

28 

0 

65 

3 

3 

32 

41 

4 

66 

1 

22 

33 

32 

4 

67 

0 

13 

34 

36 

7 

ca 

1 

17 

36 

40 

3 

69 

2 

14 

36 

45 

6 

70 

0 

9 

37 

33 

5 

71 

0 

5 

3fi 

48 

22 

72 

0 

8 

39 

36 

9 

73 

0 

4 

40 

67 

28 

74 

0 

7 

41 

36 

13 

76 

0 

2 

42 

40 

34 

76 

1 

0 

43 

30 

23 

77 

1 

2 

44 

34 

36 

78 

0 

2 

46 

34 

17 

79 

0 

1 

46 

34 

36 

80 

0 

4 

47 

23 

22 

81 

0 

2 

48 

26 

63 

82 

0 

6 

40 

21 

24 

83 

0 

2 

DO 

33 

44 

84 

0 

2 

61 

26 

44 

89 

0 

1 

52 

19 

49 

106 

0 

1 




Totals 

1000 

1000 


Moan 

SUnclai*d deviation 

SkewnoHa 

Probable en’or of moan 
SigniflcanoQ » 44*71 


Michigan 
4{)‘512 f. arms 
9*1880 „ 
•3795 

•1933 f. arms 


Indiana 
63*609 f, arms 
10*1214 „ 

•6142 

■2162 f. arms 


The moans for the above distributions show clearly that the plants from Indiana have larger 
flower oluHtors on the average, which could not be detected by the casual observer or detected as 
one sees the plants along the roadside. In appearance the two flower clusters seem to be alike. 
There were no clusters from the Indiana sample that bad 27 or less flower arms, while there were 
58 from the Michigan sample. Tbevo were no cluaterB from Michigan which had more than 77 
flower arms, while there were 20 from Indiana which had more than 77* There were only two 
clusters from Michigan with more than 69 rays, while there were 63 clusters from Indiana 
with more than 69 rays.- Two-thirds of the distribution from Michigan contained lets than 
46 rays, while eight-tenths of that from Indiana contained 45 or more rays. Only 66 clusters 
from Michigan had more than 56 rays, while more than one-third of the sample from Indiana had 
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more than hf) I'ayH. Mui'o than ninistcntlia of the diatribiition ffooi Michigan lies below the inccan 
of tho Iiuiiaua cliafcributiuu. iloi’o than iiino-tontha of tho diatriVmtiou iVoiu ludiaua lies above 
tlio nicyin hii’ tho Tklichigan diatribiition. 

HiatograiiiH in Diagram II show clearly how tho diatributioiiH cUftbr, os to range, means, and 
tho natiu'o of tho fliabributioun at the ends. Tho largo frequencies of the distribution from 
Michigan LioiTesiMmd in a meosuix) to tho Hinall froquoucioa for that from Indiana and muc varaa. 
Tho two distributioiiH nearly coincide at 44 and 47. Tho facts that have boon stated show oloarly 
that tho Indiana plants produced larger flower cliistoi« than tho plants from Michigan. 

Tho significauco of tiro uieana ia 44*71, which certainly shows that the two samples were not 
duo to random sampling from the aamo parent jxjpulatiyii. Just why these samples differ so 
widely I cannot say. 

Tlio Table on p. 189 shows that tho frcqiicncLca for oven nuiubei-s of flower arms aro greator 
than those for odd numbers. This is true for tho clusters from Michigan and ludiaim. Tlio 
fact is well oxliibitcd (in examining the bisbogramH on page 190. l''or tho Indiana waiuplo tho 
frequoncioa for tho numbers in the first Uiio are found in the second lino. 

37, 38, 30, 40, 41, 42, 43, 44, 45, 40, 47, 48, 49, 50, 51, 52, 53, 64, 66, 56, 67, 58, 59, 60, 61, 02 

5, $3, D, 13, -74, 23, :l% 17, ;W, 22, .75, 24, U, 44, J,9, .36, 73,' 26, BO, 37, Si, 20, U, 21, IS 

This rise at the ovon nuinliorH and fall at tho odd numbers can bo easily seen by oxaiuiiiing tho 
froqucncy polygons of original data. Hiutogiums in Diagram II show this very oloarly, In tho 
largo majority of tho cohos tho froquoucioa for tho ovon munbera arc larger than the froqueucioR 
for tho odd. Tho sum of the froquouoics for tho ovon immburs ia 610, while tho snin of tho 
frequencies for tlio odd iiumljcm is 390. 

Just why there arc larger froquouoios for tho ovon numboraof rays I cannot way. Tho fact that 
this plant is a dicotyledon may have something to do with it. Botanists perhaps can explain this 
phonomeuoo. 


HIEQUENCY cf FIOWER hv qiWPS of HVE5. 'WIID CftRROt 
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Dividing tlio intf» gnnips of twcw do<a imt rotnitvc inany of tlu'. irrogiibiriticH 

vjuifiod by tlm pi'fKlniiijiwnue of the pljuitH with <sven Muiiil>crH tjf flownr arniH. (Ircniiiitig by 
tliroc« oUiiiiiiiitCH nhiMwk all of the irregiilariUt^, yet given dintrilmtimiH with two niminM, 

1 II iJijigi'jLiii ni the two wtrioB nf data ai'p divided inUt gnmpn of Bvuh. In eneh ww<r a TyjHi :i 
ciu'vc Ijan been litted to the dabu Tho folirwiiig table jnwentn the data in KroMpn of lives 
togotliei' with tliu (amiimtftil fnsriiicueics fi’om the I'yjJO III «uj-ves. 


Observed and computed Frequencies of Rays in Clusters of the Wild 


Olnsm-H 

FnHlUtinny fnr Miehigan sampto 

Frequency for Indtnnii satavlc i 

Observud 

Oomimtcd 

Observed 

Computed i 

! 


10 U 

1 

•3 

0 

i 

Ifi -Jh 

1 

3 

0 

i 

20 24 

20 

24 

0 


2.1- m 

86 

78 

1 

1 

30 3-1 

173 

100 

10 

12 J 

35^39 

301 

216 

41 

S3 1 

•10 44 

1D6 

204 

133 

123 

.115 41) 

138 

lfi4 

1.52 

ISO 

f>0 - 14 

no 

HU 

2.30 

lOrt 

56-10 

64 

46 

IIM 

lUH 1 

00-04 

12 

18 

ini 

lIH 

Of)-. QIJ 

7 

0 

7-1 

72 1 

70-«-74 

0 

2 

3J 

.Is 

75-75) 

2 

1 

13 

IS 

ao-84 

0 



K 

85-80 

0 

— 

1 

S 

105-105) 

0 


1 

a* 

Totalw 

1000 

au«'3 

1000 

lODCl 


* flwfttor than 89. 


Thohistngmms foi‘ the dlHtributioiw in groopi of fives liigethot' with Iho eorroHjinnding ‘ryi»e i 1 1 
Curves again show that tho plants from Indiana jmidueo fl<jWBr ohistorK witii a larger nninVKsr »l 
I'liys. 

Tho Typo in com hts tho Miehigmi WMnpl© liotler than aTy)»o III covvodiwa Uni ImHaiuv 
sample. Tho tall wiuiim near tho rooim no doubt ciwwoa thin poor lit. 

3. Gorvelfttiou ooe{Rcl«\t litiwoion bvivota and vayti. 

While oxaiiiining tho olusters the quostioit aroso as to whofclior oUiKtojn with a [lUxe nuinUu' 
of mys also liod a largo number of biuotu. While counting the raya mul bvwcUt, eUwtaw were 
found which contained 13 bracts and 46 raya, ahw otUore wove found with 13 bvactw and Hsi ray» j 
also Boino with eight broota and 30 raya and othow with eight bractu anil GO my«. Tho con-ela- 
tion cocfiiciont was confiidured to loe anawor bn this queaklon. Tlio Pcarsiin liiionJ- con-ohaiou 
coefficient between the number of bracts and tho number of flower arms for the ainuiilc fnuri 
Indiana ia 

r=-624t. 

t ‘630, if Sheppard’s eorreotions be used for the standard dovlatioiis, 



MiseellaHea 


193 


Govvalatioyi U\ible, FLowsr ^rt/is and Sractu, 


Nviiiibor of Ilfivvci’ arms jku' clustor fi'om Hamplc fvoni Indiana 



t 

i 

r 

\ 

O 

C5 

V 

•5J 


'Cl 

1 

to 

4 

p* 

1 

to 

i- 

f 

K 

3 

oi 

=c 

a 

to 

to 

'.rotabs 

ITj 



_ 







1 


1 



2 

Hi 

__ 

-- 

— 

— 

— 

... 

— 

2 

— . 

— 

1 







3 

IS 

— . 

— 


2 

8 

30 

37 

38 

37 

20 

9 

8 





189 

Mi 

— 

1 

1 

5 

21 

41 

48 

40 

25 

8 

3 

6 

1 

1 

201 

11 

— . 

2 

;j 

10 

29 

06 

4H 

2fl 

8 

2 







_ 

205 

lU 

— 

3 

13 

.31 

20 

49 

22 

10 

1 

1 








169 

u 

— 

4 

14 

30 

42 

32 

7 

1 

2 

2 









143 

h' 

. 

1 

J) 

13 

37 

23 

12 

2 

0 

1 

— 

— 

— 

— 

— 

98 

Totals 

1 

10 

44 

133 

lfi2 

230 

164 

119 

74 

34 

13 

Ifl 

1 

1 

1000 


This ooolficioiit doas sliow tlint thoro iw n rntVioi* doHiiito relation bofcwoen the numbor of bracts 
and tho nvxinbor of do\vQr arum x>or cluHter. This means that on the average oluaters with a small 
number of bnvetH will also havo a small iiurnbop of flower arms, and those with a largo number of 
■braots will on tho avorngo have a' largo number of flower arms. On examining the data it was 
soon Hoou that thoro woro only throo clustors with eight bracts which hod luoro than 54 rays. 
Thovo woro two wliioh lia<l 15 bracts and thoso had 70 or more rays. Moat of tho plants with 
eight bracts contained 44 or leas rays per cluster, wliilo must of tlioso with 13 bi’ucts containod 
00 (jr rnoro rays. Tho abovo table shows how tho clusters wore distri butod for the number of bracts, 
The followiiig equation, obtaiiiod by tho method of least squares, gives tho rogrossiou straight 
lino of number of flower arms ou bracts : 


y-*10-605+3*061»*, 

whoro ^ roprosouts the moan uunibor of flower arms in tho c\ii’ve and as rox>veseut& tho numbor of 
braots per oluster. This lino is plotted in I>iagram IV. 

Tho folloNving table gives the average numbor of flower arms per oluster for the respeotivs 
number of braots per cluster. 


Kumbor of braots 

Average numbor oi rays 

8 

43-22 

9 

46*69 

10 

49*08 

11 

63*27 

12 

68*62 

13 

82*19 

14 

07-00 

16 

77*00 


These points have been plotted in Diagram IV and lie very close to the i-ogrosgion straight lino. 
The correlation of *624 is far from, perfect oori*olation yot ia much further from no correlation. 
The above shows that the plants with a amaU number of braots also have a small number of 
flower arms and the plants with a large number of brikota have a large number of flower arms. 
The above table shows that the average number of rays for all clusters which had eight bracts 
was 43 ‘22 rays, eto. 

* Por number of braots on flower arms the regression line is 2=:6'd97 + ‘0988 ij. 

Biometrika xxv IS 




MiHceUanm 


lOi 


R£(^RES 5 ION LINE of FLOWER ARM 5 

-per CLUSTER on NUM-BER of BRACTS. 
^ WILD CARROT 

Ecruoufclon -bo IlegressloTV Line 

yalO .505 + 3-9013C 



9 10 W U 13 

Nu.mb«r of* Bt^ctcfes. (x) 

Dbgiftm IV. 


The aliovfl study was raodo bo show that imtiiral pliouomonft ujay Ijo Mialy/jj*! KtaliHUwilly tn 
a groat advantage and that this type of study brings out many intorDSting details n/ldch iniglit 
bo overlooked. 

yoeds which wore tfikou from tho two cnvironmoiits have boon plantoii under tho a^imo ron- 
difcions in the Botanical Gardens of tho Univoi'HU.y of l^Iichigtin. J^nililoH uf ouo thoinwuKl will 
again be compared. The oxporiraont may extonil over soveral years'*. 

Tho following table gives hUo number of floM'or arms par brtvofc for tho tMUiipla frtjiu Indiana, 
for the plants with 8, 9, 10, 11, IS, 13, 14 and 13 bracts I’oapoctivoly. 

A,vonmo nnnshar of 
flower arms i>«r bract 


antH with B bracts 




frlfl 

i» f) ^ >1 




TrlH 

M „ 10 „ 




*1-{)T 





4*H4 

11 j» 12 „ 




4-87 

)» )j ^*1 >j 




4'78 

i> »j 1-4 » 




4'70 

!} 3, 13 ,, 


... 


6'13 


* M. K. Pydaraebobac has atudiefl this problem. JhilUilK of Applied Ilolduy 0 / Ofnetica ontl Bla»(- 
breeding (BoBBian Journal), Vol. xxvi. 1981, pp. 194 962. 
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Thia table ahowa that foi’ blio plauta with csrtaiu luuuborH of bvacta tho numhev of flowev 
anna nn the avomgc ia about five flower anna per bract. When all the flower arms and all the 
bracts wore considered the number of flower arms per bract was 4‘93, which is on the average 
about five. 

When all <»f the flower ariiiH and all the bracts wore considered for the Michigan .sample 
the number of flower arniH per bract wiw 4’28, which show.s again that the two samples differ 
widely. 

(v) On a Property of the Mean Rang^es in Samples from a Normal 
Population and on some Integrals of Prof. T. Hojo. 

By Puoi?. V. BOMANOVSKY, Taahkend. 


Studying the paper of Prof. K. Pearson “ On the Mean Character and Variance of a Ranked 
Individual and on the Moan and Variance of the Intervals between Banked Individuals” in 
Vol. xxiir. pp. 304 — 307, I diaoovared a proi)erby cd the mean ranges' in samples 
taken from a normal population winch dc-servea aoino attention. 


This property may bo formulated m follows. 

Z(itui2nU flam-yL- [ (I); 

v2n- J — « 

thm w,„=2m (2), 


ropresmtiiii/ the mmn fan^a in aampfea of »m m, from an infinite normal population loith zeru ua 
iMun and unti^ as vurianaa^ varifUt identically the relation 


4Tn + 2’" Avi ^ 4m-’2 




CJ- 


! \ 

rr(»i-’A)!/ 


.( 3 ), 


for m=l, 2, 3, 


The demonstration of this identity is very simple. 


Let ns introduce the quantity 

2ot+2 J t) 

and consider the integral j - .,.,,,,,(4), 

From (]) wo obtain a**i4- f 

^ ' M27rJo 

putting L 

and, therefore, a/' (I '-os:)’”“(4+“3r)’'' (i (i 

is an even function of x. Now 

v27r J 

and it appears at anco that 7„, as the integrand ^presents an uneven function, is identically 
zero : 

But, from (4), 


-i: 


XQx'^dax — C„t^ 


A»*o. 

xa*'» + ‘ do* +...+{- 1 )” 




18—2 
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awl WB H(!C| rouiwiil>c‘ri»K the cliiliuitioii of that 

awn*^ " 2v/i + 4^ ^w+0 Jw l-a 

([. 0, il, liccjuwti this is w»ly a slightly dlffcrotit folin of {3). 

We way rcmai'k that (f») may Iks writUii in the wmilftiiKrsl Otiu 

{»t-l.i.n,...} 




This relation nin hn applied to tho rcnticBtinu of the tahlftw ‘’f >r^ falcnUt’**! hy Mr Tip}***U. 
Another applicjifcinn ia tliia: for tho caluilatioii of we umi only fc' <alfii!aU> dimolly 
X|, Xa, Xfi, fttrXa, X4, Xo, ... wcahall find from 

Xj —Xj^O, Xj— SXj+Xj^O, 

Xj-^SX^ -I- 3X',— •Xg’™!.!, cl<'. 


n. 


llavhig tlinyovcrwi the relation ('*), I naturally trial to find wimilnr rt'Iatioim for tl«* integrals 
5", 7, R, A, K of Pmf. T.-lIojo (Itwmetrika, V«l. iirtm pp. .ISf) whiolj, «« it l»d aswirwlly 
supposed, I'cquirod miieb Inltorioun colculutiim. Now il eun Kt shnwn that thia work o^mhl U* 
iwiueed to a half owing to aome aimpde rcewrrunt wlatiimH kiiween Pr»»f. T, IIojo’« inkgi'ak, 


Tho intogials in qiiCHlion are obviously of tW4t lyjWH : 


.■fnx 

1(7?! 


whoro «j»l, 2, 3, ,.., ;»>0 and any md laiuihoni. For simplicity we «lmj| ciunuta them w* 
Ilm ouilttiTig other indicos which will bo avippoaod given mid uoukIaiiU. 

]jeb U8 tako tho first of these intograls. 


Womay write 

“ i <^"* ( 1 “ a*)*" + (i - li/r- 

As Us is nn imoveu function of we must have 

j (i - w,*)" s* « 0, 

and therefore 

or, Oipanding both integrands by Newlou’e tlioorem and inlegnitiiig t«m> by tmn, 

which may be writtou also iia 

This rolatioa is well vorifiod by the inlograla J\ 7, S and K of Prof, T. Hojo, whitJb «iUowa tb« 
exaotnosa with which those integrale wore calculated for Table I of bia patiore 
Quite similarly, starting from tho identity 

a^n (1 -(fc)"* J +«^ ( J: - «,»)«, 

whore we find 

<7a,ri-0„,^ff*«-i+...+(-iy"6'„=*4[7fa„-C'„^//*„_i+,..4.(^l)B.gr^j 

2, 3, ...) (0 M4). 


or 
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TliP. rolatiiiii (S) shows that //,. U^, 74, //„, hoiiig known, we shall have Tfj, //j, B„ ... 
fi-oiii (fl). And when all tho 7/'s ore caJcnhitcd, we need only to oalciilate directly (7,, ffj, ffs, ... 
hi oi-den- to liavc 6'u, ... from (D). 

I Bliall coiidudo with two further rclivtiona which ain be of use. Let 

m Hiid n hi'ing any poaifcivo iiitegora and p any poaitlve real luimber. Wo iiasily find tho relations 


(U)), 

( 11 ), 

tho fliirovoncea being taken in rcapcxit to m. 


Evidently many rolatioiia of tho typoH considered in this note oan be established which will 
lie useful in rcHoarclies like those of Ib-ofcssors K, Pearson and T. Hojo. 


(vi) Note on the Shrinkage of Physical Characters in Man and Woman 
with Age, as an illustration of the use of P Methods. 

JlY PAMELA 0. V. LESSER. 

It js known tluvt when largo aeries of mcasuromoiits arc taken on adult men and women the 
ohiof physical obavaoters tend sensibly, if but slightly, to deoroMB with age, and furtheT in Stature 
and IJraiU'Weiglit this siirinkago appears to bo greater in woman than man*. This sbrlnkago is 
too slight to be adequately dofcennined on short RcrieSj though even thoi’O it will bs found to 
oxisli, Tho prosont note is not infcentlod either to memuro tlie relative shi’inlrago in man and 
wutnaii, or to dotormino whether they aro really duo to the sumo cftusoa. Its purpose is to 
iiirlicato on com]jaivvtively firnall Kawiploa bow it would bo pOHsiblo on more numerous data, to 
luiswor tho problem of whothor shrinkage in physical charactora enn bo attributed to tho aamo 
set of causes ^vebing with tho same intensity in man and woman. 

Conaidoring first only Brain- Weight and Statujxj, I have taken my data for the fornior from 
racasuromentfi on Bavarians of the two soxost, chooBing tho ago of 20 years as clearing the primes 
of both, and as the graphs of brain-weight indicate J. tho start of a slight but continuous shrinkage. 
The data for stature wore taken ultimately fmiu Rotrius’ “ Uober daa Hirngewicht dor Sobweden,” 
J3wlo<jUchc [Jntemichungen, N,F. Bd. ix (1900), but I have used the tabulation provided by 
Poarl g. Thoi ‘0 wa.s no occasion to adopt the aarao j’acos for ilio two investigations, and it would not 
have boon foasiblo ki do so as statures to agos wero not given for tho Bavarians in Pearl's paper. 
Pcaranifs cliagiumNl) for stature and age indicate that abrijikago with ago begins about 20 yeai-a 
for both sexes. 

A. We will oonsidor in tho fir.sb place Brain-Woights. 

Here for men tlio moan braiii-woight of tho younger group is 1364’05, and of tho older group 
1347’67, showing a shrinkage of 16*38 grs., which could not bo domonstrated as aiguificant on 
these numbers. 

* See K. Pearson, “ On our present Knowledge of the BelationaWp of Mind and Body,” Annals of 
^igenics, Voh i. (1926) pp. 387, 390. 

t Bischoff’s data from DaA’ Gehirngeioicht dei Mensohen, .1880, as tabled by Raymond Pearl, 
Siometrika^ Vol. iv. p. 100. 

t Pearson, loc, cit. p. S90. 

II Loc. cit. p. 887. 


§ Pearl, loc. oil. p. 88. 
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TABLE I. Britin-WdijhU for Age Oroupn in Bamrimm 
Men (weight in grains) 



ifino- 

116(1- 

1200 '^ 

1260- 

laoo- 

1350- 

1400- 

14.60- 

1600- 

1000 

T«UUr ^ 

Group 

1149 

1190 

12J9 

1299 

1840 

1890 

1449 

1409 

1599 

iiioy 

no - flo 

•1 

S) 

16 

'27 

2.5 

35 

22 

11 

9 

0 

101 

20— IS) 


7 

38 

47 

no 

78 

64 

34 

31 

u 





'Women (weight in 

grams) 





BOO- 

960- 

1060- 

1100- 

11.60- 

1200- 

1360- 

I.SOO- 

last)- 

1400- 

Totals 

Group 

049 

104SI 

loan 

1149 

110!) 

1240 

1299 

1349 

1309 

1.199 

no -80 

li 

(i 

8 

19 

11 

14 

U 

3 

3 

1 

8.5 

20-49 

0 

2 

14 

22 

46 

64 

65 

S3 

13 

in 

238 


Fill' tbo wniiiQM fchc younger grciun hfw a moan <>C 12«14*R« anil tlm oldnr grou]> mm of 1 iBII'ai, 
indicating n nhvinkago of ?)fl‘07 gi's-i u largoi* amount than >u tho tNimi of tim men. I^tnUing llrnt 
with tho men, 'vo may Buppoao : 

(i) That tho pni'Oiit papulation (from which wo conmdor botli HamploH to bo ctmwii) hn» it« 
i-elativo frequunoiets given by tbo huiu of tho coIumnM. T)io corrofliKinding viUuo of Jk 

/>•« H,' \* • 

, c UV“iVV 
V A'+ A' ~«r+w7~ ’ 


whoro A iukI A' sre the Hi'wsa of tho two uauiplos, anti n,, 11 / tUo oorroaiiontling fraqvmnoios in 
the afcb category. Wo find 

X=‘..,«8W9. 

Ao in our ease wo havo t&kon 10 oatogorios wo have 


= •462. 


(ii) That the parent population bo that which gives tho highest probability of Wm two 
■ samples being drawn from the same population. Wo will •write tho corresponding os 
„ WiV" /’«/»» 


and find 


XV,“ 3 3461, and 


Thus our data for men are inadequabo and do not enable m« to asaorfe that hraiu-waight 
shrinks with ago in tho males. They do, however, indicate that widely 

difforonb moasuros of tho probability of the two samples conning from tho samo pai'ont population. 
Turning to the women, wo find 


oorroaponding respectively to 


36-4146, and X*«,„ -18-0177, 

““d -PxW = '0*L 


BioiMtTika, Vol. vin. p. 260. 


t BioiwiHJca, Vol. XXIV. p. 469. 
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Tima hy tlio firat inothod of x^ui. we ahould bo preparod to nccoptthe hypotliosia that the old 
aiid young women liave not boon drawn from tlio same |>oinilabion> i.o. that the bhrinkage with 
ago is donioiiHbratQd. J3ut l»j the Kocontl luothod which gives the parent population of maximum 
probability wo ahould bo more doubtful of tho truth of this liypothcsis, and some might, with the 
limit /»>’02, bo prepared to oonHidci* that they might woll bo drawn from the same parent 
populatiorn This example again illuatiutoa how iraiwrfcant it ia that wo should aotiuilly take into 
account what is the invront population we are aupposod to bo dealing with. 

Wo have iiOAV at ovir diaposal fom* naiuoly 

X'^col. 

Men 8*8179 3-3461 

Women .36*4146 19-6177 

and wo will donobo tho femnlo values by adding a daali. 


Wo ivext aak if tl^o ^'9 the better enable ns to determine whother tho like 

uauses avo at work in the easos of mon and wonion. Wo may do this in two ways*, either by 
considering tho improbability of a ratio greater than x*7x* differonoe greater than (x'‘^ - x®)- 
Our rcHults give 


/‘m-Ix' 




a-M79 
19-6177 




iind 


-xU) =13-7833, 

i (X''»l...-X“»ia.)=8-1363, 


Titlilo II (if BiomHrU-ai wo (loduuo 


-''(x'U/xV) “2^-19618 (4T>,-l-6)“ ■()«!>, > 
^'IA>../A,„.)“2/-U'507 (4-6, 4-6).= -0147. 


From those results wo should conclude that on tho basis of choosing for both men arid women 
tlio moat probriblo i)ai'on (; populatlona, it is oxtremoly likely that tho shrinkage of brain in women 
is not diiu to tho same causes as in tho coho of men. lUit if wo took the parent population to 
have I'olativo froquoncios dotorminod by tho columnar marginal totals, this conclusion would be 
very doubtful. (Jonaidoring that our dabi ootually do show a significant diff'erouoo between tho 
brain-weights of young and old women, and do not show the like for raou, the former ooncluaion 
certainly ai»pQar8 the more roasonablo. 

Turning now to the difference method wo find, by Table I In ^iometnkal, 
nix'W - ixU) =2 (-5 - -499,916)= -0002, 

AJx-™.™. - 4 A,„.)=« (-6 - -““SiSOS) ” 'Ol^l. 

Probably (Biuco jP<' 02) we should concludo from both these results that a real difforence 
oxists between tho (.^asoe of men and womou. Uut tho disoordauco of 
-*'(x'*,ol,/x“..I.) " ■“'‘“O* of - 4 = ’f IS*’ 

certainly suggest that it is bettor to uee tho moat likely parent population than that obtained 
from the samples oombined. 

B. Wo next take the coso of Stature. Here, as in the case of brain-weights, adequate data 
indicate a dofiuite if small shrinkage with age§. Tho mean stature of the men from 60 bo 
80 years ia 168-831, and of the men from 20 to 50 169-604, indicating a shrinkage of 0-67 cms. 


* Biometrika^ Vol. xxiv. pp. 804 — 880, t Loc> Git, p. 347. 

t Loc, ait, p. 844. 

§ See diagrams, Annals of Fiugenics, Vol. n. p, 100, and Voh iit, p, 291, as confirming those of the 
same journal, Vol. i. p. 887. 
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In tlio caflo of tho womon th<j like giwiiw givo IS7'H3 /umI or a }<liriiik«go of I'.l ciuk. 

These values accortl with (jxi>orienco from more ijuinerouj} clftta, hvit stfluding ftlone catiiiot- Ik! 
consitlei'fid as aignlfloantly domonatratiiig anything. Aa my is not vlmnoowtraU^ 

anything but only to illustrate the wc of methods, I have not sought for long wfritas. TIir 
shrinkage is, of coni’se, less in ataturo or Hjian than in woiglit ov in llic dyiinmie elianKtatn. It is 
particularly notable in the caae of vital eapaoity*. 

Table II gives tho roaiilts for atafcnro iu a small group of Swotlost. 


TABLE II. 


Afon (fltatare in emu.) 


A«o 

144- 

168- 

16P- 

182. 

165' 

18»- 

171- 

174- 

177- 

tsft- 

18 S- 

ToUlf 

Group 

162 

158 

101 

Ifld 

187 

170 

178 

170 

179 

1H2 

191 

00-80 


8 

11 

13 

2f| 

2« 

SH 

n 

12 

6 

3 

IM 

20-00 

1 




29 

46 



45 

3B 

n 

32 



« 


31)2 


Womon (ktaturo in cins,) 



182- 

1 

144- 

147- 

150- 

188- 

188- 

wo- 

183- 

3155- 

16«- 

171- 

'I'ot/kls 

Group 

14? 

146 

149 

162 

166 

16B 

lOI 

164 

167 

17C! 

1715 

60-80 


I 

B 

8 

24 

21 

12 

15 

12 

2 

a 

106 

20-50 

2 

5 

0 

5 

20 

18 

18 

28 

16 

D 

4 

187 


We proceed fli'sb to fltid tho x%. x*»»n. f®*' ®®“‘ 

x’eui. leadiug to /’wAlfl. 

X*iitn."'3'00Sl, loading to 

Heiioo, proceocUiig by either method, we couclude that m* ovideuce wvn be drawn froiu these 
small samploa of a shrinkage in stature with ago. 

Turning to the women we find 

X*ooi. ■•14’0B67, leading to i^a'146, 
xVin." 8*7271, loading to y'«'6r)9. 

Wo tbei'oforo draw the aawe ooucluBiou for women iw for men, but remark that tlie 
probohilitiw ans iii both ORtws for wotuen very imwU lew tliau for men. Theeo four mulhi again 
oraphaslae tho importance o! ooneidering what parent i>opu\ation ie under eonBiderallon 5 the 
moat likely parent population giving markedly higher proljaliilitlos of no distinction between old 
and young in both moii and women. 

■'i^'e now oonflidor whether the values of x *’8 reached show any lUfferorxse in tho case of men 
and women. 


We have, if dashed letters refer to women, 

xV/x“ 




X *n»B./x*wfti. “ “ 2’4&12, 


• See iwntfl* qf Vol. h. p. 105, and Tol. in. p. 200. 

+ Bimetrlka, Vol^ iv. pp. 88—80, 
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Tho coriW])Oii<ling iiroliabUitics are for the ratio test : 

^ VWx’..!.) =21-37896 (5, 6)= -437, 

^'fa'"„,..W„lJ = 21-a8643 (li. 6)=--W«. 

Tim x’'H of tho moat likoly lioimlationn gwo a lonaor probability that tho causes ore accordant 
in men and womon tlian tho aiinimar populations, but in tho ease of botli ivc oatmcit oaaei-t that 
women cUiFcr from men, 

Proueeding now to tlio diflei*enc6 tout wo have 

4(xV-xV) =-2'B213 1 

'■2{-S-334,2lS)-:-332, 

■P(ix'W - ixWI = 2 (-5 - -808,648)= -363. 

By this method there is little to choose between the two types of pai'ont popuktioiia, Trom 
hnth we should conclnde that we could not aaaort on the data any difteronco between men and 
•women. I'his result might have been moi'e or loss anticipated, as our data were too sparse to 
distiagLuah in either sox between young and old. It -will bo noted that tho ratio test gives in this 
case roHulte varying iwirc with tho parent population soleotcd than the difference test docs, but 
no Bti'oes can bo laid cm this. 

It is intended to diHeuss the prohlein suggested in this note more fully later oi\ the ample 
data from Galton's first Anthropomotrio Laboratory. Meanwhile it seemed worth while to work 
out from that material a special oiwo because it illustrates how divorgout may bo the conclusions 
to be drawn from tho tniniroum parent population arid tho colnmonr totals population, We 
deal with the coao of Vital Oapaoity and Age. 


Men (Vital Capacity in cm.*) 


Ags 

50- 

140- 

166- 

170- 

185- 

200- 

— 

215- 

2S0- 

245- 

200- 

275- 

200 ami 

Totals 

Group 

180 

is<i 


184 

199 

214 

289 

244 

250 

274 

289 

over 

20—31 

50 

53 

114 

244 

272 

460 

456 

414 

248 

218 

114 

16.3 

2803 

3 L and over 

Ul 

156 

169 

338 

310 

447 

352 

304 

133 

161 

64 

50 

2622 





x'mln. = 

NN’ 

[»(5 

? 

= 140-4902, 


By both methods jP»’000,000 but there are several moi-o jsero's before wo come bo a 

signifleant ilgure in then in -Px'mtn.' LTudoubtedly there is a shriulcago in vital oapaoity 

with ago in men. 

Women (Vital Capacity in cm.*) 


Age 

Group 

27-5- 

62-4 

82-6- 

92'4 

92-6- 

102‘4 

lOa'6- 

112-4 

112 '5- 
133'4 

128'6- 

183-4 

183’6' 

142-4 

142-6- 

152-4 

162-6- 

162-4 

162-6- 
172 4 

172-6- 

182-4 

18-1-5 
aod over 

Totals 

18—29 

22 

17 

42 

49 

86 

108 

126 

100 

71 

59 

41 

41 

762 

29 and over 

82 

46 

89 

99 

130 

111 

110 

81 

69 

42 

25 

26 

909 


=71*1734 end x*cd>.=i>2'2206. 
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In botll oases /‘ = -000,000 aUhough again the will givo a sonwwiinl gnsvter 

inobability than tho * Both dotnonatrato with overwholtniiig proimbiliby tliat wniiion’N 

Vital Capacity shrinks with ago. But however ovorwheluiing the prolKibility, it ia grtviter in the 
cjftso of inon. 

Wo now turn to tliefondamontal problem: CJanthifl 8hriiiki^{Dni men find w‘onuMi bu attributetl 
to tho BaniQ set of phyoicRl or phyatological oauaoa 1 


We apply firat the ratio teat. We have 

X *mln./X*inln. “ 


149-4tfOiH7 

7l'‘i73416 


2-1004, 


Theso load ua to* 




24a-221£C0 
“ 92 •22048(1 ' 


: 2-6910. 


Ax'>«,i.Jx^n,in.)“2/-a3264 (6-0, fi’il)- -2342, 
^'{X'U/X*«0 =a/.2708D(5‘li, 5-5)--lHi4. 


While tho ratio of tho givoa, aa wo might exi>ectt a higlmr clogroo of pmbdhility' fclian 

the ratio of the X>e.l,'8, there ia nothing in oithor to auggeat tlmt it would not bft rtywonnhlo to 
treat tho ahrinkage in men and women ae due to tho aamo eot of cansee. A ghiiico, liowovor, jit 
tho curve for n oateRorios on p. 308 of Yol. xxiv, ahowa na that tho iwint oorruai«Mid- 

ing to the two j^h lies inside tho enrvo, or that tho diflerenee teat will provide a nnu-h nionv 
abi'ingent boat than tho ratio teat. 


Wo havo aocordinglyt 

“7«-00f).486. 

*» 2 [‘5 - AomethiDg oonaidombly grontor than — ‘41)9,999} , 

Thus wo havo P (4 

Ill tho same mninior (x'''*tvi. - x*«>«.)) <*000,012, 

imd considerably loss than P(j (x'S^., - x“™i..))' 

It cannot bo doubted timt if Table I for S,n{x) hod been oarriod further, we ahouUl have 
found both Pb loasj than I in 1,000,000 at least. Wo conclude tburoforo that with tho moro 
stringent tost the shrinkage nf vital oapacity with ago is not duo to the same o^iuhom in man and 
woman, but it is a secondary sexual charaotor very possibly duo to diftbrouooa ucifc only iti their 
physical onvironnicntH, but in their phyeiologioal life. 

This example illnsbrntoM the oxtremo importance of applying in each case tho more Htritigonb 
tost ^YhQthor it bo tho y*’M ratio or their difTeronoo. Wo may well overlook an iiriportnnb 
oonohisiun, if wo do not boar this iu mind. In this particular example there is no marked 
diversity in result if wo nso x*miw. or But thia will not always bo ho, and in tho un»o of 

Hhi'iiikagci of brain-woight in woriion our oonalusion will bo far loss aaaortive in the coac of 
-'Vmta. ■“ “mtof . 


"* Using Table IT, Jlioinfitrlka, Vol, x*iv. p. 046, with 0=11=12. 

t Using Table I, Blotuelrlka, Vol. xxiv. p. 846, where we see S# (89*168,096) and &'a (78*000,486) Ho 
well beyond the limits ol the table. 
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(vil) On the Distribution of Student’s Ratio for Samples of 
Three Drawn from a Rectangular Distribution. 

Bv ViCTOH PERBO, M.A., Columbiu, Uiiivovsity. 

Lot fjiuniilos lie drawn from a eonbinuoUR diHbribution of fitnte range, tho olianoo of a valno 
lyiiJg in a given interval within bluH range being proportional to the loiigth of tho intorval. The 
distriliationa of moat of the important atatiatical measures for this type of population are not 
known, Tliis paijor presenta tbo distribution of t for samplos of tbreo, and some oomparisona with 
Studout'B distribution. 

Tho HtatiBtical nioaaiiro t is defined, for aamx>1os of aa where x is the sample 

■£ fit - 

moan, w is a trial value of the true moan, and «*=s — , jPop samples of thvoo, then, 

If wo regard a samplQ as a jjoint in three dimensional .‘<paco, wo find by methods similar to tlioso 
used \>y H. L. Riot/, in detennining tho distribution of tho standard deviation of- sitnilnr samiAes*, 
that tho distribution of i is dotoiTniiied by that of tho anglu between a cube's diagonal and the 
radius vector drawn from tUo cube’s centre to a i>oint. within tbo cube, which reduces to the 
problem of computing tho vohirao within the culw of a conical shoU with axis the cube’s diagonal 
and vertex tho cube’s centre. We get for the distribution ordinate ; 


/ 


1 , 3< \ , 3*(<»+2), , ^ 

+ — H — -.-^tan“‘r— • • (®o ^ 

+1 V;i(r + 2) 


-t«\ 4-('/ 




V;i 

l''or tho bwt term of (1) bocomos 




V 4-t 'i 


(eo 

(ay 


to x^resorvo reality. 

Tho distribution is co\itiuuoi\B with oontiuuorw dcrivativcR except at ^Yhoro the 

derivabivo has i)oint« of diHcoiitinuiby. This function may well bo oonipiu'od with ''Studont’H” 
distribution for samples of tUroo dmwn from a nornmlly distributed population, Plotting shows 
it to bo gimter than “Student's” at tho ends and tho middle, and loss clscwheru, that is, more 
loptokurbic. Also jntcii*oating is a oomx>ari8on with tbo extremely Himi>lu expression for tlic 
probability ordinate for satnploa of two, as derived by Rider, 

■ 

Let P be tho probability of a samplo having 'vheie is somo fixed value of the 

argLimout. Goomotrically it is twioo tbo vohirao of a cono of angle r/io(t/>"'/(0) within tho cube 
(i.o. tlie cono about tho aube’s diagonal with voitex tho cube’s oBnbroxdnn its npposlto). Integrating 
tho oxpressumH (1) and (2) over the appropriate intervals, dropi)iug the Hubacriiit, and assuming 

t positive, wo cob . 

“ 'Alt , , 

' V3(i+2) 

, , 3*i ' /r^‘ 


, V&Vi- 


(to >i^i) 


..( 3 ), 


(4), 


■i-e^ (4-i'‘)l 4-(* 

* H, Ij. BietZi Note on the Distribution ot tho Standard Deviation, eto. , JJi’orietrifca, vol. xxnr. 1931, 
pp. 424 — 426. 

+ Paul R. Bidei’i On the Distribution of the Ratio o£ Mean to Standard Deviation, etc., Biomdtrika, 
voU XXI. 1929, pp 124 — 148, especially pp. 140—141. The formula in Rider's paper is iucorreotly stated 
as — j-^~ . Corresponding errors appear in the cumulated probability expressions, 
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oaldiilatioiiH of tlicoiiliJwita ami /’ratiipiial iii»[iroxiiHiitionf« to 'I) jUiiI (H ; an- 
oxitiuiiUiijf tliii iuvur.-«>. tmj'cut iti j>tPWiT.s nf itw iirpmuoiit. Kptr (1) wo ui't 
HJI4-!) 4'_j_ _ 

:i iiJ (r+ jy^{7.H5i' l."> u-\^'^r 

(3) givoa in a nimibu* «sinMi8i(m 

n.'p'r \ 


"btiUdi’iJ l,v 


+ .., + {- 1 ." 


1 ){< + a 




iU ■2)'* ‘ 
3" - *{2n ■}■)>{( i 


i! {M- I)(/4-a)‘-! 3(^ + 2)-'^ l,’)(« + 2)' 

For t >2, tlio first, tlirce terms of theae «ftric« giro rosulls cimwL t<i at li'jwt. f«(iir pbivcs. 

Lot jQ bo tlio iiriilwihility that t pxcftods ft given value fr*ni» “StiulPMil's’’ distrilmtiori 

eorresiiondiiigtij the true i’fimnti ahnvo. The fiduciary liniitn rmijitfmiiunitly ajiiihisl in tP’«liiig for 
isigniticaut ilovjpitimisof HJMnjdomopHmfi’om truo moaiw are 4iruuid •()!. Tlio fnllmvjjig kalilo MliiPwa 
vdluos of t fur wliicih p or P take on fcinwis valuw. 

t p r 


4-3() 

•orax) 

•(771 

ft-7-I 

'02112 

•orp(K) 

O'ilO 

•0100 

■fl2(M 

14-83 


•OJ(K» 


Tho limit of /*//> ns ( upiiroiurhcH infinity U foniii! hy wuiipadng tint lirat 14‘rnm of tlie 


(!x[MvnHioii8 iu iiowors tpf t~ ' of (3) and the ox|)ri»«ion fin- p, 1 - 
is 

is 2 




. 'i'liPiliiniliiig ratio ohUiiHH] 


-27207. 


(TlU) The Dietrlbutlon of Vftii»So.mpU« of Four ftom a Normal Unlveree. 
llv A. T. MoKAY, M.a,. 

Tlio CHtiniitted vattiu of fur mtiipluK nf 4 i» tliu HtaiiaUi! 

V3i(x,-af 

. ■\l “j' 

Now s K-r, -i)“+(x,-if) + l(Xj- - i'fi (S), 

and faotoriailig oach cui'lod biviokob aeparately we (ttitl 

(x, 4-.0, “ At) A + (Xj + x, ~ dx) /J, 

wliorG A and U loireaBoub tlio reiiiaiiiiog fiMJtolW. But obvirniHly (.rj+.rj"Sx)w. .'(xg+x,- ax), 
lioiico fchU form ia a factor of bl,o exprowiiou (fi). By taking a difldront grouping of UrrniM in (a) 
wo may readily show tliat 


S (X, - *)■’- 8 (X, + .r, - 34 - xj (X, +x, - xj - X,) (x, + X, - X, - 

Ill aquation (1) let U8 now employ the following orthogonal tranaforraation 
yo=(xi+x,+x,+x,)/2 ^ 
jri={xi+.x,-x,-xj)/2 
jr,=(x,+xj-x,-x0/2 

Ji=.(Xi+X,-X,-Jl,) 

which yielda di^~ — 

[i(yr*+J/i'+yi‘)]i 




• ■(A). 


..(»)■ 
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Jloiico in virtTie of tho wt‘ll*kuown orbliogotiivl pr«ijerfcy of the nomial funoblon, wo «eo that our 
l)rolilom reduci’-M to seeking the diKbribution of the Htatiatio 6^ in HarnplGs of three from a normal 
niiivoi-Ho. Jiy partial difturetitiation t»f (5) wo find that tlioro is an absoluto maximum of 6^ when 
3 /^»=y. 4 =^!/ 3 , thviK tho, diatributiou of and thoroforo of d, Iras tormini at ±1. This moans that 
tho distributiiin of V/y, ttirmiimixiH at ± 2/^3. Since tho distribution is Hyinmotrical abfuib zoro 
wo Imvo only even uionictnta, which are given by 




"(an)! 


///: 






..(6). 


Clninging to polar coordiiiatea wo derive 

(5i) — Jq {omdBm^BcQH(jitiiii(fty^”-Hm6r^e~r^l^drd9d(f>... (7). 

Tho integrand cif (7) ia separable, and the use of standard formulae vocvdily yields 

r3 C^) 

3 Jn V 2 ) 



Hence P 3 (^Ji)“= .fs and ($^) as kWV» *-1''’-'* making allowance for the factor of s/i in 
equation (1), /ij and giving These values are confirmed from 

au exproHsiou of U. A. Fishor’s*. 

Lot \LS! now proceed to find tho distribution of From equiitiou (5), wo soe that it is 
noooaaary to u\tegT'ato 

(B) 

over bite field of integration for which 

k,<. ¥ . ?a;m s<„+ 8^ (io)_ 

(V)* 

or transforming to polar ooordinafcoa, wo roquii'C to intogi*at6 

^ drsiuOdBdef} ( 11 ) 

over tho field for which 

si 

v><~ Bio^dooad siu 2^ <w + bu> ( 12 ), 


where 0<f<oo,0<fl<Tr and 0 < < 2»r. 

Kow sinco (12) is independent of r, tho latter variable can be integrated out in (ll), hence the 
Bubjoot of integration is thus 

— ainedOdi, (13). 

Kegarding w as positiye, which is moroly equivaloat to treating the positive half of tho 
distribution, and wilting oos we have to intograto 

i Avd.!, (14) 

over tho field for which 

n-f 

u? <■— a; (1 -;«;*) sin + (16), 


* B. A. Fiaher, Proc. Roy. 800 . Ber, A, YoL 190, No. a, 819, or E. S. Pearaon, Biomeirikat Vol. xxn. 
Farts III. and iv. 1931 (Misc^lauea). 
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whcio now 0 ^ .V ^ 1. .uiit 0 $ ^i^ir/2. Pcffotmiiig tho mtegmtion wlUi ««)»(, In (#i, wo M that 
WQ have to elfoct tlio Uitogratioi) 

1 '.HI) 

ovcv tho hold n ^ .r $ I cirtiditioned by 

(f"’! 

The oqiititioij (1(>) tlnm bocomos 

L I « 

wliove tho limitH for x are dctcmiiuod from the fiwt that •» runH from n lt» h wibjw-t the 
condition that , 

0«2w/3Tx(l-a*)';i tH)?. 

Deflignatiug tlio dwfcribilfcjon fuuction nought by /(y')i bn. t)je e.Y{jr(w«iuj) |1H?, wn have Hum 

/w-i . , c*i), 

wliero .t’j and arc to ho determined (19). 

By changing the variable in (20) we liavo 

/(I/-)-*- f^’ , - (Si), 

wboro h and is aro to bo fonud from 

0<4>pVi7((V-ri*<ll, _ ^ 

/ 

Thus, from (21), wo conoludo that/(Hrj maRomplateoUi^tiuinU^'ah for tholimitN arvsibgntitritleH 
of the iiitogmiid *. 

In oc^uaticiii (22) wo ohuorvo that the elomonb betwt^on tho two inequality Migiis liinH a ininuninn 
Value at hence for our limita of the intogral wo require tho twn roofee of the cubic 

27((l-0*-*4ie»=0 (43) 

which Ko noM'OJjt to, and ini each sido of, H>o value J . 'Dns will 1 ki j-cniilly hw'u from a, rough 
graph. Solving the cubic (2.3) by the usual metbud, tho appropriate iiiota aro fmmtl to l>o 

co8>(4 cos-* w+fr/3) 0 < i, < n 

<,<a4 COB* (J cog-‘ t(»+2jr/.3) 4 < < 1 I 

In (21 ) lot ua now make tho Hulwtitutiou to a new variable y rieKnod by 
f- J ooa*(J C 0 H''>y 

ta a»)- % m 

ov putting we bavo 

/(»)= “. m, 

rrS^J -a V(1 

whore Expanding tho Brno' term and noting tho disapiJoaranco of tho “odd” jjart wo 

have 

(sj, 

3iji) V(l-.r')(n"-.i*) ' 

• WhiHiiket and Wntan, I/adem Jnalj/ili (1880), .«» 5 SS-as n lej. Wo might Iiitor from Ihio thot 
f{w) will prove to be a hjpergeometrio funotion. 
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Writing ill tluH .i'=»8iu6> innl ia«sHina, 

. a f « cttud/zdd 



\/a(uo8^— ccwSa) ' 

But the. Inttci' irt Malilor’H Intogrul* for the Logondro Function, hoiico 

(30) 

I :(!-«’“)) (31), 

where F{(t, A; c; .i;) ia tho nanal hyiicrgoomctric function notation. 


Jii«t an a check «in o\u* unalyaiB wo may now HOok the nioraeuts of the distribution by 
proceeding from (31), 

a: I-"*') (32) 

«jiy| jjj l;cos®i9)cf^ (33). 

E.N.i.iatidiiig blio liypGi'gooniotric! function and intogrnting term by term wo find 



Whence byomploying the Qomma Function Triplication formulat with argument (n + ^) wo 
derive the result ahited in (H). 

From etiuation (31) wo conclude that the distribution of V/Si in Honiplea of 4 from a normal 
univorse is 

oio)' 

Now it is knewii tiiat when a+&“0®0, the hyporgeoniotric function F{a,b;o-, t)ia oouvergont 
when l^j<l and divergent when <»1, whonoe wo cuiidudo that the diatributioii (l){x) has the 
following proportioM; 

(i) yymmotrical. 

(ii) A cusp at infinity when ir-^O. 

(iii) A finito onliimto of l/g./3=«0'28aC7D at tlio tonnhii ±2/^/3 = ±]'1547. 

(iv) 

The graph of the ouiwo is shown in tho figure, together with the Poarson Typo curvo, which 
roaults by using tho socond and fourth momenta of the true distribution. Tho caleulation of the 
latter is as follows : 


* Whittaker arid Watson, loc, cit. §§ 15’281 and 15'22. 
t Whittaker ami Watson, loc. ciL 1 12'16. 



208 


Misedlanea 


wlieiKC using Klilovtnii’K nntiilimi 

I inn, fr i5Xi9i^l‘376404, ,v,t**0'riH3“ 
(1 - Jr®/l-Hy4737)‘‘»^«'*'' . 

wiiJi U'riitilii iit. .r - ± [■37<i4lJ l. 


n^mvmrAi, 


i'M), 


Appi'OxmiHinii In f/w C'iiyf'\ 

liy u«G 'll' t^tii-liug’H miwxinmtiuii hi tlni goiiorAl term nf tlin Ivyi)ergft<unelric «r.ri«n find 
(jomim.i'iiig uiiiir.ixiiimti(ni derivoil thorvfrota with tha true •HiefficieiiU itbhiiued by dirueb 
eivlaulati(-n, ifc may bn .hIhiwh that 

^’(i. S: 

w!a-rc ai^O-i!T&0«3, 1 -a Iog(l ^ j), 

«,(;)»(O00HaHr+O'OUOldiJ£^+...). 


.Sow fill' 0 ^ 2 $ 1, 2 “ and (1 -p" avc aUviiy'a iawitiva aiui dwireaw. HtevwUly (ih a iucveanctH, 


liPiiGO. liy Cauchy's Integral tnnt, 

.,W^i(I (SO). 

Hy iiHC! of LIjo mivin vahui thcorom luid a change cf varialilit w«! iiml 

.j(J)<')'llJD2lln-.* !''’(! - (*11)), 


TUo liUtuv iutcgi'id luuy he ovaluiitfid fi-^nn tlw JlnliNh AaH<M.utitinu Tablw* (Vul. 1. 1'al'lo Vll) 
svlth bliu vcault 

Ml), 

honoo (*13), 

Thus the parcuntago erm* in taking ^( 2 ; oh lui ai>iU'oxiJiialiou in niitnerimdiy Inns Untn or 
equal to 

^ lM52/[l-aWg(J-2)l (43), 

BO that limit 11; ..,(4*1), 

2 -M) or i 


The oxpresatun (43) can bo shown to Iwve a maximum value of h'23'7„ at ««kO*84.‘13, «u we may 
conclude that »p- ( 2 ) orrs in oxoess by less than 6*22 •/, of its own valuo. Thus with a i>erooutagc 
error of at most 0'22 7» the dUtribution fimotiou ^ (a?) of equation (.36) is given by 

0 (A-) 0-31 166« - 0-360406 logiq ] 3 : j (40 ). 

The latter is, of oouvee, oouaidei-ably more accurate when x is very anvidl or vary near the Umib 
Ilf the range. 

By integrating equation (4&) over the entire range of the distribution we obtain the value 
1-087 instead of unity. Thus the total error of the outiro area is 8*7 “/» 1 when integrating 
over a subrange tliis oiTor can be simply apportioned. 


'The Ilocianff idar Univei'ise. 

■Whenever the distrilmtion of a statistic in sainplos of n is dotcimiimid, ifc is always of 
considerable iutei-est to enquire to what extent the form of tli6 derived distribution is dependent 
on that of tho ijavent. In our case, for example, wo shall consider the dislrihutvou of in 
samplea of 4 from a rectangular univerae. We proceed by moans of a sampling experiment, using 
tho first 200 eample-j of 4 given by Showliart* Sioeo the means and ataudard doviationa are also 

* W. A. Shewbwt, Ecouflioic Coalrol of Quality 0 / Mawt/oclUTed Prod^ict (MacroiVian, 193\), 
Appendix K. Table B. 
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I'ociinlcd in liiw 'IVblu E, tlic jicc««Hary cnlculiitioii wan iiut h» difflcjiilt. Tlio final fi'oquonoy 
(lintriitiitioii i» nliuwn in tho tablu below. 


liauuo for 

i Jfti 

Krc<iueuey 

(BocUuKutar] 

Thoor. Frc(]. 
^Normal} 

x’ 

• 0 - •! 

44 

31*40 

6*06 

•1 - *2 

22 

£ 4*28 

•21 

•2 *8 

S2 

20-77 

*07 

•3 -4 

18 

18*67 

•02 

•4 •?» 

17 

IG '92 

•00 

■ft - -G 

15 

16*64 

•02 

•fj *7 

10 

U'6.6 

1*47 

■7 *B 

13 

13 - 8 « 

*06 

•« - -9 

11 

13*34 

•41 

■9 1-0 

9 

12*61 

1*03 


14 

12*16 

* 2 H 

M • M 6 

A 

6*78 

•11 

TmUUh 

200 

200*00 

8-73 


Cnluwm 3 gi'tw ftp[)roxiiuftte values of the bbwFebioal froquonden found by reading from the 
Curve I ill the figure and Using Simpson’s Rule. This is sufficiontly accurate for oiu- purpose. 
With a ;(’*aK8'7!l and U degrees of A-eodom wo find tliat ‘66, thua tha fitting is a very 

plavwible one. . 


Th« Diffknbutiofv af 7^, Itv gompUs ef IWfrom(*KormoHKver«e, 
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Summai'i/ umf CandimaH*. 

1. Tlie difstribiittun «n xmmjilesMf r»i»ir from « nomiftl Muivetrwc i» deU!n»#h»!.*d mid 

ki li« ft Myrmtietriwl airve hftvjiig finite oniiiiAten »t Uio tormiid and att iiiduitely diwteiit tniwp uti 
the lait) nf syraniotfy. 

2. This new, iuvBrl«d T, tyiva dtRtribtiUott 5* ii)leir«ttU»g in timl it oUi«r tlvivigw^ 

tliftt the normal urtivem can give riao to ft derived dwtriVwtion which tannot apjinisiimtcd 
to by a PsfljsKin Typo Curve, II provides a wsriiiiig, U^erefuro^ftgAinsl fti%i*r«s;iniM4liug Us tlseoreticftl 
distribsitioiia by the mere use «f momstiU without Aral ftahuriisg, l*y of is&mpHtsg 

mentis or otherwise, that the appmsimaiion curve iwltscterf has tim H«ine ifawoml ssbmacter as the 
true ourvo. 

3. The mults of ft sfttd|slhig o^cperiuifliit mi^oul that for ii ttsctetigwkr imivcrw Iho difstrilm- 
tdon of s/fii iu Kaiuplca of four could mewL miHoiwlily be tbo samo ns Umt for tSio iitsntinl uiiivonso. 


(tx) Note on Mr MoKay^s paper. 


I Hhould not ospeot that a tiitgU 1*»«hsi»i curve would dnacrilvs Hafcl«fttpU»rily the diKtribssUoii 
of any atatiatioal cootheiout Isnsod mwn a xaiuplo s»r four. C>so Ima had wuHtgh ttviwriwicc iu tlso 
distribution of the prrsducUmomoul owffiwont* ami the coTTnlnttou wtofficiwiti i»i very small 
Bftmplee from a norrunl population to reedino the truUs of IbiH. Un bhenitsnr band I Hlmuld bo 
surprised if Urn Ponnson ourvs« would ssot give a rcftsmsablo nppnuimJilioi'i im the Kftmples 
increased fbom 1& to 

ISven in Mr Moray's casu thu divetgenco in not no cxcMMuive an hiN disgmnt wtnild HUggeat. 
Wq may look upon Mr McKay's cum not as ft «w^/« cum, but wt n. turvo nud ite iiiirrurud 
iisiftgo, in precisely the same manner ne I have troAtod the distribution of the “eeutre of the 
range" in samples of sise n drawn iVout a rootangukr parent impulation^. tii Uial oasa we have 
a cusp at a /inite distance from the ongiu on tlio tuck of symmetry, ftiid mirror curvoe, ivich of 
which is a Fcartiou curve of Type IX. Those mirror ourvos arc in that case the ocoumte aoluilrm, 
not an Approximation. 

Aocoidiiigly in the proseub oime of thedistributiou of In samplcis of fnur, it Hoeme ruftMouahle 

to lisa mirror ourvos as Mr McKay doe* in hta ftwmrato solution, wid fit oiwli of them te ft Poftrson 

oiirve by using the soaoad or fourth moment oonlBoients about the asymptoljQ axk The oombined 

mirror curves mil then have the same first four rnomeut oooftloiouta ftlwut the axis of symmetry. 

Wo ttia not iirovidod with the third luoraeut ooofitoient of the half McKay curve ho that one 

must bo contont with the second or fourth. The armroiii'iafco Pcawoiv curve is Tyije VUI, 

* 

i.e. y«*yo ( i where x rangoa from 0 to a. 


Wo have for moment coefRolouta about *»OHs 




al — W 


* 


and for unit urea 




Accordingly 

ifflBsS-m. 


" fl “ wt) (b m) " "4 ' 


• BlomeMldi, Vol. xxi. pp, 170—180. 

I Biometrika, Vol, xi. pp. 887—888. 

J See the last two memoirs jost oited. 

§ BimetrVtd, Vol. xxin, pp, 394 — 896. 

II Phil. Trans. Vol. 216 A, p. 488. 

IT The factor J is introduced, because the area is for.Aa^f the mirror curves combined. 
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But of MoKay’a curvQ=315/143, hence 

or «'=3l6/43 end «=2-70«6,8n3. 

Thus m.= -2834,1887. 

Purthor, the standard deviation of McKay’s curve is and Mocrdiiigly wo Snil 

or tts=VU60,0393, 

We have hero the oliisf characteriafcics of the acemute McKay curve in approximative values. 

Y a. '7066,8113 

LMtlj »'»'“-25-”2l?ri48()70353='“®’®®*'- 

TKub the fib by the ftrsb four momenta conaiata in the mirror curvea of Type VIII forip : 

/I ’146 0Q4.\ 
y_.308,28o(_T^) 

Wo can, however, got & etUI better roatilt by au appeal d priori to a principle whicli dater- 
minoa the range of in aamples from any i>areot i>dpulation. 

Consider a parent population with a range b and let aamploa of eke n be drawn from it. Now 
consider the following soheme: euppoao ?i-2 of the sample values are at ar=0 taken as at the 
end of the range, ono value at .r«o(e<h) and a third nkax^b. Then we have 

. (g.-gy It 8 


Vi'S 

/ \/-l « / 


t*>l 7» 

Now f«((3 + 5)/ft and accordingly wo have 

. {(c(n-l)-6)>+(6(n-l)-c)*+(o+4)>(n-2))l 

2) ((c’+y) (n- I)-3d(i! + i)) 

{(0>+5i)(#-l)-2c4}» 

-(n-8) vthowX- ..^., . 

' '(tv-l-ihiX)! (»+«r 

have one value at one end of the range and the rest at the other, 


When 0=0, or v 


Vft- 


*/n- 


This is the maximum value of For if we move the value at one ond oloaer the n- 1 
values at the other, we mejrely shorten the range b, hut get the same value of which is 
independent of the range. If we put two at one end of the range and n-2 at the other, this ia 
putting a*"b, or wo have 

Jfii. J — which is less then , 

' ^-1l 




Finally, if we start with one value at one end of the range and it- 1 at the other, and 
move one of the latter out a distance o, then We have as above 
(w - 2) {» - 1 - 3»X} , 

' 1— 2nX)i 

but if we make this a maximum with X we find 

n - 1 - 2«X n. - 1 — SiiX , 

or'X>B0, that is oaaO, or to move a value from the end of the range reduces 
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But the ftmngoment 1 uud »- 1 value# nl the cii«^ ff the raiiKO in nf Ci) th« nim 

of the range, wliich may t*o t«cre»«od m Infinity, or uf <ii) lUc tuilvirfi «f ilw! jMmtit tiojiuktiou. 

Thue under all clreorantaiKstw the of rnuatlie in tli® 

To thifl extant the l)amut {Kipnlation le if»dlfli»jnt. If ii « Uiun wc b*v® For tins rwisg»s 
tS/Va^l-lHTOOB, agreeing with Mr MoKay*« vala& 

Knowing our range wa oan wake u«o of either the second nr fourth woiHout r^jafRiHent as wn 
have not a knowlociga of Uin <tdd montenta to fit mir cim'e, cm* m ml|^i t fit o**® <*f M r 1 Ffl jwiniano’** 
ourvea* which use fiu and As my sole puipowe is t** indiuste that a WKllHrliwsen Vmmi\ 
curve can approxinu^ to Hr McKay’s curve, I will take a Type Vlll curvts luid knowing tho 
range fit from one even mottiRUt coeffioJont While I should jJwifbr the«eeoin;l n;iOHj#Jul ©.onffidcJit, 
had the range Ixjon infinite, I prefer the four^ to tho aooofut whw» Uie rang?# »« liuhM. Thera 
is, however, very little difference betwaon the vaJux** of y* wul w forttrd {Wm the si^ontl »nd 
fourth, moment tsoeffioionta, and both give results vary chiee to thw v^uee fmuid oe above, when 
the range is auppoaod unknown. Wo have for the oonstanlo «f the Tyjie VHl uurve : 



Umi*« 



Bango unknowu, using p,' and m’ 

Range known, using fx^ 

Rango known, using (h' 

1-146, (W4 
1'lft4,70t 
M.14,701 

2IWI,77M 

•!dJ5.8Pl 

'307,^2 


On the scale of Mr McKay's diagram there is scarooly anything to show Ixilvrean thtHao curt'Os. 
In the diagram below the curve as found from Mio known range aiuI is figtirtxi. 

Thus the fit is by mirror ourvos of the Typo VIII form i 

We have hero the oUiof chamoterbitios of tho accurate McKay eurvo if» approximaUva valufti, 
iiamoly i 

(i) Syrumetrioal. 

(5i) A auap at infinity when w—0. 

(iii) A flnihe ordiuato»0-89B,29l (Inateod of 0-208,076), at tho torminl 

(iv) V* •» -339,030 instead of ‘842,867, and tbe same ns the tnve vafee. 

(v) logut</>(«)-T‘B06,l6a8 - mOfl4(l+bg,D UIV 

An oxamlnatloDi of tho diagram ahowi that the mirror ourvfw of Tyi« VIIl, while fchof 
pto-vlde m very aeournto fit, are subalantlaBy more satisfactory than the attempt to &t ft eoQ'* 
tiunoua curve of Type II to what ia netually a miiror curve. Had we worked from the fehm 
motnout cooffioienta f*s' and m' of the McKay mirror curve about Ita t^rlgln we might hftVQ 
hoped for a still bettor fit, and we have at any rate nnoourag<.^monfc for the »uggftitlcn that with 
larger, if not very large samploB, the fitting of tho iiurrored curve, not the pair of mfrrored ouw«i 
by a Pearsou curve will give a practically ronaonablo graduation of s/^t. 

* TheslB for the LoDdon doctorate not yet pubUahed, Mr SanaiaaTiin fife* higher otdar fgm»mekle8A 
outvee by taking jSj and ^4 of foe obaenationB to agree with the curve velUeft ' 

+ J. Pepper, has ehown, indeed, that with Bamples of 10 only, he got a very good fit to the 
distribution evoo without the use of mirrored curves of finite range, : 
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Gnnparison- of Pea*sotv Curve of Typo VIH ani Wss iVlirtor Curve 
wtfcK M^'Koys cxccfurofce du-ve 



Mr MoKay'H cljaoiuwiaii of tho Boctangular Paronb Population is of muoh ititerest and value 
na ahowln^f that with very aiuall soinplea the actuftl distribution of bho parent population is of 
aniall intporUnoe, bub at blio Hamo tlino it oontains a wai’ning to those who proi)08o from small 
aaraplcs to deduoo anything conooruiug the cboraotcmtica of the parent population, As I have 
endeavoured to indicate in a rooout pai>or*, it may well need samples of upwards of 100 to safely 
infer whether the imiant population is nai*mal or rectangular. Thus tho chief value of Mr MoKey’s 
coroiwrim>u of samples finnn a rootaugular parent population with the theoretical results from a 
normal ijarent iHipulation dcMSa sot seem to me to lie in the foot that the latter will suffice to 
dciHoribo the former— the thoorctlcal results of sampling from a rootaiigular population would no 
doubt equally well d(^oribo vei'y small samples from a normal population — no, tho ohief value 
lies in the warning it gives that, notwithstanding we have in a small siuupliug found agroenieut 
with thoorotioal. predlotlons as to small sampling firom a type of parent population A, this 
pi’flvidoH no real ovklenoe that tho aofcnal parent population was nob of a wholly different tyiio R 

K. P. 


(x) Note on the Fitting of Frequenesr Cuiree. 

One of the chief clifl&cultios which beset the path of the inventor of a system of frequency 
esurves Is the too ready maimor in which others may apply, or rather misapply them, and so bring 
discredit on a system, the rules of which they have not followed, or more often misundoi’stood. 

* See .SiemetfiAa, Ybl. Jwxv, p; 871- 
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I could cite many itisfauicca «»f this in tlie wuw of my own syslom of ourves* * * § , but a note- 
worthy illiifitration of it cecura in » •ii>«drttttion for the Ph.D, of the fnivemity of Miehigan by 
Mr Pa«-Tsi Yiiaiit. It in eiitiUeil “Dm the Lojiiirithinic Frequency Disitribution and Iba .Somi- 
logarithmio Cormlatitm SurfeoB.” 1 am iioloonconiod li«ro with thaquosUon ol wlmtliBir Mr Yuan 
haH contributed anything noved to llmaubjoct. which luw been worn fairly thwsMlbat'o by uuiuettiiis 
prevlouu writoiu. I deal only with the two )^uiU in which he mfcrH to my own sjniitributiaiw U> 
the topic. In a pupci* of 1896| 1 dehned the “ak6wno««'*of a frequency di«tribkitiou to bo the 
ratio of the distance between the muaii and the mode to the standard deviation of the distnbution, 
and in l&OfiS I ahowotl that the Ic^ithmic curve could not bo of wide mw* bocau^ the r«ti|e «f 
“akowness” it provide is Jimited, while in oetuaJ practice “akewness” carl take any vaUir 
whatever. Mr Yuanjl rorxiarkB that while the akownftsH of the Itigarithmic ctirvo with my 
dednition la limited, thia only mdioatoe that inydefiniUonof akcwiio^ doea tmtgive a aatmihetf^ 
moanure of skewnoaa, and advooatea oa wbioh ia the symbol ho prefom io u«e instep of 
Now Biaj if any one prefers bo used as a mwwure of asyniuiotry in frctjuemcy di«ti'i\>ution«, 
but that has nothing to do with my deftnltion of “skowium” Wlietlier you call (mean mode) 
divided by standard doviatioii “skowiiosK” or nut, the fact remains that the quantity in question 
ia a physical ebaraotor of ft^uwmy dietributions, mid is liiuiUsd in the logarithuiio curve mid i« 
notlliuited in frequency dlfitributioiu in gooond. -JPf is not limit^ in tbulogarithimc curve, but 
for every value of (3, there ia only one available value of ^ and of the other higher l^n. The oun‘o 
coonecbiiig and fij baa l>eon plotted by Ib’etorius'^ and his graph is ropiDdncod on p. 215. 

Unless the and /3i of a distribution givo a point lying close to the broken iitie {A) of tlm 

diagium wo cannot get a good roprosentation of tlio frequency. If tho {siint docs li« nttir that 
lino, I will guarautoo as good a fit with a Typo VI ctirve to any actual nbwrvatiomil wrlea. 

If the point (d,, lies some distance from the (A) line, its fourth moincut cuefBciout must 
be discordant with that provided by the logaritbmio curve, and the graduation will foil to be am 
good as tho Pearson curve, Now how does Mr Yuan illustrate tlic supposed suisirinrifcy of fit of 
the logarithmic oiu-ve over a Pearson curvet 

Ho compares tho logaritbmio curve with a Pearson I'ypa III ovirvel Why not straight away 
ooiTiparo it with a rectangle or a normal ourvet The logarithmic cjmvjv Type VI area and 
is uoarer to a Tyiw V than a Tyxw III distribution. ^ 

For a practical illustration he takes the distribution for tho weights of 10()0 female studente 
ns follows ! 


Gentrof Weights in, lbs. 




3 

bv 

4 

% 

*>« 

=r 



% 

5 

S' 

at 

rA- 

‘■o 




f 

Aj. 

5t 

1 

Fraquenay 

S 


6i 

331 

348 

108 

L2S 

03 

23 


7 


2 


1 

im 


* See lor examplai Paul It. Uldw, mornttrlka, VoL xxw. p. HBfl, whaco no sUenHon bM been paid 
to the "sbruptnesB" or to tho limitation ol the range. Or ogain [ &. b, Bdgott, Meltvn, Vol. tx. No. 3, 
pp, 81—92, who applies a wrong typeluBlng a method elmUat to that auggeste^l by me in 1985 and then 
found lacking in acouraoy) and then OBserts (bat thia typo Is a had fit, But illustrationa-oepeolally 
in practical memoirB-^aro loally too ftoqaent to be recorded here. 

t Pabliahed in the Aiinalt o/ j»/od«jiwtif«I SmMun, Vol. iv. pp. 80—74, Edward Brothots, Ann 
Arbor, Miob. 

I PAii, rrani. Vol. 186A, p. 870. 

§ JSioHiefnirt, Vol. iv. p. 105. 

II Loc. eit. p. 42. 

if Biomelrika, Vol. xxii. p. 147, 
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inoiuoit 
cq^imtioti is 


TItu Pt»irst)ii cui'Vis«i*j»mpriatot*»Uie«ii»lrtisTy5*i: IV, me*! iUv . . 


13-llS 


ig} w«trkjiij,’ 


with origin At 3‘4U,0()a working miita, i.e. »4“UOoall«N. U^fr»ru tho 'Jins m 

S*85^,R50 working units fitun fclio origitr. 

The of this oun'fi wem oulculafecd anH the falbwiDg rewgiu ; 


Observed 

LcH^lbmic" 

t‘fAreagt°Ki 

Froquodc;^ 

Carve Aroan ' 

Type IV Ciirvif 

18|'« 

‘•'ill 

ior“ 


82 

J»7 


m 

2S8 

aifinas 

m 

ar.6 

262-81W 

19(i 

too 

uia*oo« 

laa 

lU 

U3-?<W 

m 

67 

66*831 

an 

27 

as*7oi 

■;]n 

M 

(il '** 


i] 

1*137] 

5 

il 

‘ 4 


il 

}-“l 


For 10 gi'auiJH : 13*1764, ^«-6*Ii7&i, 

It is clear that tlie fit of the Type IV curve whioh provides the eismtol 0s iw iiAgiMflfWi:itr fca Ui«t 
of the logarithmic curve, m it naturally should bo. Mr Yuan may «f conrec gniduat^’t «r»y dsnta 
with a logarithmic curve if he oansiders the 6t good eiiough for liia i)uri,w>Mi, but it i» idle and 
illogical to pick out a wrong type from ray aysfcem, and then tOAgtiify the value of Ujq losgaritUmk!* 
curve at the expense of that «y«tom. 


K IK 


* Values on p, 50 of Mr Yuofi’e paper. 
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THE CRANIAL COORDINATOGRAPH THE STANDARD ' 
PLANES OP THE SKULL, AND THE VALUE OF 
CARTESIAN GEOMETRY TO THE ORANIOLOGIST, 
WITH SOME ILLUSTRATIONS OF THE USES OF 
THE NEW METHOD*. 

By KAUL PEAESON. 

1 . Iidrufhtetury, 

Mnny ywra aga whwi I htid tuore leisuto to give to craniometry than I have 
batl n-oeiitly, I twirne conviiiotstl of the unsatisfactory nature of the “standard 
pliiiiea of the akull, and tlio need for a careful revision of the whole snbject. In 
[»irUcn!«r, when one liaii realiaoct the ateolute aaymmotry of the skull in all parts 
and ill all dinwtions. it acBinecI irrational to suppose that the aiirioular axis was 
likely Ui lie in a '' lwri»onW.r’ plane. Aaaumvng for a moment that there is such a,n 
entity «a a "median sagittal" plane, or plane with regard to which the absolutely 
symmotrieal skull should have inirror aymmotiy, then ip the natural skuR the ears 
would bo ahiftwl right and left, forward and backward, up and down with regard to 
this mirror piano of syiiimotry, and accordingly the auricular axis would mate an 
iuigle with the inimir piano of syminetty. Further, al! the fundamental points of 
the skull whieli should lie in the mirror plane, i.o, the “mid-sagittal” points, won 
in an oetiml skull bo disparscKl some to the right and some to the left of 
the fiction uf a median sagittal plane as a tnie standard vertical plane of the s u , 
seemed to vanish with the osymraotry of the skull. 

Ccmviticod that, with an asymmetriiail system like the skull, the main 
still be to start from a fitly chosen modiaii sagittal section as the standard 
vertical plane, and that the staadanJ horisontsl plana must be perpendioul8-^° is- 
I ooultl only hxik ujwn the Frankfurt Hlorisontal PKuieand 
Plano, both passing through tho auricular axis, and the Median Sagittal “■ 
detnrmined by any tbreu {wintetJ « rery temporary and inadequate eXp® 
obtain thron iiintuidly porpondioularstandard crania! pianos. These ouatom^y 
are not mutually rectangular. By construction the Frankfurt Horiaontal 
the usual Tran»v««e Vertical Plane are at right angles. Hence the 
ought to b« at right angle® to Ixith these planes, that is to say at right ^ 

the aurimlar axis. It is perfectly easy to draw the curve of intersection ° 

• rhs ni«(#ri*I potata of Ihlii y«|» ««» gi™ m a loclom kslors to OitorS Univernity t 

loglwl BosWjf Ott Way m, IS8S. mpte Nasion, 

t Three ttiw (loiaU am warajaed to be to to ■■mtatM pl«u of eymmohY," lor exa j,y 

Bregtee and Leaih^ ss oaed to to Bioiaetrio liaboiatoty, or Neelon, Inioa end Baflioa a 
Uutio. Seep. W Mow. 
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The Cranial Oaordinatograph 

plane with the external Burfiioc of the ekull, if we have an instrument for eattiiifj 
the skull with its auricular axis perpendicular to the plane of the craniometric 
table. That is possible by aid of the cranial ooordinatograph. It only nnnains to 
settle through what point this plane perpendicular to the auricular axis shall he 
taken. If the skull had complete mirror symmetry then this plane should bisect the 
auricular axis, i.e. pass through the point — the Mid-potion — midway between the 
Right and Left Poria. In the random selection of crania I have used to illu.slrato 
this paper, this Mid-porion plane deviates so widely from any supposed median 
sagittal section, that no one would think of using it. By aid of my ooordinatograph, 
Dr Morant kindly drew for me on a Hindu skull the Frankfurt Horiisontal Plane*, 
the usual Transverse Vertical Plane, as determined by placing the skull on a Ranke 
craniophor, and the Mid-porion perpendicular plane. Plates I — III indicate the 
absurd results thus reached, The absurdity lies in the fact that in no ordinary 
skull is the auricular axis perpendioular to any reasonable Median Sagittal Plane, 
and the sooner we, as oraniologiats, realise this the better. The auricular axis makes 
an angle differing from a right angle with the Median Sagittal Plane and has no 
real claim to bo selected as a ''horizontal line." A very brief experience will con- 
vince an attentive observer that when the subject is holding hie heed “straight" 
the two ears are not usually on the same level, to say nothing of their equality 
in distance from any mid-line of the facet. 

I have, perhaps, said enough to convince the reader that the fundamental crux 
of the determination of the standard planes of the skull lies in the discavory of an 
adequately satisfactory “median sagittal section," i.e. a standard vortical sagittal 
section or an approximate mirror plane. This must precede the determination of a 
standard horizontal plane, if only for the strong reason that with a truly symmetrioal 
skull we can find twelve or more points which lie in the mirror plane, while the 
"horizontal plane” has only some four points for its determination, and these in 
no case so simply determinable as the positions of those we have spoken of as 
mid-sagittal points. The “crux" lies in this: we have twelve or more points which 
“should" lie in one plane. If they don’t, what is an adequate representative of that 
plane? The mathematician would answer at once that a “good” substitute for it 
would be the plane that made the sum of the squares of the distances from it of 
these mid-sagittal points a minimum J. At the present stage of these investigations 
"weighting” the mid-sagittal points must be left on one side, and we solve our 

* not dstsrmlnQd from the left Orbitale, bat Dmm the moan beight of right and loft Orbitalia, 

t In very marked oaBar the unequal height of the eara fa laoorded aa an " anatomloal anomaly," 
aee dimubt o/i?«ganfoa, Vol. rv, pp, 38S— 0, Plalea III and rV, 

t blot iufroquently ouch a plana io termed the "beat" plane. But to aooept thio view we ahould firet 
have to ohow that the daviatioos of thaaa pointa from this plane followed the normal law of froquenoy, 
aod that the atandard errota of the deviatlona of the individual pointa were the aame, otherwiao the 
quoation of wrighting the individual pointa ariaaa. Thia auggeata valuable, but very laborioue work in 
determining the variations of what I have termed the xoid-aagittal standard pointa from a mid-aagittal 
plane and a consideration of their individual frequency diatributioua. We should probably find oursolvea 
finally thrust on the problem of whether the standard deviations varied from race to race. If they ahould 
do BO, weighting would be very troubloaome. 
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problem by stating that the standard mid-sagittal plane is the plane— in a mathe- 
matical sense — of close fit to the twelve or more mid-sagittal points. 

It was with regard to problems of this kind, in particular cranial problems, that 
in 1001 I published a paper on ** Lines and Planes of Closest Pit to Systems of 
Points in Space*, and showed that the determination of good fitting planes 
depended on finding the standard deviations and correlation coefficients of the 
coordinates of the points in space, The solution was reduced to a problem in solid 
Cartesian geometry. To apply it to the skull we must (i) determine some three 
rectangular pilanea associated with the akull—these I term the fundamental reference 
planes, and (ii) have some instrument which will rapidly provide us with the three 
coordinates of any point whatever of the skull in relation to these three planes. 
Such an instrument 1 term a cranial coordinatograph. One especially designed by 
me and made for me by Messrs Hawksley and Sons will be described below. 

Now let us seo where we stand. The skull may be looked upon as a system of 
indefinitely numerous points. By aid of the cranial coordinatograph we can at once 
form tables of the coordinates in apace of any number of these points we please. The 
instrument enables us to construct plan and elevation , drawings of these points. 
Wo can then proceed to deduce properties of the skull either by the methods of 
solid Cartesian geometry so familiar to the mathematician, or by the graphical 
rules of plan and elevation drawings so familiar to the engineer. 

We are thus able to determine (i) the distance between any two points on the 
skull — the callipers may be dispensed with, although the tape will still be required; 
(ii) the equation to the line joining any two points and the angle made by this line 
with any other lino or plane; (iii) the angle between any two planes aa represented 
by their equations; (iv) the standard mid-sagittal plane as defined above, and — 
perhaps the moat important of all determinations — whether (v) any two homologous 
points on the skull have true mirror symmetry. Thd cranial coordinatograph seems 
to me to throw open a new field in craniometry, much os the modern theory of 
statistics did some forty years ago. It adds solid analytical geometry to the 
technique of the oraniologist, and provides a valuable addition to his inatrumentarium. 

I have no desire to Boreen the labour of calculation involved in the new processes 
suggested in this paper. The question is; Are the results worth that labour? 
Personally I think they are. It is something to gain a means whereby we can 
distinguish between the adequacy of various median sagittal planes, or obtain a 
measure of the inadequacy of the Frankfurt Horizontal Plane. And these are only 
two of the many problems solvable by the new methodf. 

• JPhiloaophical Magaeine, November, 1901, pp. 669 — 672. 

t Apart from new pioWaraB we obtaia other methode of aolving old probloms. Wa have the oo- 
ordinafces of Naeion, Alveolar Point andBaeion ; they give the equations to the eides of the fundamentnl 
facial triangle; aud we can study its angular properties without using the tclgonometer. Or again we 
have the coordinates of Nasion and Proetbion (or, it we prefer, Alveolar Point), and have the equation to 
their join. One of the direction cosines of this line gives the angle it makes with the Frankfurt Plane, 
that is the Profile Angle. We can thus dispense with the goniometer, which ia at beat a faulty instru- 
ment for it assutnes that the line joining Nasioct and Proathion projects into a vertical Hue on the 
usual Transverse Yertioal Plane, which in general it does not. 


16—2 
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Befaru ive oiui distenviino the Gooitliiiatoa of poiiita on tho skull wo raimt fix on 
WKiidiiiate planes. These might of course be selected in any manner, but it is 
ooriveniont to select fur them already familiar planes. I call them the planes of 
roferunoe, and the reader must distinguish thorn fram the standard planes of the 
skull, which are Btiwothing quite diflioront. I take as planes of reforonoo: (i) the 
Frankfurt Horizontal Plane as determined by balancing the Poria on the extreme 
points of tho knife edges of a Ranke eroniophor. The Ovbitalia are then marked on 
right and left orbits and the skull rotated until the horizontal plane through tho 
auricular axis (i.e. the join of the Poria* or the knife edge of the ear plugs) bisects 
the diffotonce of the heights of the two Orbitaliaf. This is our first reference plane. 
With the skull thus adjusted and the soribev at this height, the most posterior 
point in the occipital region in this piano (to be called the jilano of ® = 0) is marked 
on the skull. It will be called Kappa. This point Kappa is usually on or oloao 
to tho occipital protuberance. The Frankfurt Horizontal Plane a.s thu.s defined 
will pass either through both Orbitalia or above one lower orbital margin and 
below the other. See Plate 1 (a), (ii) While the skull is still adjusted to this 
slight modification of tho usual Frankfurt Plane, the horizontal bar of tha 
craiiiophor is brought down until it is in contact with tho skull and moved forward 
or backward until its point moats the sagittal suture. This point is marked on the 
skull. It is tho Apex in my terminology}. The plane through tho Apex and tha 
Poria is that of the so-called Transverse Vertical Plano, tho plane for which tho 
Transverse Contour is usually provided. It is to be our plane of {xt) or y=0. 
Tho planes (i) and (ii) meet in the auricular axis which is accordingly our axis of x. 
(ili) Any plane perpendicular bo the auricular axis will serve as the third plana 
of reference. Now suppose tho skull removed from the eroniophor, and adjusted so 
that the auricular axis is perpendicular to a drawing-board, then the paper on that 
drawing-board may be taken as the plane of (ay) or r; = 0. Tho point in which the 
auricular axis meets this drawing-board will he our origin, or the origin is the plan 
of the two Poria. If we now project onto the drawing-board all points we please of 
the skull, we shall hove their plans on the plane of z= 0. These will give us their 
a and y coordinates. The plan of the Apex joined to tho plan of the Poria will 
give the axis of x, and the line in this plane through the plan of tho Poria 
perpendicular to the join of the the plans of Apex and Poria will be the axis of y. 
This axis of y should very closely pass through the plan of Kappa if our adjustments 
have been accurately made. I take tho positive direction of the axis of a to be away 


* I prefer to mark the Poria only after the aknll ia eupported on the knife edgea. 
t Tho Boriber Bet to the level of the left of the knife edgee is first applied to one Orhitslo, and the 
akull rotated until this Orbitale and the Poria are in one plane. The aorlber ia then applied to tha second 
orbit ] if its Orbitale ia above the scriher, the aorlber point is marked on the akull below the Orbitale, and 
the skull rotated till the aorlber biaoota the difieronoe. If the aorlber aa first set la ahoro the aeoond 
Orbitale, then that Orbitale ia brought up to tha aoriber, whioh when applied to the first orbit will now be 
below Its Orbitale and the biaeotion mnat take place on that orbit. The ultimate plane, to he called that 
of [rpl or x=r0, ia oar first plane of referenoe. 

t The Xpen must not be conf naed with the Vertex ; the latter ia the point of the skuU at xnazlmnci 
perpendicular diatanoo from the Frankfort Horizontal Plane. 
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from the Apex, i.e. towards the base of the ekuU, and the poeitiye direction of the 
axis of y away from Kappa or towards the face of the skull, I have chosen the 
plane of y « 0, or the Transverse Vertical Plane,™ the plane for giving the elevations. 
The Frankfurt Horixontal Plane is the plane through the axis of y perpendicular to 
the plane of the drawing board, and, if the skull wore truly symmetrical, the plane 
of the plans would he parallel to the mirror plane or a true Median Sagittal Plane. 
Accordingly all the mid-aagittal points would have the same elevations. 

Plates IV^VI provide photographs of the plan and elevation drawings of six 
skulls— those of a Fuegian, an ancient Egyptian from Nubia, a modern Arab, a 
Negro from tho Teita Hills district, a 17th century Londoner, and a modern Hindu, 
These akuila wore chosen at random, and the diagrams in every case show us that the 
inid^sagittal points do not lie in a single plane perpendicular to the auricular axis, 
forif they did these points would have equal elevations*. A true mid-sagittal plane 
is u fiction in every one of these cases, and we are compelled to replace it by the 
idea of tho "oloaest fitting" plane to the chief mid-sagittal points. 

2 . The Cranial Ooordinatogmph. 

In tinier to obtain the plana and elevations of points on tho skull (not confining 
otirselvoa os in our present illustrations to the mid-sagittal points) it is needful to 
doviao an inatrumeat which will serve three purposes; 

(а) Set the line joining any two selected points of the skull perpendicular to 
a drawing board. In our present illustration this line is the auricular axis or join 
of the Poria, but we might find in ether investigations that some other line would 
bo of more service as axis of r. This oan equally well be achieved by the ooordinato- 
graph. 

(б) The instrument must be capable of measuring the height of any point 
above the drawing-board, that is we must read off easily upon it the elevations of 
any chosen cranial points. 

(c) At the same time it must by a simple action record oh the drawing-hoard 
tho plan of the cranial point. These objects are all achieved by the present 
instrument. 

Diagrammatioally the instrument consists of three arras, two of which are capable 
of fine motion and to each of which a vernier is attached. See Fig. 1 on p. 222. 

AB is a vertical rod on which slide the two arms DjPi and D 2 P 2 , which can be 
brought into absolute contact such that the points Pi and Pa coalesce. OD 3 is 
a fixed arm, and carHes a vertical cylinder in the axis of which is a needle point P3. 
When tho button at 0 is pressed, this needle comes down on the drawing-board and 
the inked rim of the oylinder makes a cirole with a needle point in its centre. This 

• The in.odel» baaed upon the plan and elevation diawinga provided by the oranial coordinatopraph 
had to be tilted for photography in order that the namee of the points should be legible. Aoootdingly 
the reader wlU And it beat when examining them to hold the page nearly vortical, when the models 
come more oloBOly into oorreot perapectiva. 
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is the plan of the point, with which one or other of the points Pi or P, is placed in 
contact. The three points Pi, Pj and P> are in a vertical line perpendicular to the 
base BB' of the instruraent. Thus the line PiPjPs is accurately parallel to the 
vertical rod AB. This rod is graduated in millimetres from zero at B. Thus with 
the fine adjustments and verniora the height of Pi or Pi or their difference in height 
can be determined with close approximation. The other part of the instrument, 
the ctamal staddle or skull trivet — it would be misleading or ambitious to call 
it a craniophor—oonsista of a triangular plate canning a saucer, and supported 
by three screws at the angles. The skull is placed on a bed of plasticine in tho 
saucer, with the required line roughly adjusted to the vertical. Tho point P* of the 



ooordinatograph is brought into contact with the lower point of the line ; the upper 
point Pi is brought down to the approximate level of the upper point. Then by the 
turning of the three staddle screws and tho fine adjustment movements of tho arms 
Pi Pi and PjPi, the skull is brought into contact at tho gi ven points — e.g, tho Poria — 
with the terminals Pi and Pj of the arms of the ooordinatograph. The adjustment 
does not take in practice much longer to carry out than it does to describe, and when 
it is completed the required line — B.g. the auricular axis — is perpendicular to the 
drawing-board— a touch on tho button at 0 nosv records the position of the origin on 
the drawing-board. The upper arm is then raised above the skull out of the way, and 
the lower arm used ; it is brought into contact successively with the points of the 
skull which are to have their coordinates found. The button G determines the plan, 
the scale on the vertical AB, with the vernier at Pj, gives the elevation of the point. 
The plan of the Apex gives the a>-axis, and the line through the origin perpendicular 
to this gives the y-axis. Thus the three coordinates of any point can be found from 
the recorded elevations and tho measurement of the plan drawing ou the board. 
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The etKinliimtogmiih and the cranial ataddio mo made relatively heavy so that they 
may net Ih- moved tm, quickly either by over-haste or accident, and thus compel the 
UBcr U. rundjnst the akiiH and start nfrosh. Care has to be taken in adjusting the 
skull on its bed, tliiit no nsqiiiriid point lies immediately above or very close to one 
of the screw legs of the abuldla. The boso plate of the staddle is raised sufficiently 
above the dniwinp-lauml Ur allow of the plan-recorder DsO passing beneath it as 
the platiB of one or two points of the skull will frequently be beneath this plate. 
With pntetioK in the amt of the apparatus I think the adjustment of a skull and the 
detorminalioD of the tbrese coordinates of some twenty points do not involve much 
mora than an hour’s labour. 

Table 1 gives as an ilUiatration the three coordinates of some fourteen points on 
six skulls referred to the reference planes we have discussed above. After a short 
discussion of mirror symmetry, I shall return to these sets of coordinates and indicate 
the tyiw of jawbiem in which their determination can bo of service. 

Plate Vir («) gives a photograph of the Cranial Goordinatograph in its first form. 
Slightly to the right we see n skull on the cranial staddle; to the left of it the two 
acrib(ir arms of the ooordipatograph aro adjusted to the upper and lower Poria of the 
skull. Thu Bcalo, the fine ndj usting mechanisms of the soriber arms, with the verniers 
OB the sloping faoiw of the out away portions of the arm brackets are visible. Two 
instrsimeiiU for roeordirig plans are also in the picture. That on the right is of the 
Klmitech type*, and is set for determining the plan of the glabella of the skull. That 
on the left is tho plan-pricker ftoni my osteometrio instrument. The upper ie the 
seriber arm, the lower arm marks tho plan of its point by a eirole (inked with a pad) 
with contral needle point, corresponding to the cylinder-bearing arm of the diagram 
in B'ig. 1. Tho use of sueli auxiliary instruments re(juires a double operation, the 
measureinent of the elevation by tho coordinatograph and the location of the plan by 
some form of vertical projector. This double instrumenbnl setting has been got rid of 
by attaching an arm llko that on my plnn-pricker on the left to the base of the 
coordinatograph : see Plate VII (6). Thus, if either arm be set to a point on the 
adjusted skull, a tap on the pinn-priofcer gives the plan, and a reading of the scale 
on the vertiiml upright of the coordinatograph tho elevation of the point in queetion. 

3, On Me S^melrj/ of tho SkuU. 

I have indicated in my introductory remarks that I do not look upon tho 
Frankfurt Horisnital Plane passing through the auricular axis as the best approach 
we can make to one of the fundamental planes of tho skull. The first thing which 
strikes an observer of the human frame is its superficial approach to symmetry. 
This symmotrj' is not axial, but planar or mirror symmetry. Take any body whatever 
with a plane side and place that side against a mirror, and we see at once an example 

• TW» doM DOI cUBor ftxmi Diagtaph {ArcMv jUr Anthropologii, Bd. xy. 

Snpptaimnl, 8. U and TaM STV). Imt I »aa peraonally lateraated in Kaatsoh'a contout-tiaDinga (of 
which J fomam aereral orlglnala), and I had the original ptojootoi used in the Biometm Laboratory 
mailo ior ma to hia pattern hy hia loatrument maker. X therefore apeak of it aa of “Klaateoh type” 
wllhoat daiming for W», or indeed for Lhwauer, the iuvenHoB of oraniographe. 



Beferred to Auricular Axis aa axis of z and “Transrorae® plane as plane of 2=0 is plane of drawing 



The Inienoi Hon waa not ssed in the case of (Aj sod (B). In the case of (A)~(F) the Fappa was eo close to tbe z-asds that I hate tehsn it on that axis. 
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of such mirror syminetry*. This apparent symmetry is the striking feature of the 
living hetul or the skull) and it is idle to neglect it and suppose we can determine 
any standard plane without regai-d to it. Of ooaree as soon as we begin to measure 
wo find that the skull is very far from symmetrical. Much work hag been devoted 
ill the Biometric Laboratory in recent years to the question of asymmetry in the 
human frame, and more will shortly be published. I do not propose to deal at 
present with tho results of those investigations, although they actually upset some 
current beliefs. As far as the skull is concerned those investigations deal with the 
measurement of homologous distances or the size and shape of homologous bones. 
But vie have to remember that the brain controls the development of the brain case 
as much or rather more than the case controls the brain. Let us start with a 
hypothetical brain of perfect mirror symmetry, and let it retain this symmetry from 
the earliest fotal life. Tho homologous bones will spread from their ossification 
centres over tho brain but they will spread unequally and not homologously; the 
resulting biain case might possibly have mirror symmetry, but this could not be 
asoertainod in general from a measurement of homologous bones. We need to 
aaoortain fimt at least some approach to a probable mirror plane. If we suppose 
homologous bones to grow "at random,” according to a general law, but that there 
be no absolute equality of growth in homologous bones in definite directions, then 
■they will meet and the sutures be formed in a more or less random manner, fiist 
tho edge of a right side, then of a left side bone protruding into the territory of tho 
other. The best we can do is to take some form of average of the sutures which 
should He in tho mirror plane. As we cannot attempt this for every point on the 
whole series of sutures, we do the best we can by fitting a close plane to a reasonably 
largo number of definito paints on these sutures. If this gives us the best plane 
available for tho skull, it by no means follows that it would be with equal oloseness 
tho mirror plane of the brain or of the living head. Indeed the brain might be truly 
symmetrical, while tho skull was asymmetrical. Without having definite evidence 
to produce, I think, however, that the living head is on the average more asym- 
metrical than the skull. Suppose we take a full-face portrait of a head, how shall 
we determine what is its mirror plane, and judge what it would look like if 
symmetrical ? 

I tested in the first place a rough outline sketch of Cromwell’s death mask — 
Plate Vin (ii) (i). The nose decidedly deviated to tho loft cheek. What is tlio 
“host” mirror plane? The only thing to be done was to bisect tho lip line and 
tho external oocular distance; these points of bisection were joined, and the 
drawing out in half down tho bisecting line. The two halves were traced in 
reverse and then the two right sides were joined up and the two left sides were 
joined up to form absolutely symmetrical faces. The results in Plate Till (ii) (a) 
and (c) are absurd, but suggestive. The reader can choose (ii) (a) vvith the 
duplication of the famous wart over the right eye, or (ii) (c) without the wart at all. 
We see at once that the skewness of the nose leads to a marked diminution of that 

' Tho mirror must be a oilvored plate, and not the ordiaorj giosa mirror, Cor the latter tvill show a 
vacant abeet between object and image. 
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orgflD, or to its exaggeration. In Plate VIII (i) I have applied the same breatmenl: 
to a drawing of the Ashmolean bust of Crorawoll. 

Now this difficulty follows us when wo ask what would a familiar face look like 
were it symmetrical. We bako a full-face portrait and at once are met by tho 
problem: Where is the mirror plane to be placed? I took tho photograph of a 
colleague and after several trials finally settled that again it was beat to take tho 
dichotomic line through the bisections of mouth and external orbital distance. 
This line would not be a truly vertical line as the head was slightly inclined to the 
right: see Plate IX (6). To my horror the bulk of the nose and neck fell in one half 
of the divided photograph. These two halves had now to be reversed, and this 
was done by rephotographing them, and obtaining two prints, one with the film 
against the printing paper and the other with the glass. Joining my two halves 
together I obtained two perfectly symmetrical faces— Plate IX (rt) and (c)'^but at 
the cost of much reality. Any one who examines these ‘^symmefcricised" portraits 
will I think come to the conolusions that (i) grace does not necessarily connote 
facial syminetry, and (ii) a good deal of pemonal individuality is linked with facial 
a.'iymmet^. 

After this I felt able to deal with the problem of a symmetrical skull Procisely 
the same process was repeated on the fticiaiis of an Egyptian skull. See 

Plate X, Allowing for lihe Weakening of the reversed prints, I think, any one 
accustomed to handling skulls will be struck by the naturalness and individuality 
of the central photograph as compared with the symmotricised products tu right 
and left of it. 

But while it is relatively easy to create symmetrical portraits of the living face 
or of tho Norma facialU of a skull, it is far less easy bo determine the plane 
associated with an actual head or skull, by aid of which we can appreciate its 
asymmetry. As I have indicated in the introduction to this paper, there are a 
certain number of points which may be termed the mid-sagittal points, for they 
should lie, if the skull were symmetrical, in one plane, the mid-sagittal (and are nob 
infrequently assumed to do so even in a natural skull). These points are the 
following: (i) Alveolar Point, (ii) Nasal Spine, (iii) Nasion, (iv) Glabella, (v) Bregma, 
(vi) Apex, (vil) Lambda, (viii) Kappa (sco p. 220 above), (ix) Occipital Protuberance 
(Superior Inion), (x) Inferior Inion, (xi) Opisthiou, (xii) Basion, and (xiii) Palatal 
Spina. As I have indicated, the piano of closest fit, as judged by minimum mean 
s(|uare deviation to these points, will be defined as the standard raid-sagittal plane. 
In the past the mid-sagittal plane has been arbitrarily determined by selecting 
throe of the mid-sagittal points, regardless of whether such plane was or was not at 
right-angles to other so-called standard planes. Let tne illustrate the difficulties 
heretofore current by citing the weiglhtiest authority on the subject. I am inclined 
to think that in his case aa in the case of many others the man who writes the 
biggest book is held to be the weightiest authority. If we cannot form an impression 
on the reader by the lucidity of our writings, we can at least impress him by the 
weightiness of our volumes, The very origin of the term weighty for an, authority 
may be studied from this aspect. 
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Eudolf Martin in his Lehrbuch der AiUhropologie in systemitt'iSobe^i' ars u 
(note that word syalttmUk'i) tells us in Ed. II, S. 682, after emphaS'®'°S I" ® neues 
of ulant!* of orientation for the skull, that; , , ,, 

^ * iflt duVcH dPO) JrUTlKtrti 

"1 'elixir die hWiauwgitla! Ebono term koin Zwoifel bostelien ; si« , oincrEbeoe, abor 
(Nflrioii, Iniim U»tl iMoii) hwlhimit, Zwar liogon dioaa nioht inimer Wnnen,” 

did Altwokiliuugru ^iud «o aalsxlttuteiu], dflaa sio in dor Praxis vomachloss*® 

In tmnslatiotl; ,, coined by three points 

Tliore e*u l>» no doubt about tbs Median Si^ttal Plane. It m deter devia- 

(Noaiiia, I'liuii and Itaalon)' Th®*' IwluU do not lio always exactly in one p a > 
tiotM arc no uniunwrlaiil, that in pnietioe they may bo nogleotod. , . 

. , • • a 111 lie on tiie mirror 

Why Marfcitt selected out of tho many pomfcs which should 

plant! the Nasion, Inion and Basiou "wtAout doubt" as those ^ 

Median Sagittal Plane, ho does not tall ua, and I cannot tell the 
that one of t>i» three pointa is one of the noost difficult to go a step 

and no two writem scorn to agree on how it is to be found! these 

further, wc are told that the Median Sagittal Plane is to be dc 
thro® ixiints-whcn they are foiind—that seems clear enough^. 
then infonned that the plane which pasaejs through these wr not 

exaolly paw through them, hut the deviations may be neglecte ■ 
know that a plane is fully dotermiaed by three points? On j ghull, he says 
appear to Ihj so; but on S. fi83, spenking of the horizontal plane can 

it ought to go through four points, but as the skull is , jerminca plane." 

only he taken through HArss, 'Tor three points inathematioally a t^hen 

In the Biometric Moratory the Nasion, Bregma and more or leas 

for drawing the median sagittal contour, partly because these P , because the 
clearly determined by the intersection of the cranial sutures, a 

vault of the skull seems for many purposes mote important be ■ 

Mow lot 118 return for a moment to Martin, His median points— Nasion, 

taken (notwithstanding negligible deviations) through the points They are: 

Inioo and Basiou. We naturally look up his definitions of the ^ 

S. 619. The Nasion is the meeting point of the sutura ® pjane. This 

suture between the M»l and frontal hones) with the Median 
plane therefore determines Hui Nation. _ superiores. meet in 

S. 618, The Xnion is the pint in which the Lineae nuoli»e^^ 
the ilfedtan SaffiUal Plane-, if these lines are so feebly ^ jpoed till they do, 

reach the Median SagiUtU Flan,, they must be artihcially 

Thus agw'n the median sagittal plane determines t e nmn. foramen 

a. 616. The Basion is the point in which weighty of modern 

magnmn is met by the Median Sagittal Plane. Thus the pjiree cranial points, 
anthropologists dofines the Median Sagittal Plane in terras -o„- knowledge of 

which accoiding to him are only to be ascertained by an^ not 

the Median Sagittal Plane. If this be ■‘systematisohe Hare ^ (.bese 

some need for a mathemalacal logic a e , lo 
oraniological fogs? 
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I have no desire to defend any particular plane which goes through three points 
as being the better representative of a plane which should pass through a dozen or 
more, but when we are told that there can be “kein Zweifel" as to what is the 
Median Sagittal Plane ono is tempted to ask whether Martin’s “ohne Zwaifel” Plane 
i.s really superior to the nasion-bregma-lambda plane of the Biometric Laboratory, 
Having the coordinates of the thirteen mid-sagittal points for the six skulls selected 
at random which illustrate this paper, it was easy to write down the equations in 
those cases to Martin’s Plane and the Biometric Laboratory Plane, and to measure 
(i) the angles between these planes, and the plane of "closest” fit to the thirteen 
points, and (ii) the mean square residuals of the mid-sagittal points from Martin’s 
“ohne Zweifel” Plane and the Biometric Plane. The results are given in Table II, 
A and B. 

TABLE II. 


A. Angies Plane of Maximum Symmetry makes with the Biometrio 
and Martin's "Median Sagittal Planes," 


Skull 

BloiDotrio Lftboiatory Plano 
{Naaion, Brogma, Lambda) 

Markin’s “ohuo Zwoifel” Plane 
(Haslon, IriioUt Boaiou) 

Aiioient ER.yptiflu ... 

0" 2()'‘0 

V 20'-0 

Modern Arab 

r 30'*3 

0“ &5'’0 

NcRro (Toita) 

r 30'‘6 

6‘ 46'’7 



1* ft9'-0 

7* 10' -5 

17bU century Englisb 

3* 14''0 

D*47''H 

Bengal Hindu 

3“ 56'-7 

eno'-sf 

Moan Angle 

2"8'-8 

3“ 43' -S 




Or, Martin’s Plane has on the average a 73 ”/„ increase of angular deviation on 
the Biometric Plane. 


E. Mean Square Besiduals for the two "Median Sagittal Planes." 


Skull 

Biometrio Laboratory Plane 

Martin’s Plano 

Aucient Egy])tian 

1-61G7 

1-5909 

Modem Arab 

4‘0284 

2-60Ba 

Negro (Toiba) 

5-72B4 

32‘0410 

Fuegian 

a-61586 

62-4137 

EuRlish 

27-3bfi3 

4-0257 

Bengal Hindu 

31*1950 

36-5764 

Mean "Value 

13*0055 

23-0414 


Or, Martin’s Plane has on the average a 77 °l, increase of Mean Square Keaidual 
on the Biometric Plane. 

The sections A and B of Table II show us that neither the Biometric Laboratory 
Plane, nor Martin’s “ohne Zweifel" Plane lies on the average very close to the 
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Plnnc of ilitiiiiiiitn Deviation from the mid-sagittal points. This plane may be 
spoken of as the plane of nearest approach to the mirror plane of the skull or more 
shortly ns the IHuiw uj Mtuciiiiitm. Syvfvni&ti'y, This latter plane we shall take as the 
Fiiut Staridani Plane of the skull, or the Standard Median Vertical Plane. Naturally 
the Standard Horizontal Plane will he perpendicular to this plane, and we shall 
determine how far the Frankfurt Horizontal Plane is deficient in this respect. The 
Standard Traiiavcrsc Vortical Plane will ho again perpendicular to both our Standard 
Plane of Maximum Symmetry and to our Standard Horizontal Plane, and we shall 
determine how far this plane deviates from the usual Transverse Vertical Plane 
thj'ough tlie auricular axis perpendicular to the Frankfurt Horizontal. It will be 
seen that wliether we .judge by angular deviations from the planes of maximum 
symmetry or by the moan square deviations the nasion-bregma-lamhda plane is on 
our present evidence much superior to the nosion-inion-basion plane. Accordingly 
wo shall not consider it needful again to refer at length to the Median Sagittal 
Plane of Martin. When we speak of the “usual” Median Sagittal Plane, we shall 
mean that in which the long aeries of median sagittal contours issued by the 
Biometric Laboratory has been drawn, i.e. the uasion-bregma-lambda plane. 

4. Procedure for the termination of the First Standard Plane or Plane of 
Maaimtim Symmelri/ of the Skull 

I have already indicated the first stage of this procedure, the determination of 
the reference planes, and in particular the auricular axis which is to be set per- 
pendicular to the plane of the drawing-board. But there is one point I should wish 
onoe more to oinphasiso. The auricular axis may be defined to be the line joining 
the extreme points of the knife edges on which the sknll rests on the craniophor, 
uihen these knife edges are properly adjusted. This adjustment is sometimes defined 
as the process of bringing the tip of the knife edges to the Poria. But what are the. 
Poria? Martin* defines the Porion "as that point on the upper border- of the 
auricular passage which is vertically above the middle of the same." But how the 
Tuiddle of the aurioular passage is to be found, he does not tell us, nor can I conceive 
how it is possible for an asymmetrical conicboidal space to have a " middle.” Still 
less, if I could discover this “middle” could I take a "vertical” through it to meet 
the upper border of the aurioular passage, because a vertical can only mean a line 
perpendicular to the horizontal plane, and that plane can only be found when the 
knife edge tips are already placed on the Poria. Thus according to Martin the 
Poria can only be found after the Frankfurt Horizontal Plane has already been 
determined. The very process of tilting the skull round on the knife edge tips to 
bring the Orbitalia to the height of the top of the knife edges causes the tips of the 
knife edges to slip along the upper border of the auricular passages. In my opinion 
the only way to determine the Poria is to mark them after the skull is adjusted on 
the craniophor to the Frankfurt Horizontal, the knife edges being withdrawn out- 
wards to the very verges of the upper borders of the auricular passages. If, with 
some definition, other than Martin’s, the Poria be marked before the Frankfurt Plane 


• IM. cU. 8. 618. 
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is determined, then there is diffioulty about successfully balancing the skull with its 
knife edge tips on these Poria; the tilting of the skull produces a constrained 
equilibrium and the knife edge tips tend to slip oflf the Poria and a minor catastrophe 
may result. 

However, having marked in one way or another the Poria, it is fairly easy to 
adjust the skull by the three screws of the skull staddle so that the two Poria are 
in contact with two upper arm tips of the coordinatograph. A touch of tho button 
marks the point, where the auricular axis meets the plane of the drawing-board, or- 
is the plan of the Poria and the origin of coordinates. Before the oooi-dinatograph 
is moved, tho elevations of the Poria must be read oflf and recordedj a check on their 
accuracy is that their diflfereneea should equal the intraporial distance, which should 
be taken with the oatlipera, when the skull has been removed from tho omniophor 
and beibre it is placed on the staddle. The Apex and the Kappa are now projected 
on bo the drawing-board by aid of tho coordinatogi-aph, and their plana, joined to 
the plan of the Poria, give the axes of a; and y respectively. These axes should be 
perpendicular. If they are not, the y-axis must be taken perpendicular to tho 
flj-axis, and the Kappa will have an a?-coordinate differing from zero. Such a coordi- 
nate was too small to be measurable in the skulls dealt with by mo. The plan and 
elevation of overy other "mid-sagittal ’’point is obtained in the same manner, and tho 
record for each skull will bo a series of coordinates similar to those given in Table I. 

The oraniologist may not take it amiss if we remind him of the chief theorems 
in solid analytical geometry whioh are of value in the study of the skull. If 
(ui, ill Oi) (fla, ia, Ca) (oa. iai Oa) be the coordinates of three points, end 

+ -huis and hx + mty + rti = pt 
bo tho equations to two pianos in tho prepared forni, i.c, such that 
ii“ -I- «ii’ -1- J!i’ =■ 1, fa”-f »na“-l- «a“= 1, 

then; 

(i) The equation to the Une passing through (oi, 6i, Ci) (da, ia. ta) is 

2, ~ I' ~ ~ “^1 rli 

Oa-Oi ia— ii”ca — Cl ^ 

(ii) The direction cosines of the lines are 

Xi2==(a«-(ti)/ri2, itfu == =» (ob - . 


where ru® - (aa - Oi)® + (6 b - 6i)“ 4- (oa - ci)® J 

(iii) The angle between two Uriea, 0, is given by : 

cos & = + 

(iv) Tbe angle <f> between two planes as above is given by 

cos = + niTia .....(iv). 

(v) The angle between a line and a plane is given by 

sin = Xia Wi + ni (v). 
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(vi) Tho plane through the points is given by 

!C -Oi y-ix ^ -Cl =0 (vi), 

ffa — «i hi — bi a — Cl 
Ha — «! 63 — ii C 3 — Cl 

where it is simplest to express the determinant numerically before expanding it. 

fvii) Let ®, y, z represent the coordinates referred to the three planes of 
roforenoe already discussed of any of the "mid-sagittal” points and S denote a 
summation for all these points r lob ®, y, z bo the mean coordinates of all these 
points, 1 ! in number; let 

be the x, y and z aquared standard deviations j and let 

Pm “ ® i^y) -^y> = (**) - Pv* = i s iyx) - yx 

be the product moment coefficients. 

Wc must then solve tho equation 

pta. =0 (vii); 

P«X., <rv*-S', 

gj. I P»~ Pm o-i‘-2“ 

£• - (o-,* + o-j,* + a}) + £’ (a} <r„‘ + c," o-.* + a} ~ p\ - 

“ - 0 - 3 “ pV + ^PivPiz Py>) = 0 ('’“')> 

and we shall obtain three values Ijf, Sa* of S“*. These values of 2* are the 
minimum and tho two maximum values of the mean square deviations of the 
n points from three planea*!'. The Si* which gives the minimum value is the one 
wo are seeking in the first place; it provides the plane of maximum symmetry, or the 
nearest approach we can gob to a true mirror plane or median sagittal plane of the 
skull. Tho Standard Horizontal Plane and the Standard Transverse Vertical Plane 
must be defined with regard to this plane, and we shall deal with them later on. 


To determine this piano we must solve the equations : 

{<r/ ^ Xi*) r.i + Pv^Mi + iVi = 0 ' 

pvg ■+* - ^ 1 *) -flfi + p/y -Vi ^ 0 (ix). 

+ Pn “ ^x*) -Vi = 0 

subject bo Lj* ■+ i/i* + « 1 

Li, Ml, 2^1 are the direction cosmos of tho plane of maximum symmetry, and 

Pt~Li^-^ (*) 

or the equation of the plane is 

+ — ^) + ^x(^-2)=0 (xi) 


and 2i* measures the mean square deviation of the mid-sagittal points from this plane. 
* Fkiloeophioal MagasiM, 1901, pp. 661 — 668, 

f All terms in braokeie are poeitire, and (he e^natioQ has three real roots. 
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5. Ilktsiratio'ii of Numerical Woi'k, 

We will now give a luirneriuiil oxiunplc of finding a plane of maximum 
symmetry, and then more briefly provide the equations giving 2/ and this and 
other planes for several skulls. We will take the Arab skull, section (0) of Table I, 
p. 224, and consider the 13 sets of mid-sagittal points, coordinates given in the 
following table : 

TABLE in. 

Coordinates for Arab Skull. 


Point 

X 

y 


198-0 

1. Alveolar Point 

+ 46-0 

+H8-8 

198'1 

-i-4-e 

2. Naaal Spino 

+ 2»*« 

+fl2‘3 

198-1 

+4-B 

:j. Naaion 

- 2»*4 

•ffl:P7 

106 -r> 

4-;P() 

4. GUbolla 

- 39‘6 

4- 84-8 

lon-o 

+2-5 

f). Bi'ogma 


+ 4*1 

190-0 

-2-1) 

n. Apox 

-110-0 

00 

IBO‘1 

+2-0 

7. Latnlidu 

- 40 0 

-78*1 

1H9'7 

-3-8 

8. OcoipitAl Protubovamio 

- 0*2 


lOO'O 

-2-D 

&, Kap])a 

0*0 

-71*2 

lHO-8 

-3-7 

10. Iiiforior Iiiioii 

+ «0 

-05*8 

IBfl-a 

-3-7 

11. OpiHtliiou 

+ 20*H 

-38-4 

103-2 

-0-3 

Batiiou 

•t- 26-5 

+ 4-1 

193'1 

-0-4 

13. Boao Palatal Spino ... 

+ 30-8 

+46*4 

104-4 

•tO-9 

Sum 

-l&D'G 

-I-74-2 

2516*0 

■tO-ti 


Siim-rlS; 

(i) .v=-ir)'0ia,lfi4, J--t6'707,69Z, S=193’638,4616, i'= + •038,4610. 

Squares ; 

(ii) J==226'38a,750, =32-077.748, ... ?»= -001,479. 

Products : 

Ciii) 3«'= + -219,026, S'»=- -078,698, ... 3;y= -8.0-878,813. 

Mean Squares of Oooi-dinates from Table IV : 

(iv) )S(4f‘)/13 = 3002-078,4016, S(y»)/13=4S50-210,709, S(«'»)/18 = 8-B40,709. 

Moan Products from Table IV : 

(V) ,2 (y4')/13 = 181 -366,923, «(»'®)/13= 29-892,308, 5 (ay)/lS= 366-822,308. 

(iv) minus (ii) : <rj“=2776-191,711, ir,»=4226-63.3,02l, ir.“= 9-539,290, 

(v) minus (iii) : p„= 181 -137,397, y„=30-471,006, p,„=461-701,121. 

We are now in a position to -write down the fundamental oubio as given by 
Equation (viii). It is 

2“ - 1012-364,022 2‘ -I- 1166,2972-392.766 2“ - 1996,0121-046,469 = 0. 

The ratio of the coefficients of the last two terms is 1-726, and we test with 
2*= 1-730 giving 22839, and 1-728 giving - 238-363. The root is close to 1-728. 
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Applying Newton’s Eule we obtain 1-T28,0208 and thence finally 21^= 1'728.020Y. 
This ia the mean aiinare deviation of' the thirteen mid-sagittal points from the 
Plano of Maximum Symmetry. The other two roots of the cubic will he discussed 
later. 


TABLE IV. 

Sqtiares and Produots of the Coordinates of the Arab Skull*. 





,'3 

I/s' 

z'x 

xy 

0) 

+ 21.71'56 

7886*44 

21*16 

+408*48 

+ 214-36 

+ 4138-08 

(2) 

«2«‘44 

8519-23 

21*16 

+424-58 

+ 132-48 

+ 2668-24 

(3) 

aR4*3G 

7006-69 

9*00 

+2.51*10 

- 88-20 

- 2460-78 

W 


7 191 -04 

6*25 

+212*00 

- os-a) 

-3358-08 

(6) 

1437fi’01 

16*81 

8-41 

- 11*89 

+347-71 

- 491-69 

(8) 

14161-00 

0-00 

G*76 

0-00 

- 309-40 

0*00 

(7 

24«0-01 

6099*01 

14*44 

+ 296*78 

+ 189-62 

H-3807'1D 

(8) 

3H*44 

5700*2a5 

8*41 

+218-96 

+ 17-98 

+ 408-10 

(^)) 

0-C,)0 

5069*44 

13*09 

+263*44 

0-00 

0-00 

(10 

47-61 

4329-64 

13*60 

+ 243*40 

- 25-63 

- 464-02 

(11 

888-04 

1474*66 

•09 

+ 11*52 

- 8-94 

-1144-32 

(13) 

660-2fl 

• 16-81 

•16 

- 3*64 

- 10-20 

+ 104-66 

(13) 

048-64 

20QM6 

•81 

+ 40-86 

+ 27-72 

+ 1398-32 

Sum 

30033*52 

56889-74 

124*03 

+2367-64 

+388-60 

+4765-69 


Sum-i-13 8OO2'D7ft,40t6 436fl'210,7C9 9'540,709 + 181 -3.56,923 -»-29'892,308 ■t3C6'822,S08 

The whole of these valuoe (Tables III and IV) have boon put down for the use of any cranio- 
legist who may desire to test the labour of finding a Plane of- Maximum Symmetry, 

We have now to determine the direction cosines Xj, Jlfi, Nif of the Plane of 
Maximum Symmetry from Equations (ix). These give us ; 

277diA63,690Xi-h 4.fil'701,m Jllj + 30-471,006 .Vi = 0, 

461-701,121 Xi + 4224-906,000 Jfi 4-181 137, 397 iVi = 0, 

30-471,006 ii -1- 181-137,397 Mi + 7-811,269 Ni = 0. 

From the first two equations -we find 

Xi , Ml -Ni 

1 XO-418,268 “ 246-492,616 

for the relative values, and since Xi* -1 Mi* + Ni = 1 we have for the absolute values 
of the direction cosines 

Xi = -0040,697 5, Mi= -0423,9970, Wi = - -9990,9244, 
and if these values be substituted in the thiid equation (or Xi, Mt, Wi above, the 


* In actual practice the aquarea are put direotly on the maohine from Barlow's Tables, and the 
pioduot naultipUoationB are a oontinaous . process oo the maohine. 

Biometrlka xxy 


16 
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l<ifb-hand side will be found feo be d- '0000,0087 insbead of zero, which checks the 
value for ae we have oidy worked to six decimal places in the coefficients. 

Finally aubstibviiting in the values for Pi given by (x) we find Pi — — 193'1B1,851 
or the equation to the Plane of Maximum Syinmofcry is 

- ‘00iim75x- ‘0423,9970y + *9990,0244^ = + 193-181,8;)I (xii). 

Knowing this plane we can determine the angles it makes with : 

(а) the Frankfurt Jlorizonbal Plane, i.e. a: = 0. The cosine of this angle 
= — '0040,6975, or the angle is 90“14'*0. Thus the Frankfurt Horizontal Plane is 
not for this skull perpendicular bo the Plane of Maximum Symmetry; 

(б) the Tranavei’se Vertical Plane, i.e. y = 0. The cosine of this angle 
= — ‘0423,9970 and the angle is 90” 21 '*8, or the Transvei'se Vertical Plane is not 
perpendicular to the Plane of Maximum Symmetry; 

(o) the Plane perpendicular to the auricular axis, i.e. z = 0. The cosine of this 
angle is '9990,9244 and the angle is 2® 26^'5. Thus the auricular axis for this 
skull is not perpeudioular to the boat plane wo can adopt for mid-sagittal 
symmetry. 

Again for this skull the Left Porion has for coordinates (0, 0, 256’7) and the 
Kight Porion (0, 0, 133*9); thus the Interporial Distance equals 121*8, and the 
Mid-porion is (0, 0, 194*8). Thus the Mid-porion is 1*3 mm. above the mean height 
of the thirteen mid-sagittal points, and further the Plane of Maximum Symmetry 
does not pass through the Mid-poriou, but meets the auricular axis at the point 
B = 198*86. The perpendicular distances of the Poria from the Plane of M&ximum 
Symmetry are Loft Porion 62'29 and Bight Porion 69*40, which indicate the 
extent the two ears are asyramebrioally placed. We can now write down the Equation, 
for the Median Sagittal Plane as based on Nasion, Bregma and Lambda for this 
skull. By Equation (vi) it is 

a: + 119*9, y-4'1, 190*0 =0, 

- 29‘4 -t- 119-9, 83-7 - 4*1, 196*0 - 190*6 

-49-9 +119*9, -78*1-4*1, 189*7 - 190*6 

or, ft- + 119*9, »-190*G =0, 

90*6, 79*6, 5-9 

70*0, - 82*2, - 0*9 

or, expanding, 

413*340! + 494*45y - 13011*102 + 252,7447*881 « 0. 

Dividing by the square root of the sum of the squares of the coefficients of 
aj, y, 0 we have the equation to the plane in its prepared form, i.e. with the 
coefficients the direction cosines and the constant term the perpendicular from the 
origin, 

- *031,72940? - 037,9666^ + *998,7766^ = + 194*016,354. 
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It 18 poi^fiible now by inserting the coordinates of any of the mid-sagittal points 
to determine its distance from this plane. Tho following are the distances of these 
points for the Arab .skull ; 


(1) Alveolar Pohib 

4 1 *0070 

(8) Occipital Profcuboranco 

+ *6804 

(2) NtiKu.1 S|_une.,. 

4 '6750 

(0) Kaiipa 

41-74D3 

(3) Naaioii 

■oitoo 

(10) Infovior Iniou 

+ 2*1692 

(4) Glabella 

4 -2175 

(11) Opiatliion ... ... 

+ *6389 

(5) Bregma. 

•0000 

(12) Baaioii... 

+ 2*1166 

(CJ) Ai>ox... 

-6*6204 

(13) Base Palatal Spine ... 

+ 2*6638 

(7) Lambda 

•0000 

Sum of Squares of these Biatanecs 

62*3686 


Moan Square Distanco from Plaiio 4*0284. 


Thus although bbo plane actually paases through three of the mid-aagittal points, its 
moan square deviation is more than doable that of the Plan© of Maximum 
Symmetry. While the mid-sagittal contour drawn in the Naaion-Btegma-Lambda 
Plane may serve many useful comparative purposes it clearly differs widely from 
any suitable mirror plane, and actually for this Arab skull the angle between this 
uS.'K. plane and the Plane of Maximum Symmetry is 1*36'‘3. It makes an angle 
of 91* 49’ '1 instead of a right angle with the Frankfurt Hori^-onlal Plane, an angle 
of 92* 50'‘6 with tho auricular axis and an angle of 92“ 10'‘5 with the IVansversc 
Vortical Plano. 

We may give oa one furthur illustration the moMure of prognathism as 
found from tho angle between the Frankfurt Horizontal Plane and the line joining 
Alveolar Point to bTasion’'^. Those points are (1) and (3), or for the Arab skull 
46‘(J, -I- 88*8, + 198T) and (—29*4, 4- 83*7, + 96*6). The equation to the line joining 

«-4«.8 ,/-88-8 .-ma 

-29-4-4fl'a 83'7-88-8 T96-5- i98'l ’ 

2! -46-6 ,v-88-8 2-198'1 

” 760 S-r “ 1'6 ’ 

or the direction cosines (/, m, n) of this line are proportional to 
76-0. 5*1, 1'6, 

giving for absolute value, since 1* 4- m* + «* = 1, 

4- ‘997,636, + -066,940, 4 '021,001. 


The Sine of tho angle this lines makes with the Frankfurt Horizonal Plane, i.e. a? = 0, 
is '997,536 or the Profile Angle itaeU - 85* 68’-6. 

If we ask how far does the Nasion-alveolar line lie outside the Plane of 
Maximum Symmetry we have to find the angle between the plane whose direction 
cosines are 

- -004,070, - -042,400, 4 *999,092, 

and the line with direction cosines 

-I- -997,536, » 4- *066.940, +*021,001. 

* This is of oourse the measure of progoAthieiu in the skull, but the racial order of pTOguathi»m in 
the ll'vitxg, owing to tbe thlckucse and protrusion of the lips, may be very different. Perhaps this fact is 
not always adequately emphaRised. 


16—2 
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The sine of the angle (see Equation (v)) is + '014,0837, giving an angle, of + 48''4, 
or the Profile Lino is .skewed out of the Plane of Maximum Symmetry towards 
the, right side by more than three-quarters of a degree. 

Wc have illustrated sufficiently the general algebraic and numerical primeasea 
by which, when the oriitiial coardinatogi'aph has given the coordinates, the properties 
of any skull can bo discussed by the aid of the elementary formulae of analytical 
geometry of three dimeiisiona. 

6. Analytical Geometry of six illustrative Crania. 

The following six illustrative skulls wore chosen at random. It is not suggested 
that average results obtained from them would not be widely modified when oori- 
.siderahle aeries of the same races are dealt with; they are solely given here as 
indicative of the typo of problems the cranial coordinatograph enables the cranio- 
logist to attack. 

Wo. have the following numerical roeults; 

{A) Fiiegim tikuil* (llecont). 

Elevation of E, Porioti 253'H, L. Porioii 12(i'2, Mid-porion IHO'O, Ri-porionio 
Distance 127'6, 

Cubic to deterinino Minimum Mean Square Eosidual ; 

E'-Tini '463,075 i:‘+ 1460,0879-769,628 S*- 2446, 0978'tl51), 113 = 0, 

Value of 2i» = 1-676,844. 

Plane of Maximum Symmetry: 

- '0095,7040® + '0157,38622/ + '9998,3036 r = + 189'022(),8197. 
v.(9.X. Planet'. 

- '044,7048 X + -010,2709 y + '998,9474 « = + 190'677,8476. 

Martinis Planet; 

+ '122,4878 X + -038,6513 2/+ '992,9011 «= + 188'966,1990. 

(S) Nubian Skull* (Ancient Egyptian from Kerma). 

Elevation of E. Porion 247’0, L. Porion 132'7, Mid-porion 189'S6, Ei-porionic 
Distance 114'3. 

Cubic to determine Minimum Mean Square Eesidual Si*: 

S‘ - 7662'63'6,646 S* + 1392, 8838'366, 612 2’ - 1801, 6486'994, 210 = 0. 

Value of 2i* = l'294,8636. 

Plano of Maximum Symmetry: 

-I- -005,4027 X - -006,2292 y + '999,9660 x = -b 188'664,6436. 

* Id tbe aase of these oraai& the Inferior Inion wAg omitted. 

t The usual “mid-sagittal” plane, i.e. that through Naaion (v), Brogma (/3) and Lambda (X). 

$ Tbe plane through Nasion, Inion, Bnaion, oaeuraed by Martin to be "ohne Zweifel” the “best” 
mid-aagittal plane. 
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Pianc,: 

- -Olia.SfiHH .K + -OOai.OiriS ly- -MtMRHT * = -I- 188'752,1.:')00. 

Miu’ltiii'a Piano: 

+■ •() 1 3,1137 1 o: - •(>0(i.718Hj, + -999,3803 j = 188-231,5380. 

(f-'l Ariih /^hiU (MtKloi-ti from l^alcsfcitio). 

Klovatinri of R. Porioii 133-9, L. Poi-ioii 255-7, Mid-poHim 194-8, Bi-poi-ioiiic 
DisOanou 121-8. 

Cubic to detunniiiH Mijuiiii)iii Mean jSi|iiai-e Ke.-iiilual 

S" - 7012-384,022 + 1150,2972-392,766 1 99B,01-2l-0-l(i,4()9 = 0. 

Value of = 1-7280,2060. 

Plam- of Maximum Symmetry-. 

- ■0040,(i!)7,6 ,r - -0423-9970 ;/+ -9990,9244 i = + 193-181,851. 

u. /3.\. IMaim; 

- -031 ,7294 - -037,9.556 ,i/ + -998,7756 J - + 1 94-01 .5,354, 

Martin's Plano; 

- -010,38.55 .r- + -03.5,.52I4 ,y - -999,3150 r = - 1 93-086,908. 

(1)) Te.itii. Ner/ro Sktill. 

Klevation of R. Porion 130'6, Ij. Poiion 241'8, ^[id-pl.il’i(m 186-2, Hi-poriouio 
Distance 111-2, 

Cubic to dctormino Minimum Mean Square Resitliml Sj*; 

S» - 7360-914,793 S‘+ 1196,,5899-9308 X* - 1369,2532-1 372 = 0. 

Value of X,“= 1-1461.0147, 

Plane of Maxiiiiurn Symmetry: 

- -0220,1936 ,r. - -0083,0922 , 1 / + -9997,2301 186-384,314. 

v. ff.X. Plane. - 

- -0508,8478 a- - -0064,6706 y + •9986.8359 j - + 188-1(17,488,5. 

Martin’, Plane: 

+ -076,1587 a- + -014,4832 ;i/ + -996,9905 s = + 1 ,S(J-7(J1,5G,5. 

(A’) 17</i CfenifH-y A'iiyA'.-!/i A'AkW (St Bride’s Gi-avoyard). 
lilevatiou of R, Porion 268-7, I* Porion ISlVS, -Mitl-pm-km 196-0, Bi-ijcirionie 
Distance 125-4. 

Cubic to determine Minimum Mean Siiuaro Residual Xi®: 

X“- 7887-700,659 X‘ + 1383, 3943-168.C23X'‘- 4033,3720-5.52,071 -0, 

Value of Xj® = 2-9204,2324. 

Plane of Maximum Symmetry: 

+ -0081,2136 -0109,6.533 y + -9999,0690 + 196-739,7800. 
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if./SX. Plane : 

+ ■()628,H718iP-'046l,547!)y + -9975, 3330^= + l91^^2(j, 634, 

Martin’s Piano; 

+ ■0178,5293 a-- *0011, 22S9y + -9998,39995 = + U)7'ie2,;){j4. 

(F) Hindu Skull (Modern, Bengal). 

Elevation of K. Porion 130’4, L. Porion 24'l'(i, MicPporion IHEfO, Bi-puvionie 
Distance 111-2, 

Cubic to determine Minimum Mean Square Roaidual 

7399-968,994 1162.8428-712, 714 2607,0720-672,768 = 0. 

Value of iV = 2-2461,8824. 

Plane of Maximum Symmetry: 

-■0017,4154a;- •0054.1230y + -fl999,83845= + 186-606,694. 

Plane: 

+ '0067,4424fl.— *0118, 7277 y + -OOVO, 99485= 4 l8()-!n6.098, 

Martin’s IHaue: 

- -1114,3673 a-- -0143,7877 y + ■9936,0760 5= 4 184'75f),760. 

On the basis of tiieso and similar results wo will now proceed bo st)me ooin- 
pariaons, 

7. Anpilar Relations. 

Wo have aeon that it has been customary to treat the Fmnkfiirb HorizonUl 
Plane, the Tmusverse Vertical Plane through the auricular axis and a certain plane 
termed the Median Sagittal Plane as standard planes of the akuU. Such standard 
planes should be mutually rectangular, but while the first two are at right angles, 
they are rarely perpendicular to the third. The third plane os defined by Martin, 
to judge from the present illustrative crania, seems very intbrior to the v.yS.X. plane 
(see our p. 228). We shall here then confine our attention to the latter plane. 
Table V provides the angles between our First Standard l^lone of the skull — the 
Plane of Maximum Symmetry— as representing the mirror jfianG of the skull, and 
the planes which have been usually hitherto treated as standard planes, hut which 
we treat merely as planes of reference. 

Section (a) of the Table shows that the Mid-sagittal I^lano in none of 
the six skulls approaches closely to the Plane of Maximun^ Symmetry, the average 
angle between the two planes being more than two degrees. In the English skull 
there ia more than three degrees and in the Hindu nearly four degrees. Thus the 
v./S.X, plane cannot be looked upon as a close fit to the mid-sagittal points. 

Section (/S) shows us that the Freuikfiirt Horizontal Plane is not perpendicular 
to the Plane of Maximum Symmetry, which I personally think should be a pre- 
requisite of a standard horizontal plane. The average deviation is over 30'. 
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SticLion (7) indicnbes that thu usual MKl-sagittal PlaiiR is wtu’HU in 

the degree of perpondicularity to the Frankfurt Horiwjntal Plane, the average 
deviation amounting U> 2“ or moiv than four times tliat of the Plane of Maxi- 
mum Syiumetry. 

Section (S) shows us that the aiiricului' axis (i:li-poi‘ionic line) ia not ])erptin- 
dicular to the Plano of Maximum Symmetry, the average, deviation for the aix 
crania being alightly over 1". From the standpoint of the present writer this is 
one measure of the asymmetrical location of the ears. Relative to a good approxi- 
mation to a mirror plane the two cars arc ahifled slightly forwavd or backward, 
upward or downward. 

Section (e) gives the like angle between thp auricular axis and the perpendicular 
to the v.^X Plane. The average angle for this skull ia 2“ 41)'‘8 or more than 2^ 
times as great as in the ca.se of the Plano of Maximum Symmetry, 

Section (^) gives the angle between the Tninsvcrse Vortical Plaru^ and that 
of Maximum Symmetry, the average deviation is half a degree, nr tho customary 
transverse verfcic/il plane is nut perpendicular to the plane f)f closest fit to the 
mid-sagittal points, as it should be in the oiniiion of the i)rcsmit writer. 

Section (tj) indicates, however, that the Plane of Maxinuini Symmetry tnore 
than twice ah fit as the v.BX. Plane to represent the niid-sagittal section, If we 
start from the Frankftirb Plane and the Transverse Vertical Plane passing through 
the auricular axis as standard rectangular planes of the skull, then the Plano of 
Maximum Symmetry is more nearly perpendicular to both of these than tho usual 
mid-sagittal section. 

8. Mean Squai'e Deviation of the MiA-eagiUal Points ffoni vanuus Planes. 

Weean now look at another aspect of the relationship of the mid-sagittal points 
to the various pianos which may be suggested for tho mid-sagittal section. We 
may determine the Mean Square Distance, or the so-called Moan Square Residual, 
of the mid-sagittal points from the various planes. These values are given in 
Table VI, The five planes which may be considered fia possible mid-sagittal planes 
are: (ft) Our standard plane, the Plane of Maximum fSyrjfunebry: this must, of 
course, have the miniraum Mean Square Distance. (2>) The piano porpondicular to 
the auricular axis at the mean elevation, z, of tho mid-sagittal points, Wo may 
term this the “z Plane”; its Mean Square Distance is the <r^ of our p. 231. (c) The 
plane pei’pendioular to the auricular axis and bisecting it. This may be termed the 
niid-porion sagittal plane, (d) The mid-sagittal plane through Nnsion, Bregma and 
Lambda (the Plane), (e) Martin’s Plane through Nasion, Inion and Basion. 

We have already (see p. 228) discussed the last two planes, (rf) and (e) of the 
Table. As far ag the present skulls are concerned neither is comparable with {a), 
(6) and (c). If any craniologist finds the solving of a cubic equation too severe 
a mathematical labour, the coordinatograph will rapidly give him 2 and the Mean 
Elevation Mid -sagittal or«-Plane. The Plane of'Maximum Symmetry is twice as good 
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aa fchia plane, but the latter is very much better than either of the planes fixed by 
three rnid-angifctal points only. 

Clearly the mean atjuare residual for any skull is a rough test of how far the 
iiiid-sagittal points lie in one plane, i.e. how far there is a true mid-sagittal plane, 
on tho basis of which we could teat the mirror symmetry of other points of the skull. 
A littlf! thought, however, show.s that this is only a rough approximation; the 
skulls are of different absolute sizes, and if we increased the linear dimensions of 
a skull by 5 “/j, we should increase the mean square residual by more than 10 
We need accordingly an index from which we have eliminated the absolute size 
of the skull, We cannot therefore assert that the relative mid-sagittal asymmetry 
of the above six skulk is measured by the numbers in the (a) column of Table VI. 


TABLE VI. 

Mmy) Square distance of tJie Mid’Sagittal Poi-nUs from five Planes which way he treated as Mid'Sagiiial. 


flknil 

(“) 

Piatie of Maximum 
fiyometry afl 
Standard Mid- 
aagUtal Plano 

w 

Piano porpendicniar 
to Anrioolar Axis 
at Mean Elovatioo of 
Mid-sagittal Points 

(«) 

Plane perpundioular 
to Aurioular Axis 
through 
Mld-porioo 

Usual liid-sagittal 
plane, or Plane 
through Nasion, 
Bregma and Lambda 

(") 

Martin’s Mid- 
sagittal Plane, or 
Plane through Nasion, 
Inion and Easion 

Negro (Toita) .., 

M4r>] 

2-7498 

2-7693 

0-7284 

32-0419 

(Nubia) } 
Fuegian 

i-294a 

I'-ISdr) 

2-4443 

1-0167 • 

1-6909 

I'676d 

S-872T 

4-8327 

8-6686 

62 '4137 

Arab (Modern) ... 

1'7280 

9-6393 

1M308 

4-0284^ 

2-6998 

Hindu (Bengal) ... 

2-2462 

2-4oa:j 

2-8062 

31-1960 ■ 

36-5764 

Englisli 1 
fl7th coiitiii'y)/ ■■■ 

2*9204 

3-0629 

4-6923 

27-3663 

4-0267 

Mean for nix akulla 

1-8361 

3-79J2^ 

4-7609 

1 

1.3-0065 

23-0434 


To allow for the absolute size of the skull I have taken three lengths of the skull 
in directions at right angles, choosing these lengths from the plan and elevation 
drawings ratlier than from calliper measurements of the skull. I have taken : 

(a) The Bi-porionic Distance ; this is a length on the axis of e. 

(b) The perpendicular from the Apex on the auricular axis, This is the w 
coordinate of the Apex, 

(c) The length of the prejection of the line joining Nasion to Kappa onto the 
axis of y, i.e. onto the line joining the plan of Kappa to the plan of the Potia. 

I have then squared the cube root of the product of (a), (b) and (c), and thus 
obtained a quantity depending on the squared linear dimensions of the skull, by 
which it seemed that the mean square residuals might be divided so as to obtain 
a reasonable index independent of the dimensions of the skull. The resulting 
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number has been multiplied by 100. In the o»ae nf imv six akulla the fullowing 
Table gives the resulting indieus. 


■I'ABLB VII. 


IniHeen of Meitiul AaymiMtry, 


•' . 




Hkull 

(aj 

Mmimnni 

I'rniluot ut tUo Cxanml 

(t) 

Mean Btpiarc 

Hectangiilar Ijcngthn 



Ilcflidual 

{«) X (*J X (r) 

Nesii'o (Tuitft) 

l'W51 

• 2 , 0 Tri,li(«J« 0 aci 

KiiiTM 

Ancient 3iJgypti>ui (Nnhiui 

l'ie94iJ 

2,5i;i,0R2-171 

lH4K7-:i 

Fuegian 

Avan (Modern) ... 


2,«0.1,»(Mhl8(> 

l.‘122ll’r> 

1-72MI) 

2,2-ir),151*f>W) 


Hindu (Bougal) ... 
iSngliah (17tri contiii'y) ... 

^■•2-452 

2,or>o,«2i-5«H 

l(il41‘K 

2'!)201 

2,094,«90*n()l 

l})3n4'/5 


li) 

= I, .a.x 
ITI 


Td-as 

7U'04 
S7'24 
1I)()'7K 
laii-iiii 
1 Ul'HH 


Only one change has been made in the onlcr of the crania by reducing the 
minimum moan square rcaidnals to an index independent of absolute size, It 
would be foolish to draw any conclusion a.s to the relative position of the races to 
which those six skulls belong from the order of either column (a) or (S) of this 
Table, but the Table may suggest interesting problems, which might bo followed 
up, if considerable racial groups were worked out* I have contented myself here by 
showing the manner in which numerical veanita may bo obtained. 

0. Tlie reimininy standard Planea. 

If we accept the view that the Plane of Maximum Symmetry is the most 
suitable piano to take as a mid-sagittal plane, and we term it our Finst Standai-d 
Plane, the question immediately fellows: How are we to soloot our remaining 
standard planes ? These will correspond respectively to the Horizontal Plane and 
Transverse Vertical Plane of the skull, but they must be chosen so as to be at 
right angles to one another and to the Plane of Maximum Symmetry. 

Now the process described in my paper in the Philosophical Uagadm leads 
to three mutual rectangular planes defined by Si“ and by 2a’, and 2 b’ the other 
two roots of the cubic. 2a’ and 2a’ are easily found from a quadratic equation and 
ate maxima values of the Mean Square Deviations. It might at first bo supposed 
that these are the very planes we need. But we must remember that the first 
standard plane has been obtained on the basis of its approximation to the mirror 
plane, and only the mid-sagittal points have been used in its determination. It is 
accordingly somewhat one-sided to use solely these points in determining planes, 
which we need only limit as planes necessarily perpendicular to the Plane of 
Maximum Symmetry. Unfortunately when we come to the Horizontal Plane, and 

* For example : Does asymmetry increaBC aa wc paea from more primitive to more highly oivlliaed 
groups? 
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the Transverse Vertical Plane, we have no long aeries of points like the mid- 
aagittal points from which to detenniae approximate planes. The Apex and the 
Kappa are not natural poiiits of the skull, hut artificial points resulting from the 
definition ot the Frankfurt Horizontal Plane. The Poria may be considered more 
nearly natural points although the Fninkfurt Plane enters into their determination. 
The Orbitalia may be considered again as only in part natural points, as they depend 
upon the Poria, and the lowest points on the orbital rims are really meaningless, 
without the conception of the Horizontal Plane. But there is a greater difficulty 
arising here. When the skull ia adjusted on the craniophor to the Frankfurt 
Horizontal Plane it will be found that in some eases several millimetres of the 
lower borders of the orbits may practically be parallel to that plane. This may not 
modify seriously the plans of the Orbitalia, but it renders their elevations above 
the drawing-board when the auricular axis of the skull is made perpendicular to 
the board, occasionally difficult of accurate determination. 

Thus although it is perfectly easy to develop the mathematical solution for 
determining a plane perpendicular to a given plane, and fitting closely by a 
minimum square residual to a selected system of points — assumed in the case of 
a skull truly symmetrical to He in that plane — -yet in practice it is not easy to 
select such a system of points in the case either of the Hoi’izonfcal Plane, or of the 
T^ranaverse Vertical Plano. 

1 will not give hero the mathematical theory by which a plans is constructed 
perpendicular to a given plane and of closest fit to a selected series of points, but 
merely indicate what resulted in the ense of the Fueginn skull. The points selected 
were : 

the two Poria (0, 0, 253*8) and (0, 0, 126*2), 
and the two Orbitalia (13-3. 82*4, 219*0) and (.5*1, 82*4, ,14,rS). 

The equation to the plane perpendicular to the Plane of Maximum Symmetry 
of this skull and of closest fit to the above four points is* 

■967,9126 a; - *250,8948 y + *014.0420 s + 13*946.272 = 0. 

This plane makes an angle of 14'’ 33''‘2 with the plane of 3 : = 0, and is accordingly 
not very close to the Frankfurt Horizontal Plane. Clearly the plane perpendicular 
to our First Standard Plane and fitting closely to the Poria and Orbitalia is not, for 
this skull at any rale, at all approximated to by the Frankfurt Horizontal Plane. 

The above plane is the plane of Least Square Residual from the Poria and 
Orbitalia which is perpendicular to the First Standard Plane. The plane of 
maximum mean square deviation subject also to the perpendicularity condition is 

*251,0725 a; + *967,8841 y - *012,77162 - 15*889,862 = 0. 

This corresponds to the Transverse Vertical Plane, but it makes an angle of 
14'’33''6 with it. 

* The plane determined in this way pasaes through the centroid of the Povia and Orbitalia. 
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ThcKi; results arr^ imt satisfiiutin-y, if ft'r wisli iiiir seeiiiiii !uul third stiiudard 
planes to approximate fidriy eloaely to the, FriUilcfiirl. Horixuiital Plane and the 
caatomary 'rnmaversu ’I'crt.ieal Plane. Aeeordiiij'ly, it Hi’emed wiii'th while inve.sti- 
gatiiig whether the other two iimiIh of the fiiniliiniwiliil eiilne woiilil give a .system 
of reetangular platu's with adeijnatt.^ apjprnxinitibioii to l.he Frankfui't lloriztpiital 
Plane ari<l to the e.ustnniary 'I'rattsvcrse Vertioiil Plane. 

In the easi' of the Kiiegiaii skull tlu: thrnu routs of tin' eiibie are 
:£,* =. 1-1)70, mh, 
ij’ = i5l2P4!)2,H.S12, 
iia® - 2H4.H-2!)3..‘h'i02. 

Si* with thf! greater inaxim)il value )>f thtp Mom Ktjuare Heaidiial led to the phrne 

•4:112, i2K(i S' + ■902t,!);4i)0.)/--nio(),Ki7i)z= i2''S!):io,;io7fi. 

Thi.s plane is clii.He.st to the 'rr)in.svur.si! Vertical Plane, or the I'efen.'iice plane 7 / = 0, 
but it rnako.H an >ing'lii of 25” :)3'-l with it. 

The other inaximnm Sn* provides thi' phvne 

- ■1)021 , 119+2 a' ■+ ■4;i 1 0,44()!l y - '0 1 .54,04 1 B s = •2-2’0,s79,0055, 
whieh ci)rru,Hpon(la to the Fi'ankfurt Horizontal Plane, but iriakc.s an angle with it 
of 25“:i:i''l, otpial to that which the previous phine makes with the 'rransvorse 
Vertical Plano, This ilid not aecni very hopeful, but the like planes vvoi-u worked 
out for the Negro skull from the Teita Hills. The three roots of the fundainoiitnl 
cubic (given on p. 287) are 

2i*=l'14.51,0147, 2i» = 41)ia-7«79,400H, 2s‘«2430'9817, 42:15. 

Sj* gives ns the equation 

■0872,1082 .■c + '99(Jl,:i766.i/ + -0102,00281= 9-648, 7522. 

This plane is closest to the 'rransverae Vertical Plane, or ,)/ = 0; lb makes an angle 
with it of 6“ H'-2. 

2a* gives lus 

- -9969,4049 it- + -0874,1 1 27 1 / - -0212,00(1(1 a = 9-:l97,5540, 
which makes an angle of — .5" 9'-0 with the plane of a; = 0, or the Frankfurt Hori- 
zontal Plane, These results for the Negro akidl are better than those for the 
Fuegiau, but are not satisfactory, if wo desire oiir Second and Third Standard Planes 
to approach fairly oloeely to the Frankfurt Horizontal Plane and the cuatovnary 
Transverse Vertical Plane. 

No doubt the three roots of the fundamental cubic would provide three standard 
mutually rectangular pianos po-ssessing certain very definite physical relations with 
i-egard to any skull, but they would fail to provide close apijvoximations to the 
Frankfurt Horizontal Plane. Accordingly, I started on a different route to find tny 
Second Standard Plane. I sought a plane which should beat right angles to the First 
Standard Plane, i.e. the Plane of Maximum Symmetry, and should have a maxituuin 
cosine, i.e. a minimum angle with the Frankfurt Horizontal Plane. This should 
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form ihe Second Standard Plane. The Third Standard Plane must be perpendicular 
to the First and Second Standard Planes, and this will fully determine its direction 
ooainea. 

Mathematically: let /x, p be the direction cosines of the Second Standard 
Plane; I, vit n those of the First Standard Plane, and V, , v' of the Third Standard 
Plane. Let L, ilf, N be the direction cosines of the plane with which A., /x, v is to 
make a minimum angle Q or a maximum cosine u = qo&6. Then 
u = Lk + Mfi + Nv, 


0 = ^ A + miju + nv, 
+ = 


Hence for a maximum of ii, A and B be indeterminate multipliers 
i + + = m + AM+Bfi = 0, n-hAN + jBp:=0. 

WhencG I 4- A (Li + Afm + Mi) = 0, d wo4-ils=0. 

Accordingly, L (1 — i^) — Mlm — Nni = X-iiq 

— Lvil M{\ — w}) — Nmn = 

— Lnl^ Mnin-\' ^ — — 

Whence 


\ _ _ „ 

L (1 —7®) — Mhn — Nln " - Lml + Af (1 - t^?) - Nmn 


V- 1 


— Lnl — Mnvh + .S? (1 — n“) wo 

which solve the general problem. 

But for our special case: L— I, Af « 0, M = 0, and thus 

1 ~ ia“ — Tjii ~ - ni «o Vi ir^' 




Thus X = Vl-P, ^ = - V = - (xiv), 

VI - /* Vl - 

these determine the direction cosines of the Second Standard Plane. 


For the Third Standard Plane we have 

Vh! 4- frifi! 4- tip' — 0 

and kX' 4- fi/Z + pv' = 0, 

V ft' v' 


mv — TJ/i — Iv IfL-^ m\ 
Or again substituting for /i, i/, 

V V 

1)“ 


iVl-i*4- 




— Ihn 


Thus V must = 0, and 


Vl - Vl - 


m Vl “ i® 


1 
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The Cranial OoonMnatograph 


Accordingly, we hare finally; 

I n I t ^ / \ 

^ = ■'“-V-/. 

We have thus reached on our hypothesia fully determined direotiona of the three 
standard pianos. 

The reader will observe that our Third Standard Plane is invariably at right 
angles to the plane of .t = 0, since V=0, that ie to the Frankfurt Horizontal Plane. 
We may now teat how satiefaotorily this arrangement works on our six illustrative 
crania, 


(jf) i'uegian Skidl. 

(--■0096.7040, m= + •0167,33.62, 7»= +'999K,3036. 

Direction Cosines of Second Standard Plano: 

X, = •9999,6420, = + •0001..5060, v = + -OO06,692L 

The Second Standard Plane makes an angle of 0° 32' '9 with the Frankfurt Hori- 
zontal Plane. 

Direction Cosines of Third Standard Plane; 

X' = 0, /r'= + •9998.761.6, F =- ■015,3424. 

The Third Standard Plane makes an angle of -f-0‘54'’l with the customary 
Transverse Vertical Plana. 


(S) Anoimt Egyptian Shidl from Nubia. 

( = + •006,4027, m-- -006,2292, n = + •999,9060. 

Direction Cosines of Second Standard Plane : 

X- -9999, 8640. >i- + ■0000,8365, v = - ■0064,0260. 

The Second Standard Plane makes an angle of 0° 11''6 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of Third Standard Plane; 

V-0, /i' = + -9999,8060, v' =+ 0062,2929. 

The Third Standard Plane makes an angle of + 0° 21'’4 with the customary 
Transverse Vertical Plane. 


(C) Arab Skull. 

I = - '0040,6976, m = - ■0428,9970, n » + ’9990,9244. 

Direction Cosines of Second Standard Plane ; 

X='9999,9127, ,i=--0001,72o6, v = + 0040,6609, 

The Second Standard Plane makes an angle of 0°14'-3 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of the Third Standard Plane ; 

V=0, /r'= + -9991,0118, v' = + '0424,0007, 

The Third Standard Plane makes an angle of 2°25'-8 with the customary 
Transverse Vertical Plane. 
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(D) Teita Negro Shull. 

I = - -0220.1936, m = - *0083,0922, n= + -9997,2301. 

Direction Cosines of Second Standard Plane: 

X = -9997,5754. *0001,8301, y =- -0220,1860. 

The Second Standard Plane makes an angle of 1° 15''7 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of Third Standard Plane: 

V = 0, / = + -9999,6546, v = + *0083,1 123^ 

The Third Standard Plane makes an angle of + 0" 28'‘5 with the customary 
Transverse Vertical Plane. 

(i?) VI th Genturg English Skull. 

? = + '0081,2136, w-- ‘0109,6533, n = + '9999,0690. 

Direction Cosines of Second Standard Plane: 

\ = -9999.6702, m = + ‘0000,8906, p = - -0081,2087. 

The Second Standard Plane makes an angle of 0" 27' -9 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of Third Standard Plane: 

V « 0, /t' = + -9999,3988, / - + *0109,6569. 

The Third Standard Plane makes an angle of 0® 37'*7 with the customary 
Transverse Vertical Plane. 

(i'’) Hindu Skull. 

I = - -0017,4154, m = - *0054,1230, n = + *9999,8384. 

Direction Cosines of Second Standard Plane r 

\ = -9999,9848, --*0000,0943, v = V 0017,4151. 

The Second Standard Plane makes an angle of 0° 6^'0 with the Frankfurt 
Horizontal Plane. 

Direction Cosines of Third Standard Plane; 

V-0, / - + -9999,8636, v' = + *0064,1231. 

The Third Standard Plane makes an angle of 0®18''6 with the customary 
Transverse Vertical Plane. 

As a result we see that our Second Standard Plane as defined above makes a 
mean angle (28' -1) for the six skulls with the -Frankfurt Horizontal Plane of less 
than half a degree, while the Third Standard Plane makes a mean angle (51^'0), less 
than a degree, with the customary Transverse Vertical Plane. Thus with the above 
definitions of the Second and Third Standard Planes we reach planes which make 
respectively only small angles with such very familiar planes as the Frankfurt 
Horizontal Plane Eind the Transverse Vertical Plane. 
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The Cranial Coordbxatotjraph 


One point alone ratnaina unaettled, namely: VVe have cletecmiiied by (xiv) and 
(xv) the direcl'.ion ciisinoa ii)' these Standard Vlamsi aa liinctiona solely of the 
direction cosines of the Plane of Maximum Symmetry. But we have not (letorinineil 
the meet of our three Standard Planes. This remains to be selected. After dealing 
with several points I came to the oonolnsion that the moat Biiitahlc point to ohooso 
a.s origin of the Standard Planes was the point in ■which the First Standard I’lane 
or Plano of Maximum Symmetry meets the auricular axis. The elevations of the.so 
points are respectively Fuegian, 189'054,163; Egyptian from Nubia, IHS'dfl.OSd ; 
Arab, 198-367,334; Teita Negi’o, 186'435,956; English, 196'768,098; Hindu, 
186-6O8,01O, 

Pbvying attention to -which Porion -wim uppermost (as noted on pp. 236 — 238) we 
find that in no cose is the intersection more than I'ij mni. from the Mid-porioii, the 
maximum being T4427 in the case of the Arab skull. Pour interaecliona deviate 
from the Mid-porion towards the Left Porion and two towards the Right Porion, 
the average of the deviations of the six intersections is only 'OISB mm. to-wards the 
Right Porion. The point chosen .seems therefore a reasonable one, and enables ns 
to write down very readily the Cbiuatinns to the Staniiard Planes. For our six 
akulls they are as follows; 

(A) Tuegian Skull. 

1st Standni-d Plane: 

- -009,6704 a- + 'U15, 7336 2/ + -999,8304i= 189'022,082, 

2nd Standard Plane : 

•999,9642 x + ■000,1506 y + •009,6892 a = 1-809,0990, 

3rd Standard Plano: 

- ■999,8702y + -016,3424 « = 2-900,5446. 

(S) Egyptian Skull (from Nnbia). 

1st Standard Plane ; 

-005,4027 X - -006,2292 y + -999,0660 n = 188-664,644, 

2nd Standard Plane ; 

- -999,98643: - '000,0337 y + -006,4026 z = 1-019,3143, 

3rd Standard Plane: 

•999,9806 y + 006.2298 a - 1 17 6,2867. 

(0) Arab Skull. 

1st Standard Plane ; 

- -004,0698 X - -042,3997 y + -999,0924 a 193-181,851, 

,2nd Standard Plane; 

•999,9913 » - 000,1726 y + -004,0661 a = '7 86,2103, 

3rd Standard Plane -. 

•999,1012 y + -042.4001 z = 8-198,3145. 
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(£>) Teita Negro Skull. 

1st Standard Plano; 

- -022,0194 « - -008,3092 y+ -999,7230 2 = 186-384,314, 

2nd Standard Plane; 

- ■999,7675«!+ -000,1830 y + -022,0186 2 = 4-105,058 7, 

Srd Standard Plane; 

-999,96563/ + -008,3112 2= 1-549,6065. 

{E) English Skull. 

1st Standard Plano; 

-008,1214 « - -010,9663 y + '999,9069 z = 196-730,780, 

2nd Standard Plane; 

- -999,9670 <5 - -000,0891 y + -008,1209 z = 1 -597,8469, 

3rd Standard Plane; 

-999,9399 y + '010,96672 = 2-157,5883. 

{F) Hindu Skull, 

1st Standard Plane; 

-'001,7416« - -005,4123 y + -999,9838 2=186-606,694, 

2nd Standard Plane; 

•999,0986 « - -000,0094 y + -001,7416 1 = -324,9808, 

Srd Standard Plane; 

■999,9884 y + -006,4128 2 = 1-009,9838, 

The reader must bear in mind -what these three Standard Planes signify; 

The First Standard Plane is the Plane of Maximum Symmetry, or our nearest 
approach to a mirror plane, the plane which deviates least from the mid-sagittal 
points as judged by the Mean Square Residual. 

The Second Standard Plane passes through the point where the first meets the 
auripnlar axis, is perpeudioular to the first and makes the minimum angle with the 
ih-aukfurb Horizontal Plane, which foils in the condition of being perpendioular to 
the First Standard Plane. Thus our Second Standard Plane may be looked upon 
as an improved " Horizontal Plana,” 

The Third Standard Plane passes through the point where the first two meet 
the auricular axis, and is perpendioular to both of them. It may therefore be looked 
upon as an improved Transverse Vertical Plane. 

The Second and Third Standard Planes will not as a rule pass through the 
auricular axis and neither will generally contain the Poria. The second will not 
usually pass through the Kappa, nor the third through the 4pex. It may be not 
without interest to measure the mean departures of the Second Plane for our six skulls 
from the Poria and the Kappa, and of our Third Plane from the Poria and the Apex 

* In the equations to the. planes, ns on pp. 286—238, it is needful to go to 6 or 7 decimals in order 
to get values of the dixeotion ooslnes which will pcovide angles to a decimal of a minute. The yalues, 
being worhed from those equations, are written down to the same number of decimals, but to use 
two ox thxee decimal platiee in the distanoee is of course ample. 

Biometriha xxv 
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The Qrmiial Coordinaiograph 


(A) Fnegian Skull. 

2tid, or Horizontal Standard Plane. 

The K is above this plane with the perpoiwJioular upon it“ — ‘000, 4302. The 
R. Porion is above tha piano -'619,6640 and the L. Porion below it +"601,4860. 
Thus, as judged by the Potia, the right ear is about '6 above, and the left ear 
about "6 mm. below the Standard Horizontal Plano. 

3rd, or Transverao Vertical Standard Plane. 

The Apez is + '008,6022 in front of this plane which like the deviation of the 
K is not sensible on the skull. The B. Porion is behind this Transverse Vertical 
Plane - '993,3665 and the L. Porion in front of it + '964,333T. Thus tho left ear 
oomea horizontally forwards, and the right ear retceata. 

(B) Nubian Egyptian. Skuil. 

2nd| or Horizontal Plane. 

The * is above this plane at —'000,0622 again an insensible difference. Tha 
E. Porion is above it at - '316,1279, and the L. Potion is below it at + '302,8893. 
Again tho right ear is raised above the Horizontal Plane, and the left lowered 
below it although the differences are only about '3 mm, 

Srd, or Tranavstse Vertical Standard Plane. 

The Apex is at -'006,‘lilI6 from this plana; the B. Porion is —'363,3604, 
i.e. behind, and the L, Porion about + '848,8686, i.e. in front of it, or the Poria are 
about one-third of the distanoe from, this plane of the Poria in the case of the 
Fuegian skull. 

(0) Arab Skull. 

2nd, or Horizontal Standard Plane. 

The * ia here + '002,1764, practically at an insensible distanoe below the Hori- 
zontal Plane. The E, Porion is below at + '241,7696 and the L. Porion is above 
the Horizontal Plane at - '263,4918. 

8rd, or Transverse Vertical Standard Plane. 

The Apex is behind this plane at a distance -'116,8461. The B. Porion is 
+2*620,9411, i,e, behind, and the L. Porion - 2'648,8911, i.e. in front of the Transverse 
Vertical Plans. These are the moat considerable doviationa we have found for any 
of the six skulls, 

(2>) Teita Negro Skull, 

2nd, or Horizontal Standard Plane. 

Tho * here is at a distance + 047,0996 below this plane. The E. Porion is 
•4'l'229,4296,i,e. below the Standard Horizontal, and the L. Porion ie — 1'219,0388, 
i.e. above it. 

Srd, or Transverse Vertical Standard Plane. 

The Apex is in front of this plane at a distance +'017,7623. The E. Porion 
is behind the Standard Transverse Vertical at + '464,0688, and the L Potion 
in front of it at - '460,1417. 
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{E) English VI ih Q&ntwry Bhull. 

2iid, or Horizontal Standard Plane. 

Tlie K is here — '0X7, 8341 above the Horizontal Plane. The R. Porion is 
at —'603,0299, i.e. above, and the L. Porion at +*515,3309, i.e. below it. 

3rd, or Transverse Vertical Standard Plane. 

The Apex ia behind this plane at a distance of — ’032,2620. The R. Porion is 
at —‘679,2383, i.e. in front, and the L. Porion at +*695,8605, i.e. behind the 
Transverse Vertical Plane. 

{F) Hindu Bkull. 

2tid, or Horizontal Standard Plane, 

The K is +'001,3340 below this plane. The R. Porion is ah +'097,8892, i.e. 
below, and the L. Porion at — *095,7656, i.e. above the Horizontal Plane. 

3rd, or Transverse Vertical Standard Plane. 

The Apex is behind this plane at —*004,2814 distance. The R. Porion is at 
+ ‘304,3197, i.e. in front, and the L, Porion is at -*297,6281, i.e. behind the Trans- 
761*80 Vertical Plane. 

Reviewing these results as a whole, we conclude as follows: 

Our Standard Horizontal and Transverse Vertical Planes, which we believe to be 
more reasonable than bho usual Frankfurt Horizontal and Transverse Planes because 
they are at right angles to the Plane of Maximum Symmetry, do not pass through 
the auricular axis, but the first passes very nearly through the Kappa, the average 
distance in the cases of our six skulls from it being only ’0115 mm. regardless of 
sign. We have previously seen that our Standard Horizontal Plane passes, with a 
mean deviation of '0136 mm. only, close to the Mid-porion (p. 248). The Frankfurt 
Horizontal Plane also passes through these two points. If now the Fiankfurt 
Horizontal Plane be turned round the line joining these two points as axis, it will 
pass to the position of the Standard Horizontal Plane, one Porion approaching it 
and one receding from it. This provides the difference in vertical height of the two 
Poria, or speaking popularly of the two eai«. 

The Second Standard Plane passes just as closely to the Mid-porion and very 
close to the Apex, i.e. at an average distance of *0809 mm. from it. It is also per- 
pendicular to the Frankfurt Plane. Accordingly if the usual Transverse Vertical 
Plane be rotated about the line joining Apex to Mid-porion through a small angle 
it will come nearly into the position of our Standard Transverse Vertical Plane. 
The rotation is, to judge from our six skulls only, somewhat greater than the 
rotation required to change the Frankfurt Horizontal into the Standard Horizontal 
Plane. The result of this rotation is to cause one Porion bo retreat behind the 
Standard Transverse Plane and the other to advance, in front of it. Popularly, one 
ear may be said with reference to the Plane of Maximum Symmetry to be farther 
back on the head than the other ear. 
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The Ormiinl Coordhmt0<jrai)h 

This tiHiro (lutailed juimorieal invoatigation inilicatea how tlio ears arn disphicoil 
verbically and horinontally with regard to homologous poaitiona aa jinlged from 
a good representative of the mirror plane. Of course thia solely emphaaises in 
a different iimnner the point we had already reached, namely that the auricular 
axis is not parpeudioular to the Plane of Maximum , Symmetry, 

Tlie auricular axis of the skull ia invaluable a.s an aid to the dctonniiiation ol 
cranial planes of reference, but it is far from an essential hose line when wo arc* 
investigating the symmetry of the skull. It cannot be legitimately used in deter- 
mining .standard horizontal and vertical planes, for in doing so we are oBBiiming 
that it is neoesaarily perpendicular to a well-ohosen Median Sagittal Plane, aud thia 
it ia not. 

Summary. 

By aid of the Cranial Coordinatograph it has been iiossible w> obtain the 
coordinates of any point on the skull referred to three rectangular planes of 
reference. Thenea wo obtain the analytical equations of solid geometry to any linos 
or ])lan6s of the skull. Discussing the "mirror plane” of an absulutely symmetrical 
skull, wo w'ere led to find as cur First Standaid I’lancf tlje plane of the Miriitiuiii 
Square Deviation from the "mid-sagittal” points. This plane is tiiat of maxiiiiimi 
mesial symmetry. The Second and Third Standard Planes of the skull must be at 
right angles te each other and to the Plano of Maximum Sytnmolry. To make os 
littlo change as foasihlo we took our Second Stimdind Plane to make a minimum 
angle with the Frankfurt Horizontal Plano. This second plane praoticaily posses 
through the Kappa aud the Mid-porion, but is tilted to the Frankfurt Horixoutal 
Plane. It is a truer Standard Horizontal Plane than the Frankfurt in that it is 
parpendioular to the okiso fitting Mid-sagittal Plane. Onr Third Standard Plane is 
porpendionlar to tho first two and is a truer Tiausverse Vortical Plane than that 
through the auricular axia These two standard planes indicate well the actual 
shift of the ear-orifices forwards and backwnrd.s, upwards and downwoi-da, being, as 
wc might naturally anticipate, an effect of tho general asymmetry of the skull. The 
ears, being at a maxlinum distance from the Mid-sagittal Plana, show more than 
any other part of the ekull, or of the living head, a maximum displacement from 
a symmetrical position, and really preclude the use of the aurioular axis for the 
determination of a true horizontal, or a true transverse vertionl plane. 

Tho reader may ask; How much labour is involved in reducing a skull to 
analytical solid geometry? Originally it took me about two hours to two lumrs aa.^, 
a half to determine the Poria, Kappa and Apex on a Konke orauiopbor, to adjust 
the skull on the staddle and read off the coordinates of 16 to 20 points. But with 
praotioe I think two skulls could easily be done in a morning of less than three 
hours, The numerical work is very straightforward computing, but laborious. The 
solving of the bubio is not so lengthy as it may appear, as we can be fairly sure that 
will lie between 1 and 3 sq. mm. Because its value is so small and the other 
roots of the cubic so large it is needful to keep a considerable number of decimal 



: The Cranial Coordinatograph oTid the Standard Planes of the ShuU 



(a) Hindu Skull. Norma fadat'ts. (6) Hindu Skull. Norma occipitalis. 

} plate mdicates liow a plane perpendicular to the auricular as:is and pasgang through the Mld-porion, and therefore perpencLic\i]ar to the Frankfurt Horizontal 
Plane, fails to pass through any one of the “mid-sagittal points.” The horizontal black curve is the trace of the Frankfurt Horizontal, and the vertical line is 
the trace of the plane through the IVIid-porion perpendicular to the auricular axis. 





Plate II 





Blometrilca, Vol. XXV, Parts III and IV 

l?oarsoii : Tlui Crtininl Ooeifdhuxtof/raph and tiie tilandaiil Pltmcjt of the Skull 




Biometrika, Vol. XXV, Parts ITT and IV 

f^i'ui-siiu: Th(f. dramnl (^’Mitiniituiimj/h and ilie SUtmlard Planes of the. Skull 



■ ■ 




(e) Hindu Skull. Norma verticalls. 



(f) Hindu Skull. Norma basalis. 







Plate IV 



Plan and Elevation Model of a Fuegian Skull. 


Blometrika, Vol. XXV, Parts III and IV 

PoiiTHoii: 77«! C'va>tiiil ( UMtrilin(tto{iiti.ph ttnd thf. A'^l.tinddifl 'P7/tnei 





ARAB 

sj<xn-t. 







Plate VII 



(b) Final form of Cranial Coordinacograph with a Pearson projector attached to its base, 
so that the plan is marked and elevation taken by the single Instrument. 




Biometrika, Vol, XXV, Parts m and IV 

Pearson : The, Cranial Goord-inatograph. and ike Standard Planes of the Skull 



(li) Symmetricised Drawing Drawing of Cromwell’s Symmetricised Drawing of 

of Right Side. Death Mask. Left Side. 




Biometrlka, Vol. XXV, Parts III and IV 

Pearson: The Cranial Coordinatograph and the Standard Planes of the Stull 



Symmetridsed Portrait. Full Face Natural Portrait. Symmetricised Portrait. 

Mirror Portrait of Right Side. Mirror Portrait of Left Side. 

This plate indicates how mnch of personal eharacter depends on asymmetry of the face. 





Symmetricised Norma facialis. Natural Norma facialis of Ancient Egyptian Skull Symmetricised Norma fac/a//s. 

Mirror Portrait of Right Side. from Nubia. Mirror Portrait of Left Side. 
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places. I think that two skulls could be dealt with in 5 to 6 hours by a good 
computer, .so that an investigator could make a daily output of two skulls, or 10 to 
12 a week. A inonth to five weeks would complete a racial sample of some .50 crania. 
Thus 10 to 12 races could be studied in a year to eighteen months. This is less 
time than many students give to their thesis for a doctorate, and a most valuable 
study of the standard planes of the skull and its asymmetry would result. 

The present paper only professes to be illustrative of what may be achieved by 
the USB of a coordinatograpb, and the application of solid geometry to craniometry. 

I may be over-enthusiastic, but I unhesitatingly believe that there is a most 
promising field for the oraniometricians who are the first to apply Cartesian 
geometry to the skull. 



A, STUDY OF TWELFTH AND THIRTEENTH DYNASTY 
SKIJLM FROM KERMA (NUBIA). 

Bv MARGOT COLLETT 
|Cre»ri»D Beningtnn Stadwtl 

(1) Tim Dimmrf of At Skdk eU Kenm. The *kni! sene* forming the subjwt 
peieBt pp« wms .from Keraw, a [Aaee lying «n the esat banl of the Nile 
bstwatn Arp Mid Tamixi* (ms Fig. I). Kerm it 150 inil« mmlili «f tii# boindary 
whleb diftto the A,nglo-Egyptiaa Sndan fmm Egypt and m the «»» Ei« it i» 
»l»«6 »« he from Eerma to Thebes, a distenea of nwiriy 440 milsi, w it is from 
Thebes to Atox&ndrk The excawtions wem carried oat by Dr OwJrge A. Beisaer 
Wing the joint expeditkm of Hamtd Uniwwity and the Boiton Mmeiim of 
Has irto in the 1018-14 and 1915-10, and the following imrtioalars are 
6^B from hit wport®. No certain date for the occupation of Kerma ii given, 
ettflier than the Twelfth Dynasty, but object* of earlier date have bea found there 
and the Mtllement k believed to be one of gtmt antiquity. The raina of mud 
houm ditoovered under the foundatiana of bniidings of Middle Dytiwtic date ahow 
clearly that there but been a settlement of cooslderable sue in oarlior tinm TaUug 
into eonsiibralion the local history of other parts of Nubia, it ia most probable tbit 
during tho Old Kingdom (Ut— 8th Dynastiw) and the Early Middle Kingdom 
(9th— lUh Dynastk's) Ketma was one of the numerous Egyptian trading stations 
held by an agent aial a few men, possibly local narives, at which the periodio 
expeditions from Egypt called to deliver and oollect good*. These expeditions 
were sent out every Wo or three years carrying ointment, honey, faienee add 
cloth, which were taken in exchange for resia, ivory, woods, oils, spwsiaJ grain, 
incense end leopard skins. The diaeovety of statnottea and pottery on which we» 
inseribod the names of Pepy I and II, who were kings of the ,Sixth Dynasty, and 
of Aroeneinhat I of the Twelfth Dynasty, gave tho first real eviiieticn for puiyKawa of 
dating. It is suggested that the sottlcment was slightly inoreiuKKl in thn reign of 
Amenomhat I after the quolling of a native revolt. Dr lieisnor gives IflfO li.C. 
as the date of tliis revolt. Later, in the reign of Sosostris 1 (also of the Twelfth 
Dynasty), and probably just after another native riaing, a larger foto(! was wt out 
from Egypt under tho governorship of Hepsofo who was probably responsible for 
the erection of a fortress or fortified rosidonoe known ns tho Western Deffftfo. This 
building was the nuoleus of a military settlement. It was of considerable sice, 
oontainmg a guard-room and several other rooms, some of which may have been 
used as storehouses. It is thought that the Deffhfe was built prinoipally as a strong- 
hold for the protection of goods brought from Upper Egypt for purposes of exchange, 

. * ‘®M«v»Koii8slEermi,” Vol. i(Patt8i— ni) andVol. n(Piut«iT— v). HomarC 4/W»aa SliKii«, 
Vda r and VI (1938), 
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and of the taxes collected from the local tribes. Owing to the lack of water nearby 
there would not liave been a convenient harbourage for a large armed force in the 
b 
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This governor (Hepzefa), besides being the builder of the Deffhfa, is believed 
to have been the founder of the Egyptian Cemetery in which we are chiefly 
interested. It- remained in use for over 360 years. In the neighbourhood of the 
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Eteff&fa werfl remains of only Ivco other baiWing*, btrth being funeraiy chapeh, one 
of whieh was attacHrf In tho earliwl Inmiilne (R in) and the other to tine of lator 
date (K X). The potteiy wnl grave furniture througliont this mtn3tei7, thss jwinting 
in the second chapel, the seals, and tha numeKitts statuette* were ail distinctly 
Egyptian in form and toohniqiiB. On the other hand tinins were oertoin fieculiaritieg 
quite unknown in the wntempomry graves in Egypt proper. The principal among 
theae peenliaritrta w« tha sunrificiai, or so-ealled fAti, bnriid when in soiub ombs 
aa many « 8M people appear to have bean buried alive with the body of their 
chief This eustom was prevalent in %ypt during Predyoaetio Mid First Dytimfcio 
times; it was also common in the earliest Nubian grava and it appEiara to have 
been the custom ot tfr in early times. It was not only practiaxi by the ruling 
olaiwis at Kerma; tha smaller independent graves of quite i»or type also have one 
or possibly two human saorifices. In the later graves, where the Nubian element 
bwatne more marked, a ram or several rams seem to have been substituted for the 
human sacrifices in some oases, or there might be Ibreo rams and two htitnan beings 
sa opposatl to one ram and four human boings in an earlier grave. The covering 
of tho body with a cowhide shows Egyptian influence, but again tho custom of bed 
burials was unknown in Upper Egypt at this time, In one of the later tumuli 
ooCBn burials were introduowi contemporaneously with bed burials, another sign of 
Egyptiau influence. The pottery became noticeably coarser in the later graves and, 
although dovelcping along the same lines os in S^fypt proper, a certain degenora- 
iaon is ovident. 

The oometeries at Kerma can be divided into three groups : the earliest Egyptian 
Oemetery founded by Hepzcfa, the Nubian Cemetery which follows a transition 
period of Egyptian- Nubian graves and the much roots recent Third and Fourth 
Oontuiy A,D, Meroitie Comoteiy. With the exception of a few sknlla from the 
Meroitio Cemetery which have not been measured all our material comes from the 
earliest Egyptian Cemeteiy which was in use daring the Twelfth and Thirteenth 
Dynasties. The following table gives tho numbers of skulls of which measuremente 
were taken belonging to different graves or tumuli, including the Meroitio skulls; 


No. ot TtunulaB 

0« QtAVO 

No. gf ^aUt 


Natnio of 

IBII 



III 
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12th 

Tmtiviltts 

rv 

X . 

13 

43 

4S 

60 

lath 

If 

XVI 

4 

16 

>» 

xviri 

11 

6 


XXIX 

: 1 



Minot tvoauJus 

XX 
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xxm 
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” 
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XXXV 

1 
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9 



Graves in open 
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H 

drd and 4tb cent. x.b. 
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The buinuli throughout the cemeteries were all conatmcted on the same plan. 
They consisted of one or two main chambers centrally placed, one of which con- 
tained the chief body, a sacrificial corridor dividing the tumulus in half, and built 
at right angles to this corridor a series of parallel walls gradually decreasing in 
height towards the outside. The subsidiary graves were placed between those 
walls and they are thought to have held the bodies of the officials belonging to 
the court of the chief. The height of the walla where they met the walls of the 
corridor was about 3 ft. and it decreased to about 1 ft. on the outside edge: The 
whole erection was covered with a mound of earth and surrounded by a ring of ox 
skulls which were possibly the remains of a funeral feast, and also by a ring of 
black stones for which we have no explanation. In addition to these tumuli, which 
differed in size considerably, there were also several independent graves consisting 
of oval or rectangular pits and containing one, two or three bodies each. Both 
primary and sacrificial burials were made in each form of funerary chamber or 
grave and it is not possible from the records available to distinguish the two 
varieties in all cases. It is probable, however, that considerably more than half of 
the skulls dealt with were those of sacrificial victims. The tumuli were numbered 
in chronological order aa far as this was possible. The actual skeletons from the 
central corridor, representing the chief body and the sacrificial bodies, were lettered, 
and the skeletons from the subsidiary graves numbered. Of the total 310 skulls 
available 56 were excluded from the series measured for various reasons and this 
accounts for breaks in the serial numbering which was done in the Biometric 
Laboratory. The present paper deals only with the skulls, though many of them 
have mandibles and considerable numbers of the other bones of the skeleton have 
been preserved. 

The archaeological evidence was apparently only capable of giving a very 
incomplete history of the settlement at Rerma, and the account of the excavations 
throws little or no light on many important points. We may conclude, however, 
that the original trading colony, which was founded at an early but unknown date, 
almost certainly consisted of pure Egyptians, although there was an early non- 
Egyptian village of considerable size and also a fairly large Nubian village in the 
vicinity. The trading settlement Inebuw Amenemhat (Kerma) was known to be 
in existence in the Twelfth Dynasty and evidence of a settlement much earlier 
than this is given. Eeianer says that "the colony at Inebuw Amenemhat was... 
on the site of an old trading post of the 6th Dynasty." After the advent of Hepzefa 
the number of colonists was not substantially, if at all, increased by the traders 
from Egypt 08 far as we know, although there is no definite evidence on this 
point. Supposing there was no increase by immigration, the occupants must have 
interbred and remained in possession after the Twelfth Dynasty. The tenure was 
a military one and it is unlikely that there was much intermarriage with native 
peoples of the locality. The culture, as we have seen, remained essentially Egyptian 
in type until a much later period than that with which we are concerned, and the 
fact that a few peculiarities were observed such as the common practice of sacrifical 
burial and the use of a bed in burial cannot be accepted as evidence of blood 
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Mimixtare with any foreipi BlemsnU It would ajjjwit that all thfsu p(jcu!iaritie» 
were laewly survivalii of eitniiMits of an earlier Egyptian cuHiiiv. The bulk of our 
m&ttiriaj betoriga to a aimpamlively short period, probably not esceeding 260 yearn. 
Beinner mys; "Fat the (mriod from the death of Huprafa (Km) to tliat of th» 
pewn buried in K %% I mtimale an interval of about 200 yearn" 

It is fortiiiiftte that our knowledge of the cranioingy of tJpjjer Egypt from Early 
PredyoJWtic to fcittiati liniEi k quite uxtenirivo, mnee the original osjloniatB almost 
certainly came from thcra It is known that the physical typo in the north was 
widergoing slight but continual modification, and we may ho[>e to give a definite 
answer to the (piBStioiB whether the oommunity which was apparently isolated in 
Nubia wm, during tlia period for which we have a<a|uaintan6e with it, of the same 
physical type m the contemporary population of TJpixir Egypt, or whether it was 
of the same type aa the Upper Egyptian population of another period, or whether 
it had acquired diatinotivo oharaeterg which would differentiate it from all known 
population* of Egypt. 

(2) Ttu) Nabtrt of Ow Kerma Seriet. There are SIO skulls from Kenna i)re- 
eetved in the Biometric Laboratory. Fifty-five of tluac wore excluded from the 
■ eerie#, and au meaeuretnonte of them were taken, for varioue reaeona ; 81 are 
poethumuuely dieturted, eight are loo fragmentary to be measured, one is acapho- 
oephalio, seven ore imuialure, four ore of Meroilic date, two found in tumuli are 
80 well preserved that they can only be supposed to represent inodern intrusive 
burials and two others possess manifest negro characters. The remaining skulls, 
which sre the only ones considered in later sections of this paper, are all in a 
similar state of preservation, which resembles that of most other Predynastie and 
Dynastic Egyptian series, and most of them arc complete or nearly complete. With 
two exceptions, they all bear grave numhera, which luisigii them to the Twelfth 
and Thirteenth Dynasties, and these are given with the oorreaponding serial 
nuinhers in the appended tables of individual measureioenta. The specimens which 
were not marked by the excavators (Nos. 224 and 272) are presumed to belong to 
the same period as the others. When the skulls were sot out on a table so that all 
could bo seen together, few striking differencea in typo were observed except in 
the cose of the two with clear negro charaotocH which were excluded from the 
series on this account It was evident that if any Uivlsinii of the remainder was 
to be made by merely examining the skulls, such would have to depend on the 
fact that some possess more negroid ohiuaotetB--viz. a Hatter nasal bridge, a higher 
nasal index and n greater degree of prognathiam- tlmn others. But an atteninl 
to divide the whole into two contrasted groups showuii that it was quite impossible 
to distinguish the negroid and non-nogroid specimens with any degree of exact- 
ness. Hence it was concluded that the safest procedure was to treat the total series 
as if it represented a single racial type which would obviously be one posseseing 
negroid characters. The series did not appear to be mote heterogeneous than 
many which have been dealt with in this way. 

The Bering of the 255 adult skulls forming the series was done by Professor 



Marq-ot Collett 


259 


Karl Peiusnn and Br G. M. Morant. They distinguished 141 males and 114 females. 
Ihis slight excess of the repreaentativea of the former sex over those of the latter 
has frequently been found for a collection of excavated crania, and it has been 
supposed due to the fact that the weaker female specimens would be broken more 
easily and hence less likely to be saved by the excavators. In the present case 
many of the skulls are known to bo those of sacrificial victims and this may also 
account in ],>ai't for the presumed disparity between the sexes. Sex ratios, i.e, male 
means divided by female means, have been given by Kitson* for two European, 
two negro and the long Egyptian E aeries of 26th~30bh Dynasty skulls. The 
Kerma values are closest to those for the Egyptians and Bantu negroes (Teita) 
from Kenya Colony and comparisons with these are made in our Table I. The 
coifGSpondericG of the sex ratios for these three aeries is extremely close and we 
may conclude tliat they were all soxed in a uniform way. 

TABDE I. 


8(ix Ratiofi for the Kerma and other Series, 


Chamater 

Korma 

Egyptian £ 

Teita 

L 

1-045 

1-047 

1-046 

B 

1-029 

1-025 

1-024 

LB 

1-054 

1-063 

1*061 

B' 

1-040 

1-027 

1-039 

H 

1-058 

1-038 

1-044 

S 

1-039 

1-034 

1-037 

u 

1-044 

1-038 

1*037 


A rough egbimato of the age constitution of the cemetery population repre- 
sented can be obtained by considering the state of closure of the coronal, sagittal 
and lainhdoid sutures. The results for the Kerma series are summarised below, 
those three calvarial sutures being the only ones referred to. 


All satoiOB Open 

1 

Sutures beginning to 
dose or partly dosed 

All sutures dosed 

Totals 

16 (U-3 7,) 

40 i38'l 7,) 

83 (68*9 7J 

51 (44-7 7J 

42(29'87.) 
23(20'2 7.) 

141 

114 


The percentages may be compared with those givenf for six other aeries 
examined by Dr Morant. For every one of these marked differences were found 
between the corresponding male and female frequencies, confirming the fact that 
the sutures close at a later age for women than for men. The Kerma male 
percentage of skulls showing all three sutures open is lower than any previously 
given, and the percentage with all sutures closed is only exceeded by one other. 
The females show a smaller proportion with all sutures open and a larger with 
all sutures closed than has been found for any other series examined. The present 
* BimatHka, Vol. xxin (19fll), p. 276. f Biomeinka, Yol. xxiv (1982), p. 170. 
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sample must hence be suppiwerl ta repn'nenl an older eeinctoi^' population than 
any of the others, although the contrary would have b««!u esficetoi owing to the 
fact that many of the ponple buried at Kerma met unnatural dealh* m they were 
,ti<ujri8okl victims 

We may HKpiire next whether there is any evidence of a change in the racial 
eonititution of the ianmlation of Kerma during the Tweifth and Thirteenth 
DyUMtie*. The male nimn* wore computed for catA of thwi! Dynaatie* and the 
Wide wftfficicnt of racial liktsnMw of 0'92 ± T7 for 31 character* wtt found totwoen 
them. No significant (lifferencna between the ineana were found. The ctwffleient 
differa aignificantly from »ro. but it may be too high owing to the feet that the 
Egyptian B atandnnl deviations were used in computing it in place of the atandard 
deviation* for each of the samples compared. In any case it i» of such a low ortler 
that it was thought safiist to conclude that there is no evidence of ti change in the 
racial nature of tha Egyptian settlera at Kerma during the p«ri«! cotwidered. 
The female coeffioient was not calculated, but a few of the more iinitortant means 
for the two Dynastios are compared in the table below. 


CliarMUir 

Mnlc 

Femnk j 

Dynasty 

TliLi-lwiikii 

Dyoaaiy 

Tw«lfUi 

Dyijnsiy 

Tblrl«imlb 

DynwiLy 

msii 
mBlff- 
lOOAD/A//, « 
Sl 

71 -8 m 
lOl-O (41) 

Gl*6 (48) 
e4“‘3 (46) 

W (74) 
l00-» (W) 

Gl'6 (63) 
6a*-4 (ftO) 

73-1 (37) 
i01'B(S7 

63-0 (S8) 
er'-S (81) 

73'-l (73) 

101 'll (50) 

IW’d («9i 

B7''4 (48) 




The difforenoes between these means in the case of each sex are quite iii- 
signifioant, All the Twelfth and Thirteenth Dynasty skulls from Kerma accordingly 
were pooled, and the means, standard deviations and ooefficionts of variation with 
their probable errors for the total sample are given in Table II for all the characters 
measured and for the indices and angles*. I was able to make use of a oorieidBrable 

* tbsSaltiona of ths msasurnmeatH, vrhiob are d«aot«<l by blio osual Indsx Isinmi. wUt bs toaad la 
nioswtrittf, Vol, xxfi (1S28), lip. 8t!i“804. A stDgle ahaaga was roods ia tbs way tbs nasal height W//' 
woo moaonrsd, tn reooat otnolumolrio etuclles ^nbliahod in Itlonutrika tills has boon taken, in addition 
to tho Fianbihrt nosal liolghtt, (rom llio naoliin to tho " bmo” of tbs anlortot nasal spino with lb« obisot 
of providing a montoromoal which w»i suppoied tbo samii as Uio ono iloflnod by Brooa and Martin sod 
again in tho Munaoo oohorot. Wbllo the deSnitloni providsd in tboao toohnignos arc not fiorfootty olmr, 
a ro-oxomlnatlon soggootod that a olsoor approaob to tho nnoal hoight aotnally taken by thowi who have 
followed them oould bo obtolnod In tho following way. Tbo lower margino of tbs pyrifona aportnre are 
flrot drown no ponoil linos and tbo Prankturt heigbto are taken to tliooc oorvod llnei on oltbor side, 
A third ponoil lino, wliioh will bo horlzontsi on a oyromotriool opooitnon, is then drawn oo that it 
appeoro, when tbo okull io viewed in norma /oofolfo, to bo a otralght line joining the iowoot polnto of 
tho Margino on either oido. Tho point whoro tbio iiorisontal line moots tlto boondaty of the onlorior 
nooal spine— itaelf o voguoly defined lino— on the left-hand oido is euppoood to bo Martin^o nasospinalo, 
Tho NH' given lor tho Kerma ekullB Is tho ohord from this point to tho naaton, and in all oasoo' itwoo 
(oand to bo very cloae to tho Trankfnrt HB, L, The »fl"o given by Mioa Kltoon lor the Saga olmlio 
in tho present volume of Biomtrifta were taken in the earno way, bnt in earlier ofendiofl in the Blomohdo 

Laboratory the NEf' was to tho “base” of tho anterior naaol spino.—G. M. M.] 
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nuinlH-r «f which had previoaaly been taken by Mr G, C, Dunning 

and I u; i.niiv.dual nu™,m.,„c„t,s ai-c given in Tables VUI, IX The nature of the 
saniplo mil bo estimated from the coiiBtants in Table II. It may be asked first 


TABLE n. 


Coimimta a/ the Mide and I'enials Kerma Series. 
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F 
I 
li 
D‘ 

B" 

BilMtCriOIlit! tl 

M' 

a 

Oti 

LB 

I 

S 

O' 

«■ 

fud 

fiiih 

O'B 
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as 

,r 

m.B 

FfLL 
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SB 

BS 

DO 

BA 

SS 

SO 

a] 
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tlB 

2 ','^ 

Laorymal Oi, R 
■^ 2 ) R 
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USsi-ritH-i jTiJ) 

sja‘H±*i;ina 5 }) 

ll.'Ht’JH (fins 

i;wM±-aa (U3) 

iiO'T’i 

'lit) 

ii.vit'ai w ' 
97'jl+'.l2 j 
I3H‘1 ±‘a«iiaut ' 
b«' 7 tM 3 a 3 «? . 
Uri’Hf 40(134 1 
a 7 'i‘ 7 i *"7 iiaai 

ai(l*s5±'Ml <133} 
m'Ot'U >mi 
39*41-30(1135 
3Ct*l j:*lU(l!n) 
mi‘0±-39aii) 
fl0'3±-32 (fttj 
BA'3±"3«{ni) 
ia7-fl±*n.H (B3) 
sw-o±*i«(n 3 > 

»0-l±*lH(llS) 

Sft-Bt'H <IH) 

n-B (331 

m (331 
S4'8 ras) 
4^0 ±*09 (9ft) 

mm 9B) 

SI-OA-SB (It7> 
47*3t‘gl (mi) 
39‘4±'gs tm) 
13‘3±*18 (S5) 
41‘BfU (118) 
(10&) 

m±'19 (45) 

3S-2 (as) 
3i*7t*ia(n4) 
32*7 ± *14(103) 


I32f)*0±7-r. (47) 
I77*0± n0 :114) 
177*2+ *35 {114? 
I2I1*«±‘28(U21 
K«*21*27(1U) 
I07*5±'42 ((H») 
IOO*2i-24 (loa; 
I37*8±*31 (H8) 
12H*2±*aft (77) 
I07*4±*2ft (ftl) 
im*Ot '27 (K 9 ) 
107*4 1 '39 .’109) 
iii*o±- 3 :i(iofi) 
fM*3±*3l (H?) 
l 23 - 3 f 3 }l(ltMI) 
l2l*0±in(llKl) 
1 1 2*9 ±* in {97} 


aai'H+MHj /HOi ; 

3 -l-Bflft i 92 > j 
2« ii*!r> («.ij 
Oft*T±*aft (H3} 

93*7 ±‘3H 
90 -9* *30 
!l«*9± :«» (ftf) 
47'3± aO {HBj 
47*3i*20 (HR) 
4r*l±*10 (90) 
sft'0±’ia (Ha) 
H't (231 
93*2 («3i 

33*0 (93) 

3‘l±*0» (mij 
lO'SfIt (73) 
49‘7±»ilfi 
45*7 ±*34 
37*«9:‘a3 (82) 
IS*3±‘1« (47) 
39*7 ± *12 (80) 
3JI*7±'I1 <B4) 
3t*7±*H (471 
3B*B <40i 
3t*BflS (83) 
33*5t'14 (85) 




iSUndwd Dovlations 

CoeflicioatB of Varifttion 

Male 

Feiiialo 

Male 

female 

I 03 *ffirr 8 

Hft-H+rrIl 

7 ' 4 B± ■»!) 

7 - 06 + • 4'3 

f 3 *ii.i±’a 7 

•''• 71 I ±-27 

3 ' 8 a± ’It 

3 - 27 ± *16 

0 * 20 1 ‘ 3 ft 

5 * 118 + “ift 

3 ' 3 Bi -U 

3 * 20 + -U 

I'ftii-IK 

•i-aT-fai 

S' 3 R± 'U 

3 * 37 + *15 

4 * 0 H+-li{ 

4 ' 3 iJ+-lf) 

■t' 40 ± 'lO 

4 * 71 ± *21 

4 l 3 +- 2 t 

4 *H 5 +‘;)n 

'il 

4*51 ± '28 

4*51 ±‘ 3 U 

3 ' 00 -i ’17 

4 ' 2 «+ 'll) 

3 ' 69 ± *17 

405 ± -an 

4 * 3 H + '22 

3 ' 4 H± ’17 

3-43 ± *17 

a* 0 l ±*34 

4 T 4 St> 2 r. 

3 'eil+ '18 

3*50 ± *19 

4 ' 3 Ji±*lH 

■T 4 M ±’17 

3 «± 'lO 

3*24 ± ‘10 

4 * 10 ±* 1 H 

3 * 7 B±‘ll) 

4 «± '22 

3 ' 88 ± '19 

4 ' 9 «i* 2 l 

4 ',Wf 2 | 

4 ' 42 ± ■ 11 ) 

4 * 22 ± '19 

.'.• 7 >i±'St 

5 ‘ 2 Bf 2 .| 

5 ' 02 ± ’22 

4 - 74 ± *22 

5 * 34±‘33 

4 *r*H ±-22 

rj' 4 il± 'U 

4 'fi 0 ± '23 

n* 2 Hi-s 7 

«‘IJ 5 + ' 3 K 

4 'OOi '21 

4*01 ± *22 

7 * 4 «±* 3 l 

?'Wt *33 

6 ' 80 ± '20 

5 ' 0 tl± ‘23 

I'HTfltt 

«* 7 t±-.l 3 

e'll 7 ± '28 

S* 94 ± ‘20 

i I 3 ’l 5 i-.H 

j 2 * 13 ±*ft[t 

.')'r)i+ '16 

3*37 ± *10 

\ 1 B*M 11±*&7 

13 * 7 Hi%*,i 

a' 7 s+ '08 

2 'IJ 1 ± -12 

« 

«‘h:i 1:*42 

2 'B)± 'W 

2 ‘ 8 B± i 4 

S- 13 ±MI 

2 -i<rii 

8 '( 10 ± '.IB 

fl-l 8 ± *30 

1 2 'JjIfU 

2 *i 3 ±’n 

H'O.lt '37 

7 ' 4 B± '39 

1 4 - 4 H+- 2 I) 

a-abi -n 

8 ' 4 .t± '39 

6 ‘ 07 ± ‘27 

} 4 * 7.5 fill 


4 ' 92 ± "i-t 

4 ' 9 ‘l± '29 

<■ 04+21 

4 - 31 ) + - 3 I 

4 '« 7 ± - 2 * 

4 ' 02 ± *24 

ft-lRi -27 

4 ‘ir*l;* 8 H 

4 ' 0 S± '24 

3 ‘ 50 + *23 

2 ’H 2 ±-U 

2 >T 9 i*l 4 

S'« 4 ± '28 

5*01 ± *.10 


2 '? 0 t *14 

(I'Ot)± '28 

5 * 7 l± *30 

2 ‘ 9 Bt Ift 

2 ‘T 3 t*l 4 

B'QOt '27 

6 ' 80 ± '28 

l-Tlif'JH 

S-Wfll 

O'lWt ■»' 

a* 52 ± ‘43 

l‘ 3 «t *07 

v\i±-m 

;H'M± 1‘88 

3 fl' 13 ± 2'33 

itMfm 

S'!ft±*l£ 

18 '-I 3 ± '93 

21 ’U 8 ± 1*28 

3 *««t*l 4 

3 *ait* 10 

-'Mi '38 

e-Ofli '38 

2 *« 4 £*lft 

3 *glf 17 

O'Sat ■!» 

0 ‘ 21 t ‘38 

aiWt'lft 

S* 7 lt'IB 

7 ':iO± -^S) 

7*17 i *44 

SKSfia 

l‘ 8 ft±*l 3 

16 '»B± 1 ' 0 > 

16 ' 01 tl '07 

irnfas 


4 'S 9 ± 'U 


I'TSiS* 

I’MfO? 

4 - 17 ± '19 


I'flifia 

I* 47 t'l 0 

4 ' 8 S± -SB 


t-OSfOS 


d'HOi * 

5*81 ± '80 

a-OSi-W 


o-aot '30 





262 A Slitd}/ 0 / iMi and lUh Dynasty Skulbfrmn Kenm- 


TABLE II (Ki»fawt«i). 


0ha«M3ter 



Mta« 1 

FomAlfi 

Hfiile 

FwtiflJa 

m RiL 

i 

la-ifsOfiM) 


8-.'l8**l4 

S*Ol±*U 

m u'lr. 

7a'4±'ie 

C»ts ! 

7«-4±-l7 

/8«) 

3*67±*13 

3*37 * *13 
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whethsi the male aad fomalB serioe represuot the mine raeial typt;. The (lifferences 
of the oorroapouding mean indieea and angles for the two Beses ate found to ewoed 
three times their piobahla errors in the case of 100 jS/A (A/p,e. n + 0), lOO SSjiiU 
(6‘4,), 100 0,/0i, li (6-6), 100 Oj/Oi, L (8-3). 100 0.j/fV, li (4'«). 100 jfl/if (£-7), 
100 NBlim, R C3'7). 100 M/MT, £ (4-0), 1.00 R'BINJI' tU’O), rV/. (7 4), (S'S), 

5ii(6'l) and Sexual diffettsnees of tho same si^fn aa those now found 

are to be expected iu the case of tho first five of thoso iiidicoa The difibroncf in 
the ease of 100 iJ/if may be duo to ohanoo oaiiHrs as that fiir tho viity similar 
index 100 jB/ff ' is insignificant. Tho other meoauromonto seloetod in this way are 
the nasal indioos, which all measure the same ohamotor in slightly different ways, 
and four angles which are neoeseariiy related. They simply show that the female 
type has a slgnifloantly higher nasal index and a greater dogreo of prognathiam 
(judging by the nasal but not by tho profile angles) than the male*. This might 
Biggest that there was more negro blood among tbe women than among the men 

». TSmbs MlsUona aioBtlll imeif tbs Twsltth sod TlUrteenth Dysairtlea are aanaidered aapoiatsly, as 
ia abowa by tbe table on p. 060 . Bat tbe aexaal diSoranoea between tbe enrresponding meana there are 
prob|tl)l7 All InAigDiAoan.t. 
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of Koniifi, but i? WMubi id* tu jicoopt such A ftoncluflion without ■ i 

and cuiufuirisitiH „f kind tnatlu IkiIow (p, S 72 ) fail entirely 

atantiBti* it. 'rtw f u i lii.i! )|i,. uiiij.irity of the ineMiirements of shape sh ° ’th ' 
infiigiiifirain ... which would have been oxpeob 6 a°mrtlt h! 

tokOT In ittduun.- til!, I iiti- 1,1.,!,. niid fcniBlo sRinplBa really repreaonfc the same 

Sexual diffiT..!,.-. , varuiioiity may ho cotisidered next and comparigona wet 
made betW'M'ii !li- •-.» „f varin.tioii of the aheolute nieiisutomonts and th* 

atMidanl demili.uw ..f t(„. Bugle*. For theoe constante 4H tn,ale values 

eiraed the r..rr<-»jruj"i3),i.; f-mal,. vahitet and for the remaining 1!) 1 ,),^ 
in.eicm For llu' l-.ni,' Kgj A'w.ricjt the male variabilitieK are the greater in 
ii MW* and *h" », jj,,, five, but a proportion mote Rindlar in that 

found for Ihr f»r»!P«o,< }„i» boon obscrvotl for moat other long eranial ainies 

nvaihWe. 'Oio mily rlifferotici- found for the Kmna innle and female 

ooeBeiMterf ir»ri«ii..», i» f.„ /„,l ,4 = 48) and for th« sUndavd deviations 

of th# ittditw* ,®«,1 O,,.. „„}y «(gi„ficaiil difienmec* (A/p.e. a > 

oiw »f the dfWur /*,• i.sos, /VojfAibn P £ (d’O). Si/ {6t)) and 
Knnilyw aay 1 |„- .Senna variabilitiiai with those given for other •■writ's 

aUd itwOI *i®» «niy iho fcigyptiiui &' scries in this jt 

known Ifl h" i'. ?<■ goi, Blnioet nil others that havo been niisMurtal, 
Still nokipvnn.;; f!-'' .,f vnrintioii ttf nl^lute ineasurmneni* and the 

ntaidwl of sj»cJtr.a> *im1 m>sIo«, It i» found that 31 of the mnl,. Kimnn 

vnfWitlai *i» gn«n.rt «iS»i, am Kgypliiin S end IS l«wi. wink, four of the 
didhoww «s«wl liiori’ un>f» jli»ir pfijbnblB errom; for the femuios lh« Kenim 
vntUliUllfal m Ati gfrunir-r m t<$ mam*, the leaeor in 10 and thoro i# mpiajily in 
W Ifce 4iiU-nni-*’» tasty bo coiMiidwed mipiifieant. 'pf,,., Kwina 
:.(dtie»i»A«i«tfci!r »a.>J!r» n*rtaW«? Uion the %yptian S, but it i« mi htwwgenwmK 
%',)tiw/iAiA &»» Svlli h>Si «r«-}»s«*l »B ropreesnling single imd i»tlivi*ibl«i racinl 
typ«i. 

(3) Rf'ia.irtif fht CV»A*«« ttmi Aw»alm of the Kurvm StmUs. Tbeeram* 

tott to*, »«* for ntsB»aJie» after tho method eoetomarily emplo|ti»i 

.111 th* hiAm*tr>rf' am y«*r*- There at# telult of |4l tn*!® »ind 

™ 'te' ■* - . 4.,, tl»w, ioeo»plel»n»it»»ori«*«»|,»fil»«W^ 

Ihr W’il :■. »a««uid m rworded sepwMaly f*. „( 

th(i ;vs; 

(“1 ■ t|i» ef lh« wwwri, Wfiltal a*| la«its<)«i»4 

Butiife f..; . e„ ,« Om a}>pBati«d «ita ef laditidnai tmmmm: 

mc.iiK IV',. .. ., , „ . , , . 4 rt b» Miamed that mf ob% « af, rf 

Butares ^ . , . , . .ir, Tb« rf Ifc* ap 

constiw'.;-;, ,• i', sA mm b® AnAnmA ttm |U««> tkta. hm !»..« ««, 

Bidewi !ib.i. i ^ m$mm ta ** »fcr ef eh»«t* rf |i„ 
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prmoi{»l Bnliirm Binoe tt dw tsoinl difFerenco i» BUpposed to be shown in this 
respect The following table give# the freqnenoiee found for the different orders of 
do*nre: 
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It is apparent from these figures that the sagittal shows a clear tendency to close 
before the other two sutures, while the coronal also lends to close hefore the 
kmhdoid suture. The order of closure found with the grealeet frequency in the case 
of both sexw is sagittal-coronal— lambdoid. Three othor series have previously 
been eiamiued in the Biometric Laboratory in exactly the same way and it was 
found that for negroes (Teita) the coronal suture showed a alight tendency to close 
bcfors the sagittal in the case of the males, and a definite tendency in the taws of 
the females, though the numbers (37 males and IB foroaliut) on which these 
eatimates were based are amall, Both the coronal and sagittal autuws showed a 
marked tendency to close bofore the lanbdoid. In the Uytbe and Spitalfidds 
English series the sagittal suture woa found almost invariably to be the first to 
close, or to begin closing, fallowed by the coronal and lambdoid sutures which 
began doaing at approximately the same time. Thus the Eenna type occupies an 
inteemediats position between the Teita— a negro seriee— on the one hand and 
the Hythe and Spitalfiolda European series on the other. For the ncgioea the 
coronal suture obisea before the sagittal and well before the lambdoid ; for the 
Nubians the coronal suture closes after the sagittal but bofore the lambdoid again, 
and for the Europeans the oovonal suture closes after the sagittal but almost at 
the same time as the lambdoid. These ate only average rosulte, and the nnmbcra 
on which they ato based are unfortunately small, but in confirmation of Qratiolat'a 
Law they appear to indioato a dofiuito racial diffortmee in the ortlur of sutural 
closing. The figures for the aeric-s examined in the Binmotric rjabnratury suggest 
that the tendency for the coronal suture to oloso bofore the lambdoid is rather 
mote marked in the case of fomaloa than in the ease of males for any particular 
racial series, As the numbers for the Korma snrioa are fairly ailoquate, it was 
considered worth whllo to examine whether tho order of olosure of the coronal and 
lambdoid sutures is associated with the magnitude of breadth tneasiiremente of 
the calvaria, Tho following table giving ineasuremonta for the two groups of main 
skulls from Kerma shows that the differences between the correspmding means 
ore clearly insignificant; 


Orclei of sutnre-olofiina 


21 

BiaBterionio 1 ) 

: ^ ■ 

Ooi-onal suture closing before lamMoid 
Lambdoid suture olosing before ooronal 

90-8 (72) 
93*8 (16) 

ia3‘8 (67) 
184*8 (10) 

105*4 (r>7) 
105*7 (13) 

186*7 (87) 
185*7(18) 
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Ootopleto casos of motopiBra were found in four male out of a possible 89 slculls, 
and six female out of a possible 9*7 skulls, only small traces of a suture above the 
nasion being" found in other specimens. All the longer European series bo be 
examined have shown a percentage of about 10 for metopic sutures and in the 
case of negro series the frequency is about 1 per cent., among the 122 Teita adult 
skulls only one metopic suture being found. The Kerma skulls, therefore, with a 
percentage of 4'6 for the males and 6‘2 for the females, again occupy an inter- 
mediate position between the negro and white races. Contact between the frontal 
and parietal bones in the case of a metopic suture being present is indicated by 
ZF+JtP or JiF + ZP and the measurement given is the length of the common 
Suture. The mrdea affected are Nos. 107 (contact?), Ill (at bregma), 113 (at 
bregma), and 126 (?PF-^ZP); and the females Nos. 163 (ZP + PP, 31 mm.), 
165 (liP + ZP, 8*2 mm.), 166 (ZP-t-PP. 8-2 mm.), 202 (lP-}-PF, 5-7 mm.), 219 
(LP + PP, 2‘9 ram.) and 224 (ZP+PP, 7’7 mm.). In accordance with what has 
been previously found, contact between the left frontal and right parietal bones 
is the most frequent occurrence. It has been stated that when the metopic 
suture persists to an adult stage it closes at about the same age as the sagittal. 
Five out of the ten metopic Kerma skulls have both frontal and sagittal sutures 
open; in two other cases both are closed and in the remaining three the sagittal 
suture is open but the frontal ia closed. One female specimen (No. 202) has 
the sagittal suture open but the frontal entirely closed and partly obliterated. 
Only when the squamous process made actual contact with the frontal bone 
were the cases of fronto-temporal articulation noted, these being in the males 
Noa. 62, 69, 1S6, 188 and 147 (on both sides), 70 and 124 (on the left bub not on 
the right side), 3 and 61 (on the left while the right side was too defective to 
permit examination); and in the females Nos. 162, 194, 196, 199, 265 and 271 
(on both sides), and 160, 173, 203 and 230 (on the right but not on the left side). 
For the males there were 89 cases on the right side where the sutures at the 
pterion were sufficiently open to permit examination for coses of fronto-temporal 
articulation and of these five were affected giving a percentage of 6’6, and on the 
left nine were affected out of a possible 101 (8*9 7o) i females, on the right side 

10 were affected out of a total of 83 (12’0%)i left six out of a possible 

92 (6'6 These percentages are unusually high, as for European aeries in general 
the frequency is of the order of 1'6 per cent., hut for negroes an average of 12 per 
pent, has been found The Kerma series it will be noticed once again occupies 
an intetLYiediate position, No complete cose of a horizontal suture across the malar 
bone occurs in the series, two female skulls however (Noa. 197 and 2.18) show 
slight traces of it. No traces of sutures between the ex- and aupra-occipitals were 
observed. 

(b) Pt^pemumera^y Pones. In the male series four cases of true iuterparietal 
bones were found oUt of k possible 111 skulls (3'6 “/<,) I’b® females only one 

out of a possible 104 cases (0'97o) noted, thus giving a percentage of 2‘3 for 

* Of. le Double, Traits ties Variations dss Os du Orfine ds VHomme (1903), jip. 302 — 303. 
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the whole »eri» Owing to the irregularity of the percentagw famici for both 
Earopmn and negro Beriee in thi* respect, it is not known whether any racial 
iignifleanw om b® attaiohed to the Karma figurw. Of th® wale speeimeim. No. 86 
show* the 08 peniagormls and right <»» trirngalan aeparate but with no suture 
between them ; the other thrse skull* (Na«, 08, 121 and 180 ) havii the os fmior 
gonah only Bepaate, The female spaoimen (No. 108 ) atat hm the (w jmiagonak 
only Bepsrate. An os ipaeiiU* was not«d in one male aktill (No. 41 ): it is dirided 
hy a vertical suture which is to the right of the sagittal suture. There are no 
eKampIe* of an owiole of bregma and only small Wormian Vonee were found in the 
oobmI and sagittal sutures. The Wormian bones in the k.mbdoid suture appeared 
to be smaller and lew frwiuent than in European eeritaj. Two unusual aaomalias 
were noted; a male specimen (Na 107) has a largo Wormian bone between the 
temporal squama and parietal on the left side and a female sjatoimen (No. 1 ® 8 ) 
ha* two large and two small Wormian bones in the same jweition on the left while 
the right ^9 k normal (see Plate IV b). Several eases of an oaeicle of lambda 
•were observed. Rooords were made of the epipterio bones found, only those with 
a maximum diameter greater than B mm. being counted. In compiling the total 
numbent 'whioh might have possessed these supernumerary bones all those skulls 
were excluded on whioh the superior border of the greater wing of the sphenoid 
was indefinite on the side considered owing to synostosis. More male* than females 
were exsluded on this account. The following frequencies were found for tbo group 
having the region of the pterion intact on both sides and with the sutures there 
visible! 
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A considerable difference is shown botwoen the poroentages for the two sexes, the 
males having 18 skulls with one or more opipterio bones out of a possible SB easts 
(24'6 7o), and among the females there are 28 casus out of a jxwsible 68 spocimfinS 
(36'8 7J. According to le Doublet >t k not known for whioU m* the anomaly 
occurs with the greater frequency and comparken with the Hythe and Toita series 
does not encourage the assumption that there ere any sexual or racial diflhtoncee. 
The percentage for the Teita male series is 22’2 (or 8 out of a possible 36 cases) 
and for the female 19'6 (or 8 out of a possible 41 cases). For the Hythe skulk 
the male percentage is 82'0 and the female 26'8, 

(o) Teeth, The state of preservation in whioh the teeth of the Kerma skulls 
were found was remarkably good, and there was a very high percentage of palates 

* 01. Is Doable, Tntte Ha Vartalitmi da Ot du Crtne d€ Vllcmmc (1903), p. 60. 
t Pp. eit. p. 306. 
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with no teobh lost before death. There are 111 complete male palates of which 71 
have no teeth lost before death (64*0 7o)> and for the females the percentage ia 
69*6, 67 skulls from a total of 82 complete palates not having lost any teeth before 
death. Excluding a few cases, where it could not be determined whether the third 
molars had erupted or not owing to the loss of one or more molars before death, 
an investigation with regard to the presence or absence of third molars was made 
with the following results : 
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Considering the sides separately, in which case a few additional specimens with 
the region of tho third molar complete on one side but defective on the other can 
be included, it is found for the males that on the right side there is an absence of 
the third molar in 12 coses out of a possible 102 (11*8 7o) ftnd on the left there are 
12 showing an absence out of a possible 99 (12*1 For the females there ia 
absence in seven oases out of a possible 79 (8*9 */,) on the right and four out of a 
possible 82 (4*9 7o) on the left. Several dental anomalies were observed among 
the male skulls : No. 79 has only a single premolar on the right, No. 92 (Plate VI o) 
apparently lacked two teeth other than molars, No. 128 has no canine on the right, 
while No. 128 lacks a canine on the left side. The second right incisor in skull 
No. 101 has erupted behind its normal position. A curious condition is present in 
No. 107 (Plate VI d) which apparently had only three incisors of which one was 
placed centrally so that it appears to have erupted between the premaxillary bones. 
The socket for the third incisor present on the left in skull No. 4 is the only case 
of an extra tooth among the male specimens. The female specimen No. 165 
(Plate VI c) has no canine present on the left side and no third molar on the right. 
An absence of lateral incisors was noted in skull No. 216 (Plate VI 6), and No. 266 
has only one incisor on the left and no canine or third molar on the right. Several 
examples were observed of crowding of the teeth and of deformations of the alveolar 
margin due to disease (see Plate VI a showing aa opening in the region of the first 
and second left molars). 

(d) Oih&r Anomalies, The relative sizes of the jugular foramina were compared 
with tbs following I'esults : 
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Thsee reaultn are qiiite in aooortlaaee with Ihcwi for all serita prtsvioutly examined 
hi thiB way. Premndylea, both aingle median and dmible, were noted in savernl 
owes, a female skull (No. 104) with a singlo median pracondyle having the largest. 
There are no marked eaaai of a foam, pharyogsa. A female gpeoiraeii (No. 180) ' 
hM a large para-mastoid ptwtw on the left side with an artioular snrfaoe, and one 
ease of a ba®i-oooipifc*l incisure was observed on the loft side of another female 
skull (No. 193). Plata V b illustrates a curious condition ptraent in a mala skull 
(No. 86); this is a constriction of the inferior part of the basi-oocipital where it 
uoites with the sphenoid. Ths numbers of tympanic perforations were recorded 
hut no details are given as no racial or sexual difforencB®, or evidence that they 
were more numerous on one aide than on the other, could bo dettuced. What appeals 
to he an infantile condition of some interest is present in a female skull (No. 216 ; 
Plats V d) which shows a complete failure to unite on the superior aud inferior 
margins of the tympanic plato on the left aide and a union only just raada on the 
right*. None but very small oxostosos were found. Throe healed wounds were 
obtervsd among the female skulls from a total of 114, but, as is to be expooted, 
the wounds on the male skulls were more numerous, totalling 16 for the 141 skulls. 
Those of greatest interest are on male specimens and photographs of two of these 
are given: No, 74 (Plate IV a) has a depressed wound on the right pariotial and 
temporal stjuama and a healed fracture of tho left malar bone; No. 64 (Plata V c) 
has what appears to ba a wound on the right maxillary bone below tho orbit. 
No. 7 shows a fraoturs and subaequont rejoining of the left sygomatic arch. One 
ease of a wound on the naaal bones is noted in skull No, 66. Traces of roughening 
of the glenoid fossa due to arthritis were found on several skulls of which tho males 
Nos. 46, 119 and 146, and the females Nos. 151 and 286 were tho most marked. 
The only other sign of disease was observed on the female skull No, 274(Plate Va); 
the diseased parts ars two symmetrieslly placed areas on either side of tho lambda, 
the lambdoid suture being prematurely closed where it lies within the diseased 
areas. This may bo a ease of periostitis Holes similar to those found by Prof. 
Elliot Smith on Nubian skullsf and supposed due to insects were evident on 
several of the Korma skulls (see Plate III b below). The holes are mostly small 
and not nearly so numerous as on the skull ho figures, No signs of healing are 
shown on our specimens and the axoavationa were almost oertainly mad# after death. 


(4) Oomparisont betwem Urn Kerma mid other Rnmal Serim. In order to gain 
a knowledge of the rataal relationships of the Kerma series, the CoeffloientS of 
fiacial Likeness were calculated between its means and those avivilable for a numbeii 
of other series. With the usual notation, the form of the orude oeeffioienb used is 


^ n,nt 

“• £4 " u X . 

m cr/ II j, + n,r 


- 1 ± -67449 



^S(a )-1 ± ■67449 V-? 


“ The adolesoent Sbxanthivput skull shows ft sinUlftp fissaro of the ti'mpauia plate, and the eondJtion 
is- normal for infants to-day. 

■r The Anbaiolosieal Sttney 0 / tTiiMa, Jtepert for ieO7~1908, Osiro (1910), Vol. u, p. 990, SnS 
PiM«i Aecmfirm/iu} Vol. II, Plato xii, Kg. 9. Boe also "5I» aUegeh Disooveri ot SypUlia in Pro- 
hiotorio Egyptiana," The iatioat, augnat 39 (1908), p. 631. 
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The reduced coefficient is defined to be 

50 X 1 i S (a) - 1 + -6'74^49 ^-1 , 

Lm ^ ~ V mj 

whore j)* and H,r> are the mean numbers of skulls available for the characters used 
in computing the cooflfieienfc for the first and second series in the comparison, 
respectively. The reduced coefficient is supposed to give the best measure of the 
absolute divergencies between .the types which it is possible to find at present. 
The standard deviations of the long Egyptian S series of Twenty-sixth to Thirtieth 
Dynasty skulls were used in computing the coefficient. 

The male and female Kerma series are of approximately equal length, but this 
is not the case for the majority of cranial series for which measurements have been 
provided. In general the male series are longer than the corresponding female 
ones and there are far more of them available. Our estimates of racial affinity 
are thus based principally on the comparisons of the male series. There are 20 of 
these' series of sufficient length representing different sections of the population of 
Egypt from Early Predynaabic to Roman times. Of the sites represented Gizeh and 
Deshixsheh with Medum are in Lower Egypt, but all the others are in Middle 
or Upper Egypt. Table III gives all the coefficients of racial likeness between 
these Egyptian and the Kerma series and the reduced male values range from 
ITl bo 19*66. Working on data provided by Morant, Woo has given* the 
lowest reduced coefficients of racial likeness found for each of 23 male Egyptian 
series, and they range approximately from —0*6 to +4'5. Three of the values now 
found with the Kerma series are less than 4*5 and two are as low as any which it 
has generally been possible bo find for these types. We are thus led to conclude 
that the population of Kerma in the Twelfth and Thirteenth Dynasties was of 
typical Egyptian typo. It has been shown by Morantf that in Upper Egypt the 
character of the population was changing slowly from Early Predynasbic to Roman 
times, the type having gradually lost its original negroid characters and at the 
same time increased its calvarial breadth and hence its cephalic index, This 
general tendency was illustrated by the majority of the series available, and the 
exceptions to it which were found could be supposed due to the peculiarities of 
local types or possibly to a local and restricted admixture of part of the population 
with alien immigrants. The question to what period the Upper Egyptian series 
which most closely resemble the Kerma belong is one of particular interest, Its 
closest connections are found with the Naqada series which is probably of Middle 
Predyuastic data and with a Late Predynastio series measured by Thomson and 
MacIverJ, A First Dynasty series is next in order and then the Kerma type is 

* Biometriha, Tol. xxii (19S0), p. 76. [ Ibid. Yol. xvii (1926), pp. 1-62. 

t For the eeclee measured by Thomson aud Maolver only 14 of the oomplemeat of 81 charaotere 
used in computing the coaflieient of racial likeness are given. For theae 14 characters the male crude co- 
efficient between the Kerma and Naqada A and Q seriea is 1-21± *25 and the reduced value is l-49± '31. 
These only differ slightly from the values in Table HI given fox the total 31 characters, and it may be 
assumed that the 14 characters provided by Thomson and Maclver lead to close approximations to the 
coefficients which would be obtained if all 31 oharaoters coaid be used in comparlBona with their eerieB. 
It may be oonelnded that the Kerma series is equally related to the Naqada a^d to the Late Predyuastic 
aeries of Thomson and Maolver. 



<ia& and IStft DyBsstim} and oOm- Serim^. 
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found to be equally removed from those of Early Predynaatic and Early Dynastic ' 
populations. It is also approximately equally, but more distantly, removed from the 
earliest Predynastie type (Badari) and from several found in 0 pper Egypt about 
the Eighteenth Dynasty. The relationships of the Kerma to most of the Later 
Dynastic series, including the Koman, are more distant still. Exceptions to any 
orderly arrangement suggested by these facts must, of course, be expected. They 
are found, for example, in the rather dose connection between the Kerma series 
and the Ptolemaic and in the dissimilarity of the former to the First Dynasty 
series from Abydos measured by Motley, bo the Ninth Dynasty series from Sedment 
and to the Fourth and Fifth Dynasty series from Deshasheh and Medum, though 
it must be remembered that the last series comes from Lower Egypt. In these 
cases the other eeries, and not the Kerma, must be supposed peculiar, as has been 
pointed out in earlier papers. The evidence provides abundant justification for 
considering that our series represents the typical population found in Upper Egypt 
in Late Predynaatic times, and it can only just be distinguished from other series 
representing that population. But actually our series is of Twelfth and Thirteenth 
Dynasty date, though it is clearly differentiated from the contemporary population 
of Upper Egypt. Obvious conclusions are suggested by these facts. It may be 
supposed that the colony at Kerma was founded in Late Predynaatic times by a 
body of emigrants from Upper Egypt who were racially typical of the population 
there and that this type persisted at Kerma unchanged by admixture with any non- 
Egyptian elements, or by the factors which were modifying the parent population, 
until the Twelfth and Thirteenth Dynasties. It appears to be extremely probable 
that these hypotheses are the correct ones, but they could only be submitted to 
direct proof if we had skeletal evidence of the racial constitution of the population 
at Kerma between Early Predynostic and Twelfth Dynasty times 

It is certainly unlikely that any coefficients of racial likeness of the same order 
as, the lowest in Table III could be found between the Kerma and any non-Egyptian 
series. There is a close connection shown with Abyssinians from the Tigre district, 
but all the closest connections as yet found for this series have been with Dynastic 
Egyptian types and it is supposed to represent a survival until modern times of 
part of that population. It has been shown by Stoessiger* that there is a moderately 
close resemblance between the Predynaatic Egyptian series and mpdern Indian ones, 
and by Kitsont the former also resemble various negroid and Bantu negro 
East Africaox types. It is among these two groups of races that we should expect 
to find those outside Egypt which will bear the closest resemblance to the Kerma 
type. Male coefficients of racial likeness were therefore calculated between the 
Kerma and all the best series available for the two groups and these are given in 
Table III. Of all the alien types compared, the Galla and Somali shows the lowest 
reduced coefficient, though it is higher than eleven of the values found with the 
Egyptian (including the Abyssinian) series. A moderately close connection with 
that '‘Hamitio" series was to be expected. Neither is it surprising to find that the 


* SiomeiriAa, Vol. xix ( 1 Q 27 ), pp. 126—186. 


t IW4. Vol. xun (1981), pp. 285—300. 



a?3 i SUttfy of Itlk rrnd iM Skttlkfrmn Kema 

mMtl dwwt, e«aiJ8et»« in w»ib * RMufero »ri» fr»:«ro Eni'p*' '•*" the t»r:y,i, is 

«iib»«R »n4 wiiob ti (aif jstlgwS <n be one «rf nJsfTO* m. of the err.hial 

jBHIittWMJlas. The TeiSa f»« Keoya Cbtoay wme «w;t in iituler mt! thi-y ate 
'flaato tHitP:**, white the Twniilii an* a tiui® further wmortd. Tho 
HMnblwnM iti thwi mtm, «(i4 yuMe tKlwoM the Kentw myi ltt« ather ivaist 
mkI ludktt tyjjei, «» wy man* o«we diilaot lh»ii the «»m|«rily of tltnse 
'b^wwstl t.h« Cema W the, %|ptku type*. The Ifco*, Ui.*t a wsgw sieriwi sli««'s. 

§. lower irf«o*d (»«ffiei«rit than three may bs atlritml»ti 'In the ■; 

f»(* that the tatter m not of |wre %]ppti«n origin, h hju» been Aown hy Woo, r 
fcr ejarapl®, that hi* Sednwnt anriai that of iW FoarUi iwl Fifth, Dyndatiia ' 
ftom I>Mh««h«h ®wi Mrfnm «r® more chwjly relatut! to nuxlera EgypliaiH! and 
modarn Cretaoi thao niw th« otbor Dynwtiic E^frtmn esrieK. There is again tio 
BUj^Mtion rtiat th« Kerma popatation ws* of any hot p«i« %ypt«*i origia I 

Ftotn th# 31 wricB for whiun tonJo ewfficionl* of ntml likenaB ««« talwttated,, ■ 
sight were eeleeted for the parpose iif comparing the feinal® moan* with the Kenan '’j 
falttw There are no sdajiuilo femala «m*osi awkilaWo for most of ihii other M*i 8 «. ;i 
If tho male and tem«Ie moan* for each of t»fo «ri« osmjjwwl iwnlly represent the ;■ 
lame popnlation, then w« shonM expect to fin«i that Uw rmlnwl eoofBoittttto for ji 
the two tmta do not differ agtiiflcaolly. Thi* i» *«t«id!y the oseo in five out of th« j 
Bight oompBriBOfl* m«d® in Tnble 111, the diffirenww for ibww Wng all leas th»4 ; 
S’# tames their proheble errora For the other three, -vb. the Imto PredyimslaB 5 
seria* from El-Am»h and Hon, the Twelfth to FiftoMlb Hymwty from Htm end i 
Abydua, and the modern Keriw of »i‘gMc.e front Kgypi,- iho soxtial difference* 5 
botween the coefficicuto arc marWIly wiKKifiwit. The iio aiw for the laut ssrit* I 
are based on such iimall numbers that no stow m ud hr pkeard on tbe diwardanBU. 1 
In the case of each of the othor two a direct coitiiJariaoii of the male and female 
mean* suggests that the aamplaa may not reprcsoiil « x«lly th« same population. 
It has been shown in section f 2 ) above that Un- Km iiia undo and female indices anti 
angles only differ clearly in an ime.apecttd way in the ctuti' of lb« naaal indloos and 
of the angles of tho fandamontal Irianglo, the feiiMdo iy]i«? having Ae higher index 
and tho greater nasal angle, indicating a greater th‘gt« of |iregiiathi*m. This might 
suggest that the female Kerma satti|do wao tnme wgtjiid lium the mftls, but the 
coefficients with the Talta and Tanganyika nrgro wiics fail i-nlitely to iiitetaUato 
this view. This Kcrina smnial differonc** for lh«MS oharactorii, th«tt^ ef » order 
which must be considered significant, may only Iwive been duo to ohance *us» 

A detmled comparioon of racasoremiails oopjsidorcd singly need not bfl made. 
If only the 31 characters used in computing the coftRicionts of recial likeness arc 
considered, the a’s found show whether the diffirenccs kitwceti the means compared 
should be considered significant or not Wo will suppose, as usual, that a significant 
difference is indicated if the a is greater than ten. Thu proportion* of significant 
to non-significant o's are found to lUffer markedly for different oharaeters as hm 
been observed in all previous comparisons of this kind. The ooeffloients (given in 
Table 111) were computed between the Kenna male Borie*, on tho one hand, and 
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21 series of the ancient Egyptian type (including the modern Abyssiniang), on the 
other. There are eleven comparieons between median sagittal arcs (S) from nasion 
to Dpisthion — the measuromenfe not being available for the other ten series — and 
not a single one of these ia significant. For the baaio-bregmatic height {H') only 
one significant difference out of 21 is found, and for the glabella-occipital length 
there are only three a’s greater than ten in 21 comparisons. Such characters will 
clearly be of no value if a classification of the roaberial on the basis of single 
measurements, or groups of a few meosurementg, is attempted. The only measure- 
ments which are likely to be of any value for such purposes are those for which 
more than 30 per cent., say, of the possible comparisons show significant differences. 
In the present case these are : 100 BjL (61-9 VJ, 100 NBjNH (52’4 B (42-9 7„), 
100 (42‘9 7q). (38‘1 7o), 5736‘47o) aod Q'(®8'3 7J* The percentage 

for 100 G%IGx is only based on a total of seven comparisons and no stress can be 
laid on it, while the other characters selected in this way really only indicate that 
two primary factors are concerned. The differences between the maximum calvarial 
breadths (.fi) are necessarily associated with those between the transverse arcs (Q') 
and cephalic indices — the calvarial length and height remaining practically con- 
stant — and with those between the minimum frontal diameter (£')) while the 
differences between the nasal heights are necessarily associated with differences 
between the nasal index— the nasal breadth remaining practically constant. In 
comparing the Egyptian series Morant found that the essential differences were, 
in general, those between the calvarial breadths and the characters dependent on 
that character, and also those between the nasal indices. The Kerma series thus 
differs most markedly from the Egyptian aeries in precisely the same characters 
as they, on the whole, differ most markedly from one another, or, in other words, 
the Kerma type must be considered to be a perfectly typical representative of the 
Egyptian stock, as we have previously concluded from a comparisoh of the co- 
efficients of racial likeness. When comparison ia made between the Kerma and 
the non-Egyptian seriee the incidence of characters which differ most essentially 
alters as we pass from series to series and a detailed description of these differences 
would not be profitable. 

(5) Type Oc/ntowa, The individual contours were drawn and the type contours 
were constructed from them by following the usual methods employed in the Bio- 
metric Ijaboratory. The mean measurements are given in Tables lY — YI and the 
male and female types are shown in Figs, II — VIL Comparison of the type contour 
with the mean calliper measurements in Table YU shows a very satisfactory agree- 
ment. The differences *re all leas than 1 mm. except in the case of the male and ' 
female 8i — the chord from nasion to bregma — and the female GB. The difference 
of 1*4 mm. in the last case is chiefly due to the fact that the two means are based 
on very different numbers and when found for the same 33 skulls it is reduced to 
0'6. It ia probable that the rather large differences found in the case of Si were 
caused by the £a.ct that the nasion was not. located in precisely the same position 
when drawing the contours as when taking the calliper length. Table VII shows 
clearly that the practice of raising or lowering the pointer of the tracer in order 
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Unn Ummnmmit: of Kerma Tmnttim'ie Oonkiiin. 
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TABLE VII. 

A Omnjiarism of OaUipee mul Type Canloar MmuttirmteiUs*. 


Obaractsr 

Mulv 

FaomlM 1 

Contout 

GaUipet- 

Oentour 

CalUjMsr 

L 

Iftfi-a (98) 

(188) 

nfl-i (73) 

177-2(114) 

OB 

110-7 (ia4) 

110-7(125) 

107-7 (fKJ) 

107-4 (ftl) 

s; 

119-5 (B«) 

112*1 (l«6)t 

108*7 (73) 

107*4 <109)t 

Si 

IU‘9 (98) 

IID'I (128) 

lit) -4 (73) 

110*4 (U>6) 

Si 

97-4 (92) 

97-2 (124) 

M‘7 m) 

94*3 (97) 

finl 

W 

3H'0 (H4) 
13-1-.1 84) 
8B-0 (SO) 

36*4(112) 
133-4 (03) 

34*7 (64) 
128-1 (64) 

34-6 (92) 
127-8 (88) 

(rii 

89-6(111) 

66-4 (37) 
95-1 (33) 
06-5 (04) 

«S*7 (82) 

&i 

00-2 (4ft) 

90-6 (97) 

M-7 (W)§ 

IB 

lOfi'O (84) 

101*8(117) 

9B-6 (89) 


* Tbo oontoor OH in bb« hAlglit (AM) of ili« trftaBVAr«« lypo oonloarx And All ullittr oonloiir mettEtira- 
ttifiata Ara ukon ttom iha SAglUal type. Tbe mexlmum length (/.) i» meAeurcd on tlmt liKUro; G'H, QL 
hxiALB ftro used in Lit ounsiruetlon end ell other moftnuremonU oonipered nre (»nnd byuIouVttUDO 
from UngtliB need in the oonetruoUcm of the type. 

t For the 96 »&)« ekoUi for wbioh sagilUl oontoan were drewu Ibe mean oaUiper Is llSl'l. 

% For the 7fi fensle skoUs for whioh i«f([ltel oODloars wore drawn the mean oaUiper 107'6. 
f Foe the feeoAlfl skoUa (or which the contour OL is given the mean twlUtwr riL U 94’6. 

to poos exactly through the "pomta" in drawing the angittal figures do^ not 
tntroduoe any serious disorapanoiea Tor all praotioal purposes there is little danger 
in assuming that all the points shown on &at seotion really lie in a single plane 
in the case of each individual skull*. II the series be a long one it might be mors 
eatiefaotory to omit the spocimene for which this is least true. 

The male transverse type is almost exactly symmetrical, all differonoes between 
the right and left sides of the same, parallel being less than 1 mm. Greater 
differences are found in the case of the female figure and the largest is 2'5 for the 
ninth parallel. The Kerma sections show no striking peouliarities. A number of 
indices, providing measnremonts of shape, have boon derived from these figures for 
the pnrpoee of making racial oomparisons more exact, and for all these the Kerma 
values fall well within the ranges given by racial series previonsly studied. The 
male and female indices are closely eiroiler as is geivetally found. By superposition, 
with aid of the tracings provided, the Kerma ontlinos ate found to b« extraordin- 
arily close of those provided by the Teita negro series and rather furbhnr removed 
from the Badari types. 

The horizontal type contours are very approximately symmetrical, the maximum 
difference between the right and left sides of the same parallel being T6 in the 
case of the male figure and 1'7 for the female. They are again found to have no! 

• * p do not agree with thia view. The " practice" does nok seem to me Batisfactory, m tho 
seotion of the individual skull oenece to be a aeotion of that skull at all, and the dlograph thus 
can lose the advautagea'ithas over the dioptograph. Bo,] 
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uniMual oharactera and the radioes which have been used for comparative purposes 
are allj with one exception, within the ranges previously found. The moat striking 
sexual difference in the case of the horizontal contours is seen in the shapes of the 
sections of the temporal fossae. Immediately behind the temporal lines (marked 
by the points 'IR and M) the male outline is contracted to a greater extent than 
the female. This difference has been measured by expressing the total length of 



Fig. H 'Iwmsver** ‘^pe Contour, cm 124 Kemta SkutU. 

parallel 3 ae a percentage Of the width between the temporal lines, i.e. very 
appoximafceiy TB{y)+TL{y). The male Kerma index is 97*7 and the female 
103*1, and, this difference is leather greater than any previously found between the 
male and female values for the same racial aeries. The male index is also lower, 
indicating more marked temporal fosaae, than any previously found. The Kerma 
type contours are again found to he remarkably similar to the Teita, the only 
difference which appears to have any aigniHcance being dependent on the fact that 



278 A Studp of I2th mid iZth Dpimty Skulk from K&rma 

tlm aeofcioim of the t6in|xiral ftwgae are mom accentuated on the male fig'are. 
The Kerma and Biidari types differ more markedly. 

The sagittal type seotiom possess no feature* which would have been miiapected 
in contours reprenonting an Egyptian series, eieept, perhaps, a mther greater degree 
of progiiiithism. All the indiOBS and angles which have boen used to compars the 
most salient racial differtincea of the median sagittal suction have mines tor the 



Kerma series which fall well within the ranges given by the types previously 
recorded. Mean sexual differences are generally found for some of these and those 
of the same sign and the same order are observed in the present series. For 
example, the index expressing the maximum subtense of the frontal are as .a ;' ^ 
percentage of the NP chord is 23'2 for the males and 24i’l for the females, and the 
fact that the female frontal bone is, on the average, more vertical than the male 
can be illustrated by angular measurements. A comparison of the mean indices 
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and angles derived from calliper measurements for the two series showed that the 
most marked differcnceB in shape which would not have been anticipated were 
found for the angles of the fundamental triangle. Confirmation of the correctness 
of the means can be obtained from the sagittal type contours, The values are : 


Bex 

Metliod of MoaBuremeot 

ifi. 

AL 

bl 

s 

By oallipera on skull 
Scaled on type contour 

64“*9 (95) 
e4‘‘-9 (46) 

74’'1 (96) 
73"'4 (46) 

41“‘0 (95) 
41*-7 (46) 

? 

By callipers on skull 
Scaled oil typo contour 

67“-6 (63) 
ea”-3 (33) 

72*‘l (63) 
7r‘2 (33) 

40“-3 (63) 
40*'5 (33) 


By superposing the types it is found that the Kerma sagittal section bears 
a much closer resemblance to the Badari than to the Teita. Strangely enough, 
considering that one of these aeries represente a tribe of Bantu negroes, the degrees 
of prognathism of these three are' almost identical, but the section of the nasal 
bones projects considerably less in the Teita than in the Egyptian types. 

(6) Gonclasions. The scries of skulls described in this paper represents the 
population of the Egyptian settlement at Kerma (Nubia) in the Twelfth and 
Thirteenth Dynasties. Only adults were dealt with and of these 141 appeared to 
be males and 114 females. No distinction can be made between the series repre- 
senting the Twelfth and Thirteenth Dynasties respectively. The male and female 
series may be supposed to represent the same racial type. The male variabilities 
are rather greater than the female, as is generally found, and the population as 
a whole must be considered rather more variable than those in some Dynastic 
Eygyptian cemeteries, but still as homogeneous as most for which cranial samples 
are available. The type is distinctly negroid ancNhe frequencies with which some 
anomalies are found assign it to an intermediate position between those of Bantu 
negroes on the one hand and European types on the other. The coefificienba of 
racial likeness show that all the closest relationships of the Kerma series are witli 
Upper Egyptian series of Prodynastic and Early Dynastic date. The closest con- 
nections found are with Late Predynaetic types and the Kerma sample may be 
supposed to represent the typical population of Upper Egypt at that time. It is 
distinctly further removed from the types contemporary with it found in Upper 
Egypt. Hence it is concluded that the settlement was probably founded in Late 
Predynastic times and that the racial type there persisted unchanged until the 
Thirteenth Dynasty although the parent population had been modified in the 
interval. Comparisons are also made with negro and Indian scries, but no unex- 
peb^ily close connections are shown. The type contours are provided. 

In conclusion I mitet thank Mr Q. 0. Dunning, some of whose measurements 
I have used, Miss M. Kirhy, who drew the map and type contours, and Dr G. M, 
: Morant, to whom I am greatly indebted for much help and encouragement. 
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A Slwhj of Mth and VAth Jhjimty Skulls from Kerma 


DESCBIKION OP PlJI^TKa OP KEBMA 8KUEL8. 

l. T)Tpioal mule ekall (No. 37), Worma faeiatU fO-fl oatwM «Ise). 

n. mate skull (No. 37)t Narma (atiralis (0^ ni4aral 

m. (tt) TjplotJ mala skull (No. 27), tform v«rtic»lU (0*7 n&ttirBLl alu), 

Thia HpooiiuaQ bae a oepballo iodex of 72*0, and ilto mala moao for ilia ncriea in 72*2. 

{b) Mala skall (No. 180; 0‘7 natural alia}. TbU abov^a holos proinmcd lo hava bean made by 
ineects aflat deaVb. 

IV. (a] Mala akull (No. 74 ; 0*7 nalaral «ins;, irllb » ^eprc$ned wound oa lbs purleUl and temporal 

boQos and a haalad fraoluro of tha molar bona. 

(b) Femalfi skull (No. 188 ; 1*3 noinrul aioa), w>lb Ui^o Wonnlan bones betwoon Iha tamporal 
egnama &nd parietal bone. 

V. (d) Pomale ekull (No. 374 ; 0*7 natural aix«b ahowlng diMaoed arena on oUhor side of Iho 

lambda. 

(6) Mala akoll (No. 36; 1*4 natural sixe), ahowlng oonatriolion of tha baai^ocdplUil where it 
unitae with tbo Bpbanold. 

(c) Uoio ekull (No. 64 * 0*8 natural alsa)i showing a wound below the right orbit. 

(d) Portialo ekull (No. 216; 1*8 natural slaa), ohcwlng lollura of the t^mpanio olements to 
uuito. 

VI. (n) Male ekull (Ho. 93; 1'3 natural else), with the sookobi of two taalh other than molara 

lacking and a dieaaaed opening on the )eft>hand side. 

(b) Pemalc ekull (No. SIQ ; 1*2 natural eiso), with no »ooka.U for lateral inelaon. 

(o) PamalQ akuli (No. ifid; I‘fl natural slsa), with no sookots for the laft oonina and right 
third molar. 

(d) Mala ekull (No. 107; 1*8 natural else), wUb sookote for tbreo iooleors only, the socket for 
the oantral inoieor being apparently between the pro>maxi)lary bones. 



I 



Serial 

No. 

I ai . 

GJ 3 

J’ 

JV-jS' 

NwET, H 




I 

' 

94*7 

130*5 

51*7 

52*6 

51*6 

24*4 


•z 

q 6‘4 

97-8 

1:34 

52 0 . 

SI-8 

51*5 

24-2 











4 

— 

90*0 


52*3 

52*0 

51*9 

23*4 


5 

92'9 

100*3 

128 

135*5 

47*0 

47*1 

46S 

25*6 


6 

1 

98*0 

86'6 

:cw 3 *i 

96-4 

94*0 

50*8 

48*0 

45*7 

52*2 

46*6 

47*8 

51*4 

47*3 

45*4 

25-2 

22*8 

27*0 




87*3 





— 


zo 

— 

95*4 

128*3 

49'0 

48*8 

47‘9 

25*8 


IX 

— 

94*0 

127*5 

50*6 

52*8 

509 

25*8 


13 

C05-5 

101*9 

135 

50-2 

49-6 

502 

27*7 


14 

95’9 

91*0 

123 

45*1 

45*4 

45*9 

24*3 


15 

98-1 

93*9 

— 

50*2 

50*3 

501 

22*5 


16 

94*5 

965 

X29 

46-6 

45*8 

46-6 

24*4 


17 

■ 

— 

— 

— 

— 

■ 

— - 


x8 

— 



— 

— 

— 

— 

— 


19 

■ — 

— 

— 



— 




20 

ro 3‘4 

105*5 

133 

48-7 

50*0 

49*4 

27-2 


21 

92'5 

94’7 

122 

49*0 

49*5 

49*0 

26*8 


22 









33 

104*3 

98-4 

133*5 

56*2 

56-0 

36-7 

24*7 


=4 


— 

— 

— 

— . 



— 


25 

! 99 'S 

TOI ‘9 


54*6 

54*3 

55*0 

28*0 


26 

1 93-0 

92*0 

129 

46*0 

47-5 

47*5 

27*5 


27 

96-3 

103-1 

131*5 

54 ** 

54*0 

p:i 

26-3 


28 

95-0 

92-0 

— 

55*5 

S6S 

24*0 


29 

tOO'O 

100*7 

X29 

52*9 

51*8 

52-8 

24*9 


30 

97.0 

96*0 

132 

49.6 

49*2 

50*0 

24*5 


3 X 


90*5 


— 

— 

— 

25*2 


3 * 

•— 


I2X 


— 

— 

— 


33 

|io4*6 

— 

— 

— 

49-0 

49 0 

— 


34 

99-3 

90s 

128 

52*2 

51*8 

52*4 

26*4 


35 

EOI <4 

100-5 

*34 

50*0 

49*2 

so*o 

27-8 


36 

S 9'9 

103*1 

133 

48-7 

48-7 

48-4 

24.5 


3 ? 

? 04-3 

94*0 

— 

46-9 

46-7 

46*6 

20*1 


38 

102-3 

103*3 

— 

55*2 

54*4 

54*2 

28-2 


39 

91-5 

88.5 

X 24-5 

49*5 

48-6 

49*5 

27-9 


40 


— — 

— 

— 

— — 

— 

28-0 


41 

900 

94*0 

133 

59*9 ■ 

59'7 

60*0 


43 

: 96:* 

90-5 

130 

50*5 

5 I '8 

52*4 

26*1 


44 

! 92-0 

94-0 

— 

— 


— 

— 


45 

94*3 

go *9 

131 

52*6 

53-4 

53*4 

25-8 


46 

\l 

|iop*5 

iroi-4. 

97*7 

98*2 

117 

X 20 

50*3 

52*5 

49 0 

51 0 

SO*x 

5 «*o 

26*9 

26-0 


102*5 

98-0 

X27 

51*4 

50-2 

51*4, 

27*4 


49 

90*5 

94-7 

126 

52*4 

54*2 

32-8 

28*1 


50 

|io6*S 

1o6*2 

135 

53*1 

52 -5 

52*4 

27*1 


51 









52 

; — - 

93-0 

128 


— 



■— 


53 

100*3 

96*r ■ 

— 

48*5 

49*2 

49-5 

25*9 


54 

97.6 

g8*6 

133 

52*5 

52*5 

51*9 

25*6 


55 

99-8 

94*0 

X 29 

50*0 

49*9 

49-6 

26*1 


56 

93'7 

92*3 

124 T 

51*3 

52-0 

51*6 

239 



98*5 

93*6 

127*5 

45*0 

45*9 

44*0 

22*8 


58 

91*3 

— 

— 

48-9 

49*7 

49-0 

27*0 


59 

; 99*4 

102*4 

141*5 

54*5 

54*1 

S 4'6 

27-4 



95*4 

98.5 

X24 

51*0 

51-5 

51-9 

26-0 


61 ( 

|roi-o 

— 

‘ 

54*3 

55*0 

S6'2 

29-3 


62 

! 95*7 

95 G 

iz6 

48-3 

49-8 

49*3 

25-9 


63 

: 99*5 

90*5 

127*5 

55*3 

53-9 

55*9 

24-6 


64 

i 910 

— 

— 

46'X 

46'! 

47*5 

28*4 


65 

i 95*7 

92*6 

130 

48*2 

48*6 

48-8 

230 


66 

j 

89 -4 

123*5 

44 -e 

45-8 

43-8 

24-0 


67 

1 91-8 

92*8 

— 

48*2 

47*7 

47*4 

25*5 


6S 









69 

JTOI-I 

93*7 

131 

484 

47*9 

48*6 

277 


70 

1 98-7 

95*1 

134 

46-6 

4 G -3 

■ 45*3 

23*5 


71 

i QT-2 

92*2 

124 

48-5 

48-7 

48*6 

27*0 


72 

1 94*1 

— 

— 

51*4 

51*7 

52*2 

30-4 


73 

1 

880 

X30 

50*3 

49-6 

30-0 

24*7 


'Tt 
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Biometrika, Vol. XXV, Parts III and IV Plate I 

(’nllcU : SkuilM fnott Kvrutu {SnhUt) 






Blometrika, Vol. XXV, Parts III and IV 

Colloht: from Kei-i)ia (bTiif}ia) 


(a) Typical iiialo skull. 


{b) Male skull showing holes presumed to have been made by insects after death. 

Male Kerma Skulls. Normae yerticales, 





Biometrlka, Vol. XXV» Parts III and IV 
( Villott: i^kulh fjxim Kertjia {Nidiia) 


Plate IV 





(ffl) Male sktill (No. 74), with wounds on tl»o jitu'iotMl mid malm' boiiow. 


(6) Female skull (N o. 163), with large WormiaJi bones between tli© temporal squama and paiioLnl bi 

Anoms^lniJ' K'^rma 





Biometrika, Vol. XXV, Parts III and IV 

Collett: Nlmlls from Kermti (Nutna) 


Plate V 



(ci) rwinalo sktill {N'». 274), nln)wii){» disKOKcvl aims 
on fiiflipr side of tlie lambda. 


{(i) MjvIohUuII (No. ;)(}), NliuwingoonHtiiictioit 
of the' baHi-oouipilal whei’e it unites 
with the sphenoid 


(c) Male skull (No. 04), ahowing a wound 
below the orbit. 


(ri) Female skull (No. 21.0), shirwiiig failure 
of tilie tympanic elements to unit. 


Anomalous Kerma Skulls. 




{d) Male skxill {No. 107), with sockets 
for three incisors only. 


(c) Female skull (No. 165), with no sockets 
for the left caixine and right third ninlar. 


Anomalous Palates of Kerma Skulls. 





ON THE LIKELIHOOD THAT ONE UNKNOWN 
PROBABILITY EXCEEDS ANOTHER IN VIEW 
OF THE EVIDENCE OP TWO SAMPLES. 

By william R. THOMPSON. From the Department of Pathology, 

Yale University; 

Section 1. 

In elaborating the relations of the present communication interest was not 
centred upon the interpretation of particular data, hut grew out of a general 
interest in problems of research planning. From this point of view there can be no 
objection to the use of data, however meagre, as a guide to action required before 
more can he oolleoted ; although serious objection can otherwise be raised to argument 
based upon a small number of observations Indeed, the fact that such objection 
can never be eliminated entirely. — no matter how great the number of observations— 
suggested the possible value of seeking other modes of operation than that of taking 
a large number of observations before onalysis or any attempt to direct our course. 
This problem is more general than that treated in Section 2, and is directly con- 
cerned with any case where probability criteria may be established by means of 
which we judge whether one mode of operation is better than another in some 
given sense or not. 

Thus, if, in this sense, P is the probability estimate that one treatment of a 
certain class of individuals is better than a second, as judged by data at present 
available, then we might take some monotone increasing function of P, say /(j>) , 
to fix the fraction of such individuals to be treated in the first manner, until more 
evidence may be utilised, where the remaining fraction of such 

individuals (1 - fir^) to he treated in the second manner; or we may establish a 
probability of treatment by the two methods of /,p, and 1 - /|P) , respeotively. If 
such a discipline were adopted, even though it were uot the best possible, it seems 
apparent that a oonsiderable saving of individuals otherwise sacrificed to the inferior 
treatment might be effected. This would be important in eases where either the 
rate of accumulation of data is slow or the individuals treated are valuable, or both. 

If we arbitrarily decide to eliminate the second treatment in favour of the first 
at this time, then the expectation of sacrifice to the inferior treatment would be 
(1 -P) for all subsequently treated individuals; whereas, if, for example, we take 
/iP) = P, the expectation of such sacrifice would be temporarily 

P(l-P) + {}-P)P=2PQ, 



Likdihootl timt dm Unkiioton ProMd/iit/ e.rrmh AtiolAer 


where (,) »s 1 - Obviniialy, 2/'^ 5 | and. if /* )(• J , then 2Py < whence a saving 
is miuie in contrast to the sa-calliHl aUernate auu nufMeti. In the long run, if a real 
preference exiata btitween the two IrealmenUi, the cttptxMiA saving by continued 
application of this inethorf of apiJorlinnniBnt rather thiui by inskirig immediate final 
decision ia senaibly 1 -- P of imlividnnla eubwKiactjtly treated, 

Obviously, if we are lu operate in thi# manner, we need rnethtnis of evaluation 
of P for m<dl M well as large numbers of observation*. In the latter ease niiuiy 
approximate methoflg are available in all fialds although boiinda to approximatiou 
have not been ooriaidcrcd generally. 

In .Section 2 a sampling problem ia treated, which ia equivalent to a apooial case, 
where we are to judge iKStweim two rival treatment* mxni the bttais of the proba- 
bility of occurrence of n given critical event following auch treatment. These 
probabilities are aasumed unknown, but denoted by^iand jh,; and it ia assumed 
that, indopendentiy for each of these, a jtriori p, ia equally likely to lie in either of 
any two equal intervals in its possible rang®, ( 0 , 1), Our available experience 
oonsista solely of the data: 

Of «i individuals treated by the first method, r, oxperionoocl the critical event 
and did not; and of n, traatod by the aeoond, r, and ij wore the corrrwponding 
numbora vrith roepoct to Iho orilioal event. 

In any given case it must be decided whether these requirements are met or 
not, and whether wo may apply the well-known Principle at Bayes to convert the 
problem to the form of Saoftoa 2 . Statistical criteria are often employed, however, 
in situations in which certain deviations from iba conditions required in their 
development can bo tolerated, when a better procedure is not available. 


3 e<^ion 2, 

Consider the case of two infinite populations for which the unknown probabilities 
of occurrence of a given critical event are ft and fit , and the probability of obtaining 
a sample containing r oritioal oeonironoea and « feilurea in n - !• + s triale ie 
whore i -• 1, 2, respectively. Furthermore, assume that one sample 
has been drawn at random from each population, the roepeotive values of r and s 
being denoted by n and sj (where ««< 1, 2) and + sd and that mdeptndmtly 
for i -1 or 2 the probability that fSj ties in the interval (p, p + dp) is , where 


( 1 ) 


PS: 


e.f+iir “ 


1 

<n> 

[rj 

).p'-.g'.<ip 



.pf.cp.dp 


where j = l-p, r = fj, s»Si, and n=f -fs. Then 
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the last expi’esaion having heen indicated by K. Pearson* * * § in this relation. In the 
notation employed by him and by Miiller'l' we may write 


( 3 ) 


1 - « P«‘ 

•* O.JJ 


=I^(u,v) = 


Bp(u, v) 
£i(u, v) 


1 - {v, u), 


where u = Vi + l and u — + 1. The object of the present communication is to give 

a reduced]: rational algebraic eveduation of the probability that for the 

postulated systems pa exceed pi, and to indicate certain relations between its value 
(later designated by and the sum of the first + 1 terms of a hyper- 

geometHo series which has appeared in the work of K. Pear8on§|| as well as in the 
Imomplete P- and /-/unofions*f of (3). 


Obviously, we may write 


whence we have 
( 6 ) 




Jj 

(n+r 
^ r. 

r) 

l-l 

+ Sj + 1 + 

1 

+ Jij 4- 2“^ 

^ Hi + l ) 

1 


a) 


(«1 + 1)I [• g /nj + l' 
rjisi! Jo„o\ « / 

J . dp 

(ii) 

(m + 1)1 


(n + a ) ! (si + Og + 1 - a) ! 

(Hi) 

nUii 

..A a ) 

(wi + Wg 4* 2) I 

(ni+ l)l()ig+l)! J. 

(ri 4-c)! (si + 7)2 + 1 — o)I 

(W) 

(711 + «2 4-2)I a-0 

rllcl.^l!(nt4-l -a)! 

(tii-l- l)I(ns + l)! ^ 

(rj 4- 7*2 — a) I (^1 f Sg + 1 4* a) I 


(ni + Wa+2)I «„o 

ril(rj-a)l (s, + 1 +o)l ’ 


where, of course, »= 

Now, it is obvious that = = where = l~pi, and 

thus in similar manner we have 


( 6 ) 


•^Pt>Pt ~~ 


Si 

S ( 

a=0 

^5, + 5, - 
( St ) 

i-i 

+ r, + 1 + a j 

1 

fni 4" ng 4 2'\ 

k ni + 1 J 

1 


Furthermore, = 1 — , as the probability that pi is exactly equal to pi is 

zero by hypothesis. Hence we' have two other similar sums which may be used with 
this difference relation to evaluate the probability under consideration. 


* PearflOD, Earl: Biometrika, Yol. zvi (1^4), pp. 202 — 203. 

t Miiller, J. H.: JBiometrika, Yol. zxn (1930 — 31), pp. 284 — 297. 

f Tba earliest work directed to this end ia dieoasBed by Todhunter, Of. A Hiitory of the Mathetiiatical 
Theory of Prohabilty. Cambridge and London (1865)r-pp. 410—420. 

§ Pearson, Earl : Philosophical Magazine, Series 6, Yol. 18 (1907), pp. 366 — 878. 

II Pearson, Earl: Siometrika, Yol. xx^ (1938), pp. 149—174. 
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In actual cvahiation wc may muku ii«c of the well-known pyramid form of 
tohulatinn of the binomiiil wmfficionlfl. 

I 

1 I 
1 2 1 

13 3 1 

14 6 4 1 

(7) 1 5 10 10 S 1 

1 6 18 20 15 6 1 


which ia retwltly constructed by the property that each entry except those on the 
boundaries (which arc always unity) ia the amn of the two noareat entries of the 
row next above*. The corresponding factors of the sneoeseive tunas in the sum to 
be evaluated may he found in order on given diagonals, aaeonding in the case of the 
first and desoonding in the caat^ of the aeoond factor. The bounding rliogonals of 
units may be deleted in practice (aa may ail enlrioa tn the right of the middle 
column). Then the first factor of the first term of the aum in (5) is the ry-th entry 
in the row whoso first entry (at the left) « ri-l-r>,and tho corresponding factors of 
successive terms lie sucooiaively above on the diagonal through the first and parallel 
to the left-hand boundary. Similarly, the other factors ore fonncl, but proccoding 
irr the opposite direction on the appropriate diagonal. 


Now, for any positive number, x, let (3(* “ Then, by Stirling's formula, 
wo have 


(8) 


a 

rej; 

m 1 “ Q{m) -diw. a"" . « . 


where 0 $ d < 1 ; whence (4) (v) gives 

( 9 ) Pp,>p. - 


where 1 12 wl < i + L.p . 

which may be used to advantage in approximation of Pf,>h when ri and »i are Imye 
and fj small, 

Now we may define ®”>r rational integers (not negative) as 

identical with the right member of (6), where ni rj-h s; > 0. Then we have shown 
several equivalent expressions of the same function and that 


* dUlBhar, J. yj. X,! “4 Table of filnomial-Tbeorem OoefBeienle,” Mwengtr 0 / Mathmnattca, 
Vol. 47 (1917), pp. 97—107. 
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From the conditions stated it may be expected that if we set j> = — and 5 
then (provided 0 <p < 1), 


(11) 


U,n = 1 . 

4- 1, ?** + 1) 


1-^), 


That this ia true may be verified if we exclude the cases, 1. Further bounds 
to approximation of this limit by the ratio (R) of these functions for given values 
of Wimay be found as follows; 


By (4i)(lv) we may write 

(12) = 2 


(n + a) ! (8i + n, + l-g)l 

ri! «il 


(til + n, + 2) ! 

(til + 1)1 ' 


and by (2) and (3), introducing the appropriate values of f = ft and s = s,, 
wo have 

(13) I, (s, + 1, n + 1) = S . p- . 9-t+i-, 

where P — ~ and ? ” ^ ■ Obviously, therefore, as all terms of both sums in (12) and 

(13) are positive, if we exclude the special oases where p or q = 0, B is bounded by 
the greatest and least values attainable for the ratio of a term in the sum of (12) 
to the corresponding term in (13). Thus we may define 


(14) 


and 


(ui = Min. 


Mj = Max. 


[f^)‘ 


/ "1. . Y‘+'] 

4- 2/ J 

r/r^Y 

, Si -4: «jj + 1 — 

(jyii+a-* / Y*>+l'j 

L\ n ) 

1 St 

/ 1^+2/ J 


for 0 < a ^ T-i; and, obviously, then 

(15) cui<K<<oj, and lim [S] = l. 

«,-»W 

In the excluded cases it is also readily verified that 
(Ifi) T, rs+ 1). 

n,-»<o 

The relation of this function to the sum of a given number of consecutive terms 
of a hypergeonteiric series is particularly interesting in view of the oocuiTence of 
such series in the investigations of K. Pearson * f. By (4) (iv) we may write ; 

, 1^. (111+ 1)1 (mu A 1)1- S (^+ + 1 _ a) I 

(iO. (,i, + „^ + 2)!rx!s,!'.t„ a! (ii,+ 1 o) ! 


* Pearson, Kar\ ; ^hiloiophical Magasive, Series 8, Vol. 13 11907), pp. 365—376, 

+ Pearson, Karl: Biomelrika, Vol, ijA (1938), pp. 149 — 174. 
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which ia the sum of the fiwt rs+ 1 terms of iv hyfufymmelnc mnex imiltipliwi by 
a constant. .SirniUt'ly. we may writt* 

(||J+ + 1 ); & t«i + a)!(r, t- M|,+ 1 -a)! 

U»> a:{n, + !-«)! 

+ + , g (i'i4-i-, + l + a)Us, + 

“(ni + fis + aKriSsi!',,!, (r»+l +«)!(*,--«)! 

”(«i + nt + 2 )!rif»i! ,. 7 ,+iL «)?«* + i-«)i I 

obviously (aa «,= I'j tsj); and by (irevioua domonslralion 

(19) +4’i«i.r..n,.fJ ”1' 

wheace 

(ill + II, + 2) ! r, ! «i ! »^S ' (n + a) I {s, + iij + 1 - a) I 

The last rolatioi), damonatKited above by independont proof, luia been 
established previously by Pearson*'}’ (with different notationX Thus we may 
regard ■'Irtn.a.fi.iP defined by the identity 


(21) 


i. „ ~ ' ai(^+l ~a)~\ 

rirj.n.'i.m - ! (si + »< + 1 - ttf l ’ 

.-o ~ ai (nt + 1 -a) I 


extending the domain of definition to include the value, ra«ni + l; but retaining 
the restriotiona, n(~n+ S(>0, and that —1 be the least value of ri, «i, r,, and »« 
(only one of which shall be admitted to be negative). Then, by this extension, 
we have 

(22) = ,"j'+yyy.'2 ' 'fin. e. "•+».-« - 


which lie outside the domain of the initial discussion, and we extend to the new 
domain the relation of (10) formally, i.e. 

(2®) 'f'lr.i.r',,') = +(«',r’.>,r) =1 — •')'(,, r.r.r-)- 


K. Pearsonf has oonsidered the problem of likelihood of various values of R and 
S, the n-umber of marked members and nnmarked membore, respectively, in a finite 
universe of aggregate number, iT-jR + S; assuming N fixed and all values of 
B, S^O equally likely a priori and that our sole experionoe from which judgment 
is to be made is that a randem eample has been drawn containing exactly r marked 
and « unmarked members (B and /S being used here in place of Pearson’s p and g 
to avoid ooufbsion). Then by (iii) and (iv) of the articletjuat mentioned, wo have a 
means of evaluating the probability, Fg, that the universe contains no more than 
B marked members by the relation, 


* Pearoon, Karl: PMlotqpMeal Ufaffazive, Beridfl S.Vol. IS (1007), pp. 866—878. 
t Pearson, Katlt Biomerrtfea, 'Vol. xx* (1026), pp. 119—174. 
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which may he verified readily. Similarly, in the case of the problem considered 
earlier by Pearson • — having drawn one random sample from a certain infinite 
population, the sample containing exactly r' marked and s' unmarked members, we 
are required to find the probability (under the given conditions) that if we draw 
another random sample of n" individuals from the same population it will contain 
no more than r" marked members — the reqnired value is given for r" ^ n" by 

In the tabulation of values of ascending values of the arguments 

the work may be greatly simplified by certain relations in addition to those given 
in (22) and (23) in much the same manner as the binomial coefficients may be 
tabulatedf by mere summation of two values already given. To this end let us 
examine two functions defined by 


^26) 






r + r' 
r 


and 




(f.i.r'.t') 


= D( 


<1*0 \ 

_ /« + n' + 2 \ 

n + l J 


— a^^A' + i + 1 +<zj 

for w =: r + A, and n' = r^ -j- s'. 


Obviously, by the original definition of i'tr.i.r'.t'), extended in (21), (22) and 
(23), than 

... , _ "(r.t.i'.t'l 

(26) 

where we extend the definition of (25) for r, s, r', s' > 0 by 

(27) ,,_i, r) = and = 

and by (26) and (23) we have 

(28) ^ EA.r',,,,) « -^(T+s,r'+r> — 

as it is obvious that = Hw,.). Furthermore, by the well-known relation, 

(29) /a-l\./a-l\ 




f«.+ s' + 


“)]■ 


we have for s > 0 in (25) 

(30, 

whence we have in any case under its definition, obviously, by (20), (27) and (28), 
the identities 

(31) . ^{r,s,7',8') = 

= JlTir-i, », r', s') + N{r, 8, /-I, «■) • 

By (26) and (29), obviously, the same relation holds for the D-function; and 
we may write 

(32) , 


_ iV(,, r, + N{T,ty,s~i) 




* Fd&rson, Eftil: Philoaophical Magazine, Series 6, Yol. 18 (1907), pp. 365—378. 
t Olaiflber, J. W. L.: ** A Table ol Binomial- Theorem Ooeffioiente,” Mettenger of Mathematict, Yol. 17 
(1917), PP) 97—107. 
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By muan» wf these rclfttions it i» evident that itauffiass to tiibiilato the N and 
the i)-firactions liy ndditioni of eorrcaponding paiw of values already listed or 
readily obtained by the relation* of (SH) if we proeoad from the lowest values of 
the arguments upward: and we need list valueaonly forthecaaesvrhere r + fSr' + s' 
and 8 where all four variahlK* may be restricted to poaitivo values, as by (2B) 
we have 

( 80 ) ® 

By (25) w« may write 

v 

(Sdl) S • A<-I,VV«)i 

which is of value if /)(„,„■) is tabulated for n>»' through ascending values of u 
and ii'. This may be done rapidly by nieaus of (29) and the relation s 
and is moni convenient than thu pyramid form of the corn»parid)ng binomial 
coefBoienta, In the tabulation we may reatrict it and »' to iho ixisilive integars, 
employing tho relation find- 2, A abort tabic of tho JV and I) function* is 
appended a* an illu»tratian, tho KHiuircd probability being the. ratio of these 
corresponding vahws. 

SstMott. 3 , 

If a ayslom of operation such a* suggoated in Sectiim 1 wens adopted oxlonsively 
for the case considered in Seclim 2, rofsrenco to valuos of for atnnll values 

of tho avguineuta should he required frequently; and, accottlingly, a simple method 
of formation of a table of these would be valuable. The mothwl given in Seofwn 2 
aoems to serve this purpose; and, in conjunction with the relations of {2S), many 
values need not bo listed Tho short table is given merely in illustration. It really 
deals completely with all cases of n, n' < 5 although certain cases are not listed where 
the valuos are readily obtainable from those given and (28). The several general 
evaluations at the head of the table would permit deletion of many more, e.g. any 
instance where one of the (our arguments is zero; but they have been retained for 
illustrative purposes. 

The funotion, ■ '* readily tabulated in a convenient form 

for moteasiug values of n^n'>l, as has been mentioned under (84) above by 
adding to a+ 2 successively the values of already listed, and taking a sub- 

total after each addition, and flunlly doubling the lost sub-total. Thoso sub-totals 
and the final double are the required suooesaive valuos of Tho value of such 
a table extends far beyond that of the immediate prehlem ; and, by means of it and 
relation (34), may be calculated rapidly or approximated with any required 

preoision for considerably higher values of the arguments than it may be convenient 
to have tabulated In accord with some prescribed tolerance and limited 

extent, a table of approximate values of the D-funolion could bo made with greater 
ease, but apparently not readily extenmble within the same relative toleranoe 
without revision, Just how far these tables should extend would depend upon 
demands for their use. All questions as to approximate methods should be deoided 
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by several stetintieinnB in wtjsultetion nl a time when a definite programme for the 
u« of thott) niBthads is farm«i, 

In (2+) and the paragraph in which it Rtand* is given the relation between the 
hypergaometrioal senea studied by Pearaon’f and 'f'fr.i.e.m by means of which it 
is obvious that any approximation mathoda valid for ostimation nf Pn in (24) are 
equally valid far the eatimation of the corrtsaponding i^-function, several of which 
have been suggested by K. Pearson. The /-flinction of Prafson is related to the 
if^funotion by (11) to (15) also; and another approximation of ia given 

in (9) with indicated domoin of validity. 

A further treatment of the ijr-function and the method of apportionment will 
be provided in a later paper, 

' Pwraon, K»th Magulw, BotIm 6, Vot. 13 (tWW), pp. 985— 37S. 

f Pe»r»on, K«l; Khmtlrika, Vol. xx* (11B8), pp. U9.-174. 



ON ASYMPTOTIC FOKMULAE FOR THE 
HYPERGEOMETRIG SERIES, 


I. lIYFKUfiEOMETIUO SERIES IN WHICH THE FOURTH 
ELEMENT, x, IS UNITY. 

By 0. L. DAVIES, M.Sc. 

Thu hypoi'guotnotric series F{a, /8, 7, 1) urises frequently in problems of chance 
when samples are taken from a finite population. For instance, in a population of 
size M in which p iniiividualB possess ti certain character A, and qi- U-p), not 
A, the chance of drawing a aiirnple of size n in which there arc rof A and s (= n - r), 
not A, is clearly 

)ll p p~l p-r + 1 ij q-1 q-S + 1 

r\sl'M'M-l"'M-r+VM-'r’M-r-l'"WZ-n + l 

Hence the. di.strihution of r and « in repeated samples of size n is given by the 
terms of tho aurica 


• Mi'lp 


I ".VT." 


■nq 


l!(p-n + l) 




■ n H- 2) 


..,( 2 ), 


2!(2i-)i + l)(p- 

wbera N is the number of saniplea If we write n = -a, q = -/8,p-f-l -» = % this 
aeries can be transformed into the usual hypergeometrio form 




(,y-/j-I)!(7-a-l)! 

(7-£!-/S-I)l(7 


+ ... 


-1)1 r, Oig a(c + l)/30 + l) 

:nT!|. 117 217(7+1) 

Ar(7~ ~ (y ~ E! ra/- ,D .. iv /O'. 

=^(7_„_-^_])T^"17i ^ (“■ P’ y- 

The chance of drawing in a sample of size n at least r individuals possessing 
character A is equal to the sum of the first (r+ 1) terms of (2). This is what is 
meant by the probability integral of the series; its determination is of paramount 
importance, 

It is well known that, when M is infinite, and if p and q now measure the chance 
of an individual being A or not A respectively, the distribution of r and s in 
repeated samples of size n is given by the terms of the expansion of the biiK^*A, 
N{p + qy'. Its probability integral has been expressed by an incomplete i'et;”,,, 
function *. When neither p nor q is very small and n fairly large, the distribdSfef' 
may be fitted very closely by a normal curve. If, however, either p or p is 
small, the distribution may he represented by a Poisson series. This may alsb’H 


* Karl Pearsou, 3iffmetirika, YoL xvl. pp, 202—8. 
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fitted quite clmoly by m nurmal curve if n be mifficiently larps Thu prebiibility 
intagrala of both those iliatributioM, nonnat and Poisson, have been tahulatorl*. 


Hypergeometric series of type P(a, ff, -y, 1 ) may arise in at ieoat two other 
waysf, namely: 

(i) The proportional frequencios of drawing in suooetwivo wvniplwi of a fixed 
size n, r marked and s(»a- r) unmarked individuals (r-0, 1, 2. 3 , «), from 

a population having previously drawn a sample of size N with p marked and 
q(mlf ^p) unmarkwl individuals, ore pven by the sucomivo terms of tho hypar- 
geometrio series 


J?(o, A7, 1), whore 


■«=> — n, j 9«»7 + 1, 

[7«-{p + n), 6»=7 — a — j8 


1 


-(/f + 2). 


(ii) A sample of size n with r marked and s{«n— r) immarkod individuals is 
tuken from a finite population of size If. The likelihoods of M having p marked 
(p = 0, 1, 2, . . . , ilf) and q (« iV - p) unmarkod indi vidinda aro given by the aucoosaivo 
terms of the hyporgeoinotrio scriew 

cf‘{n. fi, 7, 1), 


whore 


a = r + I, / 9 » 
e^y~a~ 0 . 

X)«c- 


-{ff-n), 7«.-(/V--r), 

■ 1 « — (« + 2), 

, r(o-7+ i)r(/ 9-7 + i) 

“Ffa“+jr7+T)TTrr7)' 


An asymptolio expression for tho romaindor of tho aeries F{a, JS, 7, I) after 
the (s + l)8t term has been provided by M. J, M. Hill}. It may bo written in tho 
form 


where 


R (a, R, 7 «) “ 


.. n(s-n,7- i)(s4-i A7i,!l 

fl (» + 1, o - 1) n (a + l ,*)9 - i ) (7 - a - R) ’ 


/(«, / 9 , 7, s) = l + 


(7 - g) < 7 - P) 

(7-a - ^+i){7+8 + i) 


, + 

(7 - a - H + l)(7-a-/9 + 2) (7 + s + 1)(7 + S + 2) 

I have applied this formula to a number of particular hyporgeomotrio reries and 
found that in most owes tho series /{a, 7, s) did not oonvergo with anfftoient 

rapidity to be of practical use for finding the sum of a number uf terms 

of the hypergeometric series. However, the formula was very useful for evaluating 
the extreme tail of the series. 


Professor Burton H. Camp§ has introduced a method for the approximate 
determination of the tail of a frequency dietribution, continuous or disoreto. His 


* Table* /or SloWiKciowi o«<i Blo^wtrWaiw, Parti, Tables U end LI, UI. 

t Karl Peonon, PMUaupMcal Magaxitu, March, 1907, pp. B6&-^78; JJimttetrika, VoL ▼. 1907. 
pp. 173—175, 7ol. jjji. 1980, pp. 1—16, Vol. xnK 1928, pp, 149—174. 
t Proe. Land. Math. Soe. Bar. 3, Vol. 6. 

§ BiomttriJca, 'Vel. xvi. p. 16S. 
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formula has been applied* to the series (a, /3, «y, 1), but it fails to give good results 
■when the “stump" lies within + 2<r of the mode, <r being the standard deviation of 
the series whose discrete terms are treated as a frequency distribution. 

In this paper -we shall obtain approximations to the sum of a finite number of 
berms of the aeries F (a, 7, 1) by fitting to it a Pearson-type curve. The question 

will be investigated of how closely the probability integral of the series may be 
represented by the probability integral of a Pearaon-type curve. 


The £ 


F{a, A 7. + 


a/9 . , 


217(7+1) 


■when infinite, is convergent as long as 7 > a + /9. The sth moment of the terms of 
the series, represented by a histogram with grouping unit “ c/’ about a point c before 
the midordinato of the first block is 


Applying Eaabe’s teat, the condition of convergence of this more general senes 
is found to be y>a + fi + s, or e>«— 1, where e = 7-i» — ^ — 1. We cannot, 
therefore, have an infinite hypergeometrio aeries with all its moments finite. 

Convenient expressions for the moment coefiScients of the above series, finite or 
infinite, have been found by Professor Karl Pearson. They are 

r(7 )r(7-a-ffi 

■ r(7-«)r(7-^) 

r(«-7+i)r(g-7 + i) 
r (« + ;8 - 7 + 1 ) r (1 - 7) 


JV = sum of series = 


6 > 0, 


.< 0 , 


Ml =0- 


M2 = O’ 


o“a/3 (a + e) (,8 + e) 


i^a$ (a + el (/3 + e) (2a + e) (2/3 + e) 
e»(e _!)(; - 2) 

= e-<^i)(e A? (^3) i« (« + e) + ^ (E + =)) 

4- 3 (6 + e) a (a + e) /3 (^ + e)]- 

We will now teat the goodness of fit of the Pearson curve P {oi>) to A 7? 1)^ 
where P and F have the same first four momenta. 


la. Infinite Hypergeomeiff'io Series, a, S, 7 positive. 

Since we are to fit by the first four moments, we must initially assume e> 3 to 
ensure all expressions finite. 

* Biometriia, Vol. xvn. p. 61. 


Biometiika xxv 


20 
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The first two hetiui of a hypergeomtilric series iti which x is tuiity, have, the 
following form : 

e-l (2a + e)*(2^ + «!* 

(e-2)Sa^(a + e)(^ + e) 




A 


e-1 

(e-2)(f 


4+, 


a(a + t). 

3) 


,)(*' 


iS(fi + 0. 
— 1 ) 


,)■ 


.+fi 


1 


1 






r «(«+!) 

(i~ 2)(e ~ 3) Liltt + e) ;9 (,9 + e) ^ 

A and A wc fimctioiiB of tho llirtie parameter* a, ti inid e, being symmetrical with 
respect to a and As either a or S iiicrcascs, belh A and A decreaM, When 
a and ^ am largo with respeet to f, i.i'., when y appronchtis the value (a + ^), A 
and A approach the simple eapressioiis 
A- 18; 


A* 


r-l 

3(«-lKi + 6) 

' H-Wit-a) • 

The oriterion K which aids in the detonnination nf the typxi of a ourvo, is 

i®‘03»+3t_ 

(4A - HA) ■ 


K- 


For the above values of A and A. F is unity. Hence, tht»t> two hetos Irnoo out 
a line on the /Si, A plane which coincides with the Type V line. When « is fairly 
large, but still small compared with a and 0, the distribution roproseiitod by the 
terms of the hy[)ergaorootric series tends to become normal. 

Substituting the general values of A and A in the exprossion 2 A ~ HA - 6 and 
simplifying, we have 

«*(a- l) fiof 1. I 1 , 1 1 a(.*-7r + 4) 1 

(8-2)*(e-3)L V-l'*‘o(a + e)'^)&03 + «)f'ttlo + «)^(/9 + e)J 

1 1 r 

+ (. - 1 ) (a (a + s) + /9 (0 + v) j - ' f * “ ’ > j 

The constants a, 0 and y have been token poeitivo. hence the pointf/Si, A)ii®“ 
above, below, or on the Typo HI lino 2A ~ 3A - 6 « 9i an<x>rtling a* tba expreasion 

X s a (a + s) /9 (/8 + s) + (*~ 1) la (« + .) + /9 (,8 + e>i - ' ’ »**"!.!.+ !) 

is negative, positive or aero. 

The condition for a Typo III curve is clearly X “ 0. The algebra may be greatly 
simplified by writing ^ 

a(a + e)808+«) 

1 X. 1 

a(o + e) + 809 + s)“.‘"‘ 



O. L. Davies 


299 


The betas then take up the comparatively simple forma 

„ 3(r-l)(r + 6) . .>(s-lV , , , ,, . „ , 

Pa = ~ — ott:: — 5T + r. — owTitti I® (' + 1) P + 6®'} 


and we find 

2/3,-3/3i-6 = 

4/8a — 3/9i = 


(,_2)(j_3) -(r_2)(e-3)' 


12€=' 


(s-2)>(e 




l+(6-l)<r. 


e(e®-re + 4)(e-l)p' 
12 




(r-~2 )«(r-3) + 12 (e - 1) <r + a (6= + 5e - 8) p], 


A + 3 = [6 + 6(e-l)<r+e“(«*-l)p]. 


'(e- 2 )(r- 8 )- 
Hence, substituting these values in the criterion 

A(l3. + 3)» 


X- 


4(2/3,-3/9i-6)(4A-3ft)' 


we find 


(16 + *®*g + ®Vl 

1 (12 + 12 (e - 1) <r - e (e - 1) (6® - 7£ + 4) /)} 

(6 + 6(«-l)o- + £(ca-l)p)> 

{12 + 12(« -l)ff + £(£» + 6e-8)p) • 


a, 0, y and e arc, by hypothesis, positive quantities. Hence, o-, p, a® and o-p are 
positive quantities. The expression «• — 7e + 4i8s minimum when e = J. Its value 
is then — > — 9, Hence 

1 (16 + 4e®v + e*p) [6 + 6(£- 1) V + e(e®- 1 )p1“ 

* ^■*112 + 12 ( c - 1 )v + 9 £( c - 1 ) p 1 (12 + 12 ( e - 1 ) 0-+ 6 (£“ + 66 - 8 ) p )' 

Comparing the coeflScients of a-, pj q-p, <7*, p® in the numerator and denominator 
of this expression, we find that K is always greater than unity. Hence the two 
betas of the hypergeotuetric series F{<z, y3, 7, 1) with positive constants, lie above 
the Type V line which divides the Type IV and Type VI regions on the jQi, 
plane. 

By making a and /9 indefinitely large compared with e (which is equivalent to 
making the quantities p and <r indefinitely small) we have already shown that the 
first two betas tend to lie on the Type V line. Therefore, the Type V line forms the 
lower hound to the /9i and /S# area of the above hypergeometric series. This is 
significant, because it means that when fitting by the first four moments, the 
Type IV curve never arises. 

It now remains to find the upper boundary to the and area. This will 
be found as follows. 


The hypergeometric series 


g(g + l)g(/3 + l) 


217(7 + 1) 


?h-’l 


yo, 


20—2 
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whtsre >/o is tlic invers*' iif th«' sum of the nericn, may Ik* writU'ii in Itie form 


r 

fu8 + 


1 J-X 4. ‘ 

T ^ 




1 ■ 


y°- 


(t0 

Make a, fi and y tend to iniinity in such a way tfuit ^ remains constant and 
equal to Hi. In the limit the sarios tak™ the fom 




which is the exponential or I’oisfton neriea Hence, ike PoiMm limit iu the binomial 
IS uho a limit to the liyper^eomstric eeriet. 

Now 


« 7 _ 1 _ 1 __ 1 
ciff“ fi a afi' 

< 7 I 

- ■ m - 1 - «9 , 

0/3 op m 

Henoo we uiay obtain the same Poisson limit by making o, fi and « tend to 

9 

• remains equal to a constant quantity m. 

We have 


there fora 

III the limit, therefore, 

ait 

£rj9 

infinity in such a way that ■■ 


6-1 (2a + e)*(2/3 + »)« 
Pi - ( “ 2? ^iT7) (fi + 6) 


(e-l)afi ( 


(I-f)’ 

(6-2)1 




and 


^ ,3(6-1)(6 + 6) , 6«{6-l) 

- -(7:PiW=Ty * (6- w- 3) 


Sfi 


(6+1) 


“*^(s+3i)Q+|») 

■^®{aTj+;)'^’/§i;r+7)l 

Proceeding to the limit, and take the values 


€ 1 
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EUmiiiating ? 7 i, we arrive at the Poisson line 

— 3 = ^ 1 . 

Substitute now the general values of /9i and in — 3 — /9i, we find 

- A - 3 = - 16e + 12) + e” (e - 1 ) (<r + p)]. 

Since e > 3, this expression is always positive. Hence the points (/Si, A) never 
lie above the Poisson line. They never actually reach this line, which may be con- 
sidered as a mathematical limit. 

Hence, the limits to the /3i , 02 hypergeometric series in which a, 0 

and 7 are positive quantities and « unity, are 

( 0 a — 3 = 01 upper limit 

|i9i {0a -h 3)“ = 4 (2/Si — 3/9i — 6 ) (4/8j — 3ft) lower limit. 

These two lines arise from the Gaussian point _ g| ■ 

(Emamples. 

I. a = 10, ^ = 30, 7 = 101, 

« = 7 — a — /9 — 1 = 60, c=l. 

Substituting these values in the formulae for the moments and betas, we find 
log 1-639,8377, 
vs=8'898,305,085, 
ft'= •866,217,711, 
ft' = 4'351,447,584. 

Position of the mode measured from start of histogram is 
(g- 1 ) (^ - 2 )^ 4.209 577 

(e + 2> 

Mean of aeries measured from start of histogram is 

^i'=?^-(--5 = 6-5. 

® % 

Corrected moments and betas, by Sheppard, are 
, 1 s = 8-814,9718, 
ft= -879,70242, 

0a= 4-377,2277. 

The point (ft, ft) falls in the Type VI region, and the curve which has the same 
first four moments as the above, is 

y = yo{x- 164-844,491)’*“-”'' 
where log = 301-446,5204. 



Hu" {>» Agympkitk Fonmitae for the Huperge.mnetrk Serieg 

For the onn'e: mode «■ 1 TOT 21, MB, 

mean - 

Hence, etitmtiim nf curve mferrod to monn i« 

y - y„ (* + 8-827, 09a^*^«» (t + lTl-471,584.)-““"'** 


1 Tnnzis at oories 

M{^<ml4n«t«R of fl) 

Amrn tmtof (ij 

1*000,000 

•ftW.OTfi 


2-B70,Sa« 

S*R94a090 

2*887,840 


R'tsa.a*? 


0-1 70,1 a? 

e*27e,w»3 

0*.8Sfl,ft4O 1 


e‘43t,39e 

6*4«8,47fl 1 

a'7fitt,107 

6*702,867 

6*770,674 

4*702,233 

4*761,428 

4*74«,8CS 

3'fl02.27D 

3-838,780 

3-644,017 

2‘06fi.nS 


2'B62,174 

1 •8fi8,9W2 

1*843,281 

1 -Ml. 678 

1*2^2,279 

1*243,160 

1*360, 388 

•820.494 

•816,128 

*831,744 


•524,004 

‘628,083 

•330,020 

•380,851 

*&a!.o«i 

•304.KT7 

•WW,8*U 

•206,833 


•126,618 

•120,744 

*076,022 

•076,01 1 

*070,888 


II. a«*rj8«*&0, 

« as 50, 0 »> 1. 

XJneorreoted taoraonte and beta* are 

logi^- 4-974,6371 , 

47-020, 4(iiil. 

Bt' “ -640,6824, 

3-944,4788. 

Corrected momenta and betaa are 

/!,- 46-987,0748, 
ft - -643,46670, 
ft- 8-847,88876, 

and the Pearson curve with the same first four tnomante is 

y ■= yo (»- 86-467, 8846)“''‘“-“® iC-®-™.’*®, 
log yo- 127-806,2781. 

Mode of Series measured from start of histogram = 16-173,077. 
Mean of series measured from start of histogram = 18-5. 
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For the «™ rvi; : mode ». 107-002, 995, 

mean - 109-370.152. 

Hence, eijufttinn of curve resferred la mean a* origin ik 

1/ - y„ (* + 22'm8,7B7 1 (* + 109-870,1517 


j Terms of 

1 

Mid»r8j»»k!« 

eftij 

A.r«M 
ondler (1) 

T0nn.4 of 
mrlm 

}i!idQir4{aii{«7S 

of(l) 

ANisR* 
tiudwr 01 

j i-ooo 

I’fjei 

2*143 

2210*294 

2218*193 

S»I7-74f) 

a*io« 

3-33H 

lo-m 

IftHl'Oin 

1678-843 

1880*440 

34‘7«5 

85*R42 

37-684 

1082*046 

1579-832 

1581*402 

105-07-1 

IO4M0I 

107 483 


1318*493 

1310-981 


MO-iia* 

26MIH4 

105M*2AI 

luna-Hot) 

1094 *233 

WJ4MSS 

490*498 

601-947 

901-236 

INX)‘190 

80I-4S8 

8a7’922 

H76*B44 

883-607 

73«*0O7 

7.17*243 

7iv8-:wo 

uofl’Oe4 

1393-190 

1398-031 

001 *165 

600-03 1 

001-587 

3037-641 

20S7’a73 

soao-stti 

487*341 

-ISO *964 

W78H 

3747-294 

2741-420 

274S*a32 

383*330 

393*072 

393-773 

34«2n97 

34Hl*828 

,14«0-a33 

310-176 

^in-ixio 

316*596 

41HfS*9fja 

4191*148 

41H7'fla2 

2&3*22(1 

263-C?9« 

ar»3*5iii 

4600 ‘421 

48I(M47 

48)0-HH5 

302*116 

202*003 

aw-iti 

fi302’3{)1 

5314*851 

0308*492 

}QO*H3i 

IW>*76« 

161-104 

664?-ft3« 

5600*938 

5654*130 

127*619 

127-&H4 

127 *839 

mvm 

6«4a-«44 

0837*208 

101*007 

lOa’057 

101 -IKO 

Wi&7'304 

a«67-M9 

1W6I-057 

7fl*75R 

70'70« 

7»-H80 

5740-046 

5748*660 

6743-663 

63*840 

62*790 

62*941 

d500<946 

fl50H*9y4 

0606-110 

40*420 

40*378 

49*492 

sna-MS 

M76*20fi 

6173-474 

38*801 

36-761 

3H*B44 

4777-844 

4777-864 

4770*227 

30*417 

3f)*3eft 

30*4a« 

4241*916 

43-10*233 

4339*040 

23*809 

S3-766 

aa-8i7 

2d6a'B84 

3888-114 

3880-210 

l«-«13 

18*564 

18-810 

3437-077 

3434-300 

3434*994 

14*535 

14*468 

U*525 

3002'65«5 

2594*180 

2999*010 

2690-791 

.'WOO- 1 3ft 
2592*102 


*'**•• 



Ill, a = 94, c ”« 1, 

7 a* 689, a M* 400. 

Baw momenta and betas are 

logiV'= 7-807,6369, 

33-776,6019, 
fii' m -198,6389. 

/3,'- 8-210,1843, 

Mode of series »■ 21'514|92B, 
mean of aeries »• 22-50. 

both being measured from the start of the histogram. 

The quantity r = "2^^r3^ — ^ latge. of the order 6000, We are justified, 

therefore, in fitting a Type III curve. 
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CorrecUni momdtiMi are 

in « 73-3!».762.'i, 
when® ft« •140,87770. 

The pBarsKm-ly[jE 111 curve having ihw amne firal Ihrre immwiila is 

t/ m 

log Jo •• 22'O9B,HS20. 

For the curve : raodB « £9‘803,401 , 

moan- 30-952,0.07. 

Equation of curve rufen-ed to mcMi as origin i« 

y - j/a'r (x + 3O-853,O.07 r***-*'"- 


SigniQoiinl 
Mrmi fit 
a&riM X lO"! 

[Joimpoodlug 

mlddrdiu(ht«« 

(ifcurMxlO"* 

AnMa 

under 

ettnr«xl0-‘ 

fllgvlfiOBnl 

leruuof 

ConrnpQDilithg > 
siidorainelM i 
of min-js % ID"** j 

Areax 
tinder 
cnrvflx 10" 

S 

3 

3 

120.924 

120,743 

120,991 

u 

la 

17 

99.969 

W1,HO0 

77.310 

90,993 

00 

68 

7a 

77.439 

77.480 

S37 

250 

264 

60.060 

ftH,0SS 

42,208 

59,116 

708 

778 

811 

44^77 

44.430 

«,U1 

2,098 

8,108 

38,874 

32,810 

32,920 

6,068 

6,000 

8,118 

24,025 

23.972 

84,062 

10,84:5 

10,070 

10,867 

17,3.18 

18,880 

17,888 

17,360 

S0,d06 

S0,69-l 

80,848 

18.313 

12,360 

07,349 

8C,BOfl 

37,126 

8,5&B 

H.0tt6 

8,707 

01,144 

il3,0i7 

00,094 

00,956 

93,409 

ftoes 

C,08H 

C,0»0 

83,048 

4,171 

-1,140 

4,171 

134,647 

134,150 

134;466 

2,843 

2.824 

S;04l 

182,911 

182, (K)4 

1^803 

1,919 

l.fXW 

1,815 

238,873 

235,830 

235, 8«8 

1,283 

1.270 

1,878 

280,084 

290,204 

290,130 

850 

839 

8^15 

341,158 

^704 

341,411 

558 

550 

S04 

386,351 

380,005 

385,067 

803 

357 

360 

410,131 

418,967 

419,430 

235 

230 

23S 

440,132 

440,939 

440,367 

IDl 

147 

140 

447,240 

447,054 

447,!t84 

90 

93 

04 

440,748 

441,282 

440,773 

01 

58 

50 

422,024 

4a!,301 

481,946 

JW 

30 

37 

369,0*0 

393,471 

393,170 

24 

23 

24 

357,363 

357,354 

367,178 

310,809 

16 

14 

16 

317,002 

310,879 

274,714 

9 

9 

0 

874,007 

274,788 

8 

5 

0 

23$, 355 

283,131 

233,229 

8 

3 

3 

194,112 

156,899 

193,886 

168,190 

194,038 

158,367 



... 


With the exception of the first few terms we see that the areas under the curve 
accord very closely with the terms of the series when the standard deviation of the 
latter is not small, or what is equivalent, when the number of signifloant terms is 
not small. (See also pp. 302—304.) 
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808 On Amfinplotw Fnrnmlmfor t/w Iltfpergivmelrlr S'enes 


I S'. biJinitM Jli/ptrsimmMric Seritf in whidi ttw «/'(«, 0, ■y tm 

Jfon-tnX^oi iVtimter*. 


(i) a and 0 negative, 7 ptaitivc. 

Ijet a be the largest integer in |o j and b the large*!, integer in ( (8 then 
a >« — a ~ S) , 

0 ^^b~bt 0<S,.S8<1. 

Aaau me that b S> a, i.o. ^ < a. Tho (a + 1 >«l tenn of thn serii!* ia 
tt {« 4 - i Un + 2) . • 4 _- M j8 (S + 1 ) - . . ( ii + <1) 

(a + i)! 7(7 + t |...{7 + «) 

This term i# ixwilive. The (a + 2 )niJ term ia 

a (« + 1 1 , , , Si} U - Si) J9 (fl + 1) . . , (i8 + a) ( jS + tt + 1 ) 

Ctt + 2 j: 7 ( 7 + l)...C 7 + «+ )) 

In order that this and all Bubaeiiuenl terms Ik‘ positive, the following condition 
must bo satisfiod : 

^ + 0+1 >0, 

Now Bx-o-Si 0 <Si<I, 

^ St St* > Si- 

Therefore j 9 + 0+ 1 ">(1 -St ) > 0 , 

i.6, 1 > S,' > 0 . 

A necessary and suthoicnt eondition for all terms to be jioaitive is, therefore, 

a - 6, 

Since the aeries is infinite, the condition c > 3 must be satisfied if wo intend 
fitting curves by the first four moments. 

When 8 ^ 4 , the first two betas lie above tho TyjK) III lino. When also 

tho first two betas lie above tho Poisson lina In either case the corresponding 
Pearson curve is of Typo I (or tho types associated with Typo I). (Per proof of this 
statement, see corresponding section under finite series, pp. SfiS — 0.) 

(ii) a and 7 negative, 0 positive. 

As in the previous ease, in order that the terras of the series be all positive, the 
condition I7 — a|< 1 must be satisfied. 

Now c = 7-a-/9-l >3, 

<- 0 . 
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I'lence, for all expressions to be Unite, (”<^) must be at least greater than 3. 
This iiripUes /3 < — 3, contrary to the hypothesis that /9 is positive. A positive e 
would imply a negative /9, hence we cannot have an infinite convergent hyper- 
geometric aeries with all terms positive and 7 negative. 

Example. 

a = /9 = -~25-61 
7 = 30, c = 1 J ■ 

Crude momenta and betas are 

log A= 5-369,3666, 

18 = 3-836,2290, 

A'= -004.,688549, 

A' = 2-94.9,4076. 

Mean of aeries = 8-671,571. 

Mode of series = 8 807,786. 

Corrected moments and betas are 

pa = 3-751,8956, 

A= -005.007951, 

A = 2-947,7272, 

and the Pearson curve having the same first four moments is 
y = 2/0 (16-041,94 + »)»■»».«» (23-00322 - 
log yo = 1^-789,4740. 

Origin at mode. Mean-mode of curve = -0714,082. 


T^rms of ieilea 

Midordinates of curve 

Areas under curve 

1*0 

1*2 

1*6 

21-8 

19*7 

24*5 

213*2 

188*3 

216*6 

1,237*1 

1,131*3 

1,232*6 

4 , 738-7 

4,664*6 

4,764*9 

13,136*9 

12,886*0 

13,122*7 

28,646*5 

26,638*9 

26,575*1 

40,468-6 

40,829-6 

40,514-2 

47,299*1 

47,808*2 

47,300*7 

42,840*2 

43,164*0 

42,799*3 

30,269*4 

30,271*0 

30,273*0 

16,741-7 

16,661*8 

16,760-6 

7,263*4 

7,064*9 

7,270*7 

2,467*1 

2,339*8 

2,463*8 

648*,0 

696-6 

646*6 

132*1 

115*6 

129*8 

20*6 

16*7 

19*6 

2*4 

1*8 

2*2 




810 Oft Amjmptotk Formidcmfor the Hypergeometric Seriee 



Hore again the aooordanoe Tiatweeii the terms of the series and the areas under 
the curve is very close in the significant parts of the curve. (See also pp. 802—4 
and 806.) 

IL Pinite ffypergwmetric Serin. 

The hypecgeometcio series 

1 4. .5® 4. a (a+ l)ff(/8 + l) , 

“ 217(7 + 1 ) 

is finite only when a or /3 or both are negative integers. In order that the series 
may represent a frequency distribution, each term must be positive. Hence, either 

(a) a and S are negative with one at least an integer, or 

(b) a and 7 negative, a a negative integer and l 7 |> |a|. 

These two sets of conditions give rise to two distinct types of series which will 
he considered separately, 

(a) a and S negative. 

In order to find the position of the point (/9i, /9i) for such series, relative to the 
Poisson line, substitute the expressions for the /9's in St~Sx- 3sfi. We then 
have 

» = ^^^[(7s‘-16e+12)«^(« + s)(^l + e) 

- 1) {o ( 0 + «) + /3 09 + 1 )) + «* (e - !)•]. 
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If e> 3. the coefficient is positive. Hence, 

the sign of — 3 is the same as that of the expression 

E=a(ai-^)^(^ + e) (7€=>- 16e + 12) + £’(e - 1) (a(a +c) 4- /3(yS + e)) + (^ - 1)=*. 

E is negative when a = /3 = — 1 and also when a = /S= — (e — 1) for all per- 
missible values of e. When either a or is greater than — 1 , E may be positive, in 
which case the point ()9i, will lie below the Poisson line, We will now show 
that for e > 4, ^ is negative when a and y9 He in the range (— 1, — e + 1). It will 
be suflBcient to prove that under these conditions B is negative at all its points of 
maxima and minima. 

Differentiate E with respect to a and /9 respectively. 

^ »(2a4-c)[e>(6-l) + ^(/S + £)(7c“-16e + 12)], 
riE 

^ = (2^ + e) [c« (f - 1) + « (a + £)<7e» - 1 6e + 12)]. 

Clearly, the points of maxima and minima are given by 

(i) /9'(^ + «) = o (a + «) = - 6 » (a - l)/(7e“ - 16e + 12 ), 

(ii) a = /9 = -|. 

At point (i), E has the value 

o (o + r) [e» (t + 1 ) + ;3 (^ + e) (Ve* - 16e + 12 )] 

+ e»(£-l)“ + ^(/3 + e)e>(e-l) 

= e»(c-l)[(e-l) + ^(j3 + e)] 

€^(e-l)»(e-2)>(e-3) 

(7e»-16e + 12) 

This is negative for all values of e > 3. 

e® .... 

At point (ii), E has the value — jg (c — 4) (« — 2)®. This is again negative for 

e > 4. It follows, therefore, that E is negative when c S, 4 and — 1 |^| > — (e - 1). 

The corresponding betas then lie above the Poisson line. 

When e = 4, then (« + /9) > — 5, in which case the values of a and ,8 which 
result in a series with the largest number of terms are, respectively, -2,-3. This 
is a series with three terms. Hence, for finite series with a minimum of three terms, 
the first two betas lie above the Poisson line. 

As previously (p. 300), if - a, — /8 and 7 tend to infinity in such a way that 

— remains constant and equal to a finite quantity m, the finite hypergeomebric 
7 

series will, in the limit, become a Eoisaon series. 



:i12 On As)/mpi<iCif Ftirnodae far the Hypergi'ometrk, tSfries 

Whuii a and 0 arc fmctitmal, the aeries is infinite (see p. 308). a and 0 may then 
he greater than — 1 and the oomsiponding betas may lie below the Poisson line. 
However, by sulmtitutiiig in 2^1 — 3ft — 8 it can bo readily shown that for and 
for any negative values of (t and B the first two betas lie above the Type III line. 

The scriiH (2) (p. 295) is finite, it and 0 are negative integers. Honco, for e « iV > i, 
its first two betM lie above the Puiswm line. 

(i) Semnd itjpe of finito serieg. 

a anti 7 negative, a an integer; 0 positive and I 7 I > la]. 

The last condition is introduced to ensure that all terms arc positive. 

Now 7 <«, 7 — — 1 < — (8 — 1, 

i.e. e<— (; 8 h- 1 ). 

0 ill (rositive, hence e is negative. 

The position of the first two betas of such series reliitivo to the Poisson lino is 
determined froni the sign of the expression 

+ r*(«- 1 ) (a(a +e)-h/9 (;3 + <)1 + e*(e- !)>]. 

The term outside the square braokets is always positive, It is suffieient, there- 
fore, to oonsidor the sign of the expression inside the brackets. This hooorues, after 
substituting for a, e, (e + /9) etc., their abeoluto values — o', ~{e' ~0) etc., 

- (f e'« -He«' + 12 ) a' (o' + «') 0 («' - 0) 

+ «'» (s' + 1 ) ((.' + e') o' - (s' - /S) ; 8 ) - s'* (e' -f 1 )*. 

This expression may be positive, negative or xero. The first two betas may, 
therefore, lie below, above or on the Poisson line. 

Rearrange in the form 

a' («' -h e') [s'" (s' -hi) - ;9 (s' - 0) (7s'*+16s' + 12)] - s'* (,' + 1 ) [(s' -p 1 ) + ^ (,' - ft]. 

a' may vary iudependently of s'. Hence, this expression will bo negative for all 
values of «' only when 

s'* (s' + 1) - ,9 (s' - 0) (7s'» -H 8e' + 12) « 0, 

1 . 0 . + 
i.e, when 0 lies between the values 

^ [1 ^ (s' + 2)^ 

"When /3 lies oufcaide these limits, the first two betas of the corresponding' series 
may lie above the Poisson line. 
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However, by substituting in 2^92 — 3jSi — 6, we can show that for all permissible 
values of the oorres])onding point (j8i, /Sj) lies above the Type III line. For the 
position of this point relative to the Type III line depends on the .sign of the 
expression 

[a (a + e) + (^ + e)] (e - 1) + (a + r) (/9 + e) - {e‘ -le + i). 

Putting in for the constants their absolute values, this expression may be 
rewritten in the form 

- (e' + 1) («' («' + s') - /S (e' - H)] - a'H - p) («' + e') - . 

Rearranging the terms, 

H (e' - fi) [(€' + 1) _ a' („- + t-')] - a' («' + e') (e' + 1) _ (e'^ + 7r' + 4) fi). 

This can be positive only when (e' + 1) > a' (ff' -f n’). 

For such values, the maximum ie reached when ^ = " . Substitute, therefore, 
/9 = ^ in (i). We have 




+ 1) f' (s' + ])(£'* + 76' + 4) 


4 


12 


..(ii). 


This la evidently negative for all permissible values of e'. Hence, the corre- 
sponding betas always lie above the Type III line. The series referred to in 
paragraphs (i) and (ii) (p. 2S)6) and Examples II (p. 316) and IV (p. 318) arc 
illustrations of finite series with negative 7 . 

When /3= 1, the hypergeometric series reduces to 

7 7(7 + 1) 

This is finite when a is a negative integer. The terms are all positive and 
finite when 7 is also negative and 1 7 1 >|«|. Substitute for a and 7 their uhaolute 
values, the scries then adopts the form 


, , , «' («' - 1 ) («' - 2) 
t ' 7'(7'-1) 7%' -11(7' -2) 


,.(iii). 


When 7 ' ->n', the distribution represented by the terms of the series tends to 
become rectangular. For all other values the distribution is J-shaped. 

In order that a hypergeornetric series may represent a U-shaped distribution, 
the following conditions must be satisfied : 

(i) Series finite. 

(ii) 7>a/3. 

(iii) There must exist an antimode, be. from some point onwards the terms 
of the series must be constantly increasing, i.e. 

) — ----- ( > 1 for 

' (i-+l )(7 + r) 


r> fo. 

.’■K I a I • 
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314 On Am/mpfntir. Formittaefor flir //t/perc/i'orne/rh Scri.rs 


G'mc (h), a unii H negative. 

(<t + r !(/,■} + r) ^ ( .rt J - (■) ( /S j - r) afi 
(|■ + l)(7 + |■) (7’ + 1K7 + '') 7 ' 

Hence, if initially we have y>af), the teriim nf the series will form a im/niitune 
ilenrcnsing aeqtience. and in no case can they reprcacnl a U-ahaped (liatribution. 


Cm6 ( 6 ), 0 iKjBitivB, a and 7 negative. 

For a U-shapc(l distribution, we inusl, initially have y>a0. There must also 
exist a positive r for which 


(/8 + r)(a'-r) 
()■+ 1)(7'-/-) 


n<K' 


■fiv), 


where a' and 7 ' lU-e the alwolute values of the eoiiatinits. (iv) is equivalent to 

7'~“'/9 
u' — (8 — 7 ' + 1 

ro must be less than a', i.u. 

7 '<q:'" — a' 7 ' + <r' or 7'(1 d-cc') <ra'(l ha') or y*<F. 


contrary bo the hyijothosia that 7 ' is greater than a'. 

In no case, thoroforo, can a hypotgeomebric series with x «• I represent a U-shaped 
distribution. Since the upper bianoh of the biquadratic on the j9i, /9, plane forma 
the lower bound to Pearson U-shaped curves, it also forma the upper limit to the 
first two betas of hyporgBomotrio series in which the fourth element x is unity, 

EximpUe. 

I. a = - 30, /8«-.60, 

7- too, 0 = 1. 

The variance and betas of the series after applying iShupjsxrd’a ootroetions arc 
/X, = +-0y 1,8996, 
ft- '018,306731, 
ft-2'950,3878. 


The sum of the series is given by 

JogiV'-4'740,160fl. 

Mean and inode of series, measured from the start of the histogram, are 
respectively, 

8'879.8883 ; 8'784..8066, 

The Pearson-type curve having the same first four moments as the series is 

y =y„aP’™.»»(42-604.879 (i), 

log y„ = i04'4ie, 7762. 

Mode of curve — 14'772, 980. 

Mean of curve — 14'931, 387. 
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Equation of curve referred to. the start of the histogram as origin is 
y = y„ (6-051,499 + ®)"™.868(36-453,3S0 - 


Terma of aeries 

Gotraapondin^ 
otidordinatea of (i) 

CoTreaponding 
areas under (i) 

1-00 

1-17 

1*60 

15-00 

13-81 

16*29 

106'62 

196*89 

106*90 

463-46 

434-62 

469-18 

1427-50 

1382*39 

1419-70 

3283-25 

3253*92 

3281-78 

5862-95 

5887-76 

5873-86 

8344-04 

8424-94 

8357-10 

9640*48 

9736-84 

9640-82 

.9164-40 

9231-93 

9162-52 

7239-04 

7262-68 

7241-46 

4786-14 

4778-35 

4785-49 

2662-66 

2641*87 

2668-52 

1260-82 

1230-47 

1256-37 

497-32 

482*74 

499-43 

167-52 

169-ie 

167-28 

47-80 

43*90 

46-99 

11*54 

10*06 

11*00 

2'86 

1*90 

2*12 



21—2 




:!U! On Amimptotir t'ormnhir for the. Hyjiergeomrlrif, Series 

II. ^ 60, 

SI; c =. 1. 

( Iiirri'Cteil momenta and beta arc: 

>t,-0-2i)3,359«. 

A- •00127,22+0, 

A»2'81)6,nKH5, 

logJV-8-450,5208. 

Mean sintl modo of aeries iiieaaured from tlio aUirt of the histogram are, 
respectively, 

l(i-S7l,4286; 16-627.‘i72T. 

The Petiraon-type curve which has the same first four momenta na the Keriea is 

y =. !/i,.i;««*.«’(4,5-lK0,l!m - .,■)««>.“" (i). 

lnKtfo = oS'665,6600. 

Mean of curve i»2+'10H,2fHi. 

M(Mie of curve 24‘J6I,0V.'1, 

Ei|mvtion of curve roforrod to the start of the hiaUigmm a.a origin is 
y - yo (7'63 1 ,M69 + »>«■».•« (.17-648,;i27 - ar)«'0“.>"7. 


Sfgiiiiloaut tormi o( 
»etl«a X 10"S 

CorreftsoDdiog 
inidordinftteit of 

0) X 10"* 

C!orTOH]>oDdinfC arOBS I 
undof curve xl0'“ 

2'ft 

2-4 

2-8 

18*0 

160 

19*0 

98 

91 

09 

•124 

39(1 

424 

1,1)11 

1,430 

1,6181 

4,r>BO 

4,374 

4,646 

11,869 

11,623 

n.H47 

27,02ft 

26,499 

27,012 

ft4,38S 

63,738 

ol,4lO 

97,49fl 

00,871 

07,602 

i66,fl73 

166,101 

160,068 

220,219 

220,284 

248, 26U 

294,892 

206,510 

204,839 

347,416 

346,601 

347,278 

370,116 

371,642 

360,080 

366,383 

367,764 

360,339 

300,670 

310,041 

300,847 

242,148 

242,492 

242,294 

169,609 

169,420 

160,811 

106,079 

106,201 

100,002 

58,829 

67,739 

68,480 

28,294 

27,647 

28,238 

11,810 

11,406 

11,770 

4,177 

3,063 

4,170 

1,210 

1,102 

1,229 

282 

268 

203 

48-7 

482 

55*0 

5*6 

6*4 

7*6 
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III. a = -100, /9 = -100. 

e = 200, c = 1. 

This series is symnietrioal. Its corrected moments and betas are 
fn - 12-479,4807, 

/3x= 0. 

/la- 2-989,9710, 

JV= 9054-849 x 10“, 


Significant terms of 
series x 10“” 

Oorrespooding 
midordinatee of 
normal carve x 10”“ 

CorrespondinR 
areas x 10”“ 

1017*906 

1022-570 

1018-286 

979-380 

982*400 

979*826 

868-746 

871-141 

859*173 

712-564 

713*000 

712*344 

539*799 

638-627 

539*081 

377-591 

376*569 

376*862 

243*821 

241*705 

243-237 

145*287 

143*577 

144-966 

79*856 

78*721 

79*806 

40-467 

39-837 

40-670 

18*896 

18*607 

19-042 

8-126 

8*022 

8-256 

3-21D 

3*192 

3*305 

1-170 

1*172 

1*256 

•391 

*397 

*418 

•120 

*124 

•130 

•034 

-036 

•039 



•010 



•003 





'.US On Ani/miitofic Farniubte for the Hi/iieiy&mictrir Srrim 


Mi'aii ■» mmi« =« SO'.*!, iiifMiinid friHn the etart itf the liiFitiigniin. 0, ia sufficiently 

near 3 to iuatify our fitting the normal curve , cr «• !1'532,G31. 

V 27r<r 

Since the seriM in aymmctrinal, the terms sftiir the iimilc only will be given. 



IV. K- 1, )8»-fl0, 

7=» — 6S, c "• 1. 

The hyj)ergeomelric aerloe having the above values for its constants is very 
abrupt, the maximum terra being the first. It is necessary, therefore, to apply 
abruptness corrections to the momenta. The corrected moments about the start of 
the histogram are 

#r,' = 9'063.6496, 

I43'r3«,0331, 

/x,'=«3088'9.'i2,200!). 
and IVwU. 

The best fit is obtained by fixing the start and fitting a Type I curve by equating 
the first three momenta about the stump. This curve is found to be 


y = yosr •«“.«»(68'849,?29 (i). 

This is sufficiently close to the curve 

■y=y„' (63-349,729 -*)•*».“» (u), 

logyi, = 9’028.40X9 


for practical purposes. 
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The area up to a point s is given by the following relation : 

Na, = ya £(6 - kF dx = — ^ ^ [Ji'+i - (i - s)!'+i] . 


Tei'inB of 
sei'le.-i 

Midovdinatos 
of curve 

Areas under 
curve 

Terms of 
aeries 

Midordinates 
of curve 

Areas under 
carve 

7 * 000,000 

• 899,587 

• 999,980 

• 033,688 

' 03 . 3,661 

• 033,690 

• 923,077 

• 922,722 

• 922,922 

• 028,734 

• 028,709 

• 028,733 

■ 850,062 

• 850,655 

• 783,163 

• 860,855 

• 024,380 

• 024,367 

• 024,381 

• 783,436 

• 720,246 

* 783,344 

• 020,571 

• 020,549 

* 020,569 

• 720,021 

• 720,194 

- 017,253 

• 017,233 

• 017,262 

■ 667,209 

• 661,078 

• 661,183 

• 014,377 

• 014,359 

■ 014,376 

■ 606, lua 

• 605,944 

• 606,097 

• 011,898 

• 011,882 

• 011,897 

• 554,743 

• 664,603 

• 554,748 

• 009,774 

• 009,759 

• 009,773 

• 606,921 

• 606,800 

• 506,939 

• 007,964 

• 007,951 

■ 007,982 

■ 462,454 

• 482,360 

* 462,479 

• 006,432 

• 006,421 

• 006,432 

• 421,103 

■ 421,074 

• 421,200 

• 005,146 

• 005,130 

• 005 , 14.5 

• 383,876 

■ 382,799 

• 382,914 

• 004,074 

• 004,066 

• 004,074 

■ 347,424 

• 347,357 

• 347,472 

• 003,188 

• 00 . 3,182 

• 003,188 

■ 314,048 

‘ 314,089 

• 314,690 

• 002,464 

• 002,457 

’ 002,464 . 

• 284,394 

• 284,340 

• 284,442 

• 256,657 

• 001,877 

• 001,873 

• 001,877 

• 256,012 

• 266,463 

• 001,408 

• 001,406 

• 001,035 

• 001,409 

■ 230,801 

• 230,616 

• 230,900 

• 001,037 

• 001,038 

• 207,303 

• 207,262 

• 207,346 

• 000,749 

• 000,748 

• 000,751 

• 000,633 

• 185,709 

• 786,670 

•] 85,740 

• 000,529 

■000,-528 

• 160,953 

• 165,016 

• 165,987 

• 000,364 

• 000,363 

• 000,366 

■ uv , 9iri 

• 147,878 

• 147,944 

• 000,243 

• 000,243 

• 000,244 

• 131,480 

• 131,444 

• 131,607 

• 000,156 

• 000,156 

• 000,157 

• 000,097 

• 116,539 

• 116,604 

• 116,562 

• 000,096 

• 000,096 

•102,688 

• 102,954 

‘ 103,007 

• 000,056 

• 000,057 

• 000,057 

• 000,727 

• 090,604 

• 090,745 

• 000,031 

• 000,031 

• 000,031 

• 079,663 

• 079,631 

• 079,675 

• 000,016 

• 000,016 

• 000,016 

■ 069,706 

■ 069,673 

• 069,716 

• 000,007 

• 000,007 

• 000 , W7 

• 060,768 

• 060,738 

• 060,778 

‘ 000,003 

• 000,003 

• 000,003 

• 052,773 

■ 062,743 

• 052,778 

•000,001 

• 000,001 

• 000,001 

• 046,641 

• 039,302 

• 046,612 

• 039,276 

• 045,646 

• 039,304 

• 000,000 

' 000,000 

■ 000,000 


With the possible exception of the first example, in whioh the number of 
significant terms is small, the goodness of fit of the Pearson curves to the above 
series is quite oloae. The fit improves rapidly as the number of significant terms 
of the series increases, and when this number is fairly large, or, what is equivalent, 
when the standard deviation of the series is fairly large, the agreement between 
the terms of the series and the corresponding areas under the Pearson curve fitted 
to it by moments is sufficiently close to justify our replacing the Probability 
Integral of the series by that of the Pearson curve. 

In the first example (p. 314), where the fit is not very close, the standard 
deviation is small, being approximately 2. In the following two examples the 
standard deviations of the series concerned lie between 3 and 3'6 and the corre- 
sponding fit has improved appreciably, giving an accuracy of three to four figures 
in the areas. This in itself is sufficiently close for most statistical purposes. In 




of Series fC- 1760,-65,1) 


liao Oil Asj/iiipliili'i- Foniuihie/or the Hinirrijemiuilric Serirn 
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the last example, the standard deviation is larger, being approximately 7‘9, The 
resulting fit, with the exception of the extreme tail, is surprisingly close. 

The number of significant terms of the hypergeometric aeries is approximately 
equal to six times the standard deviation. For. aeries with less than 24 significant 
terms — corresponding to s.D.’a less than 4 — one would not in actual practice go 
into the labour of fitting a Pearson curve in order to determine an approximation 
to the sum of a number of terms because this sum can be obtained accurately and 
quite readily by calculating the terms directly. It is doubtful, however, whether 
such a procedure would be adopted if the number of terms is greater than 30. The 
total sum of the series is, of course, known. Hence, the probable limit where one 
would calculate the terms directly is a series with 60 significant terms, correspond- 
ing to a standard deviation of about 10. For such series, the appropriate Pearson 
curve should give at least as good a fit as in the previous example (Ex. IV). For 
instance, the Pearson curve fitted by momente to the series F{1, —'60, —65, 1) 
is (p. 318) 

3/- (63-349,729 - {i)his. 


The ratio of the sum of the remainder of the series after the ninth term, to the 
total sum of the aeries, ia -399,3917. 

The approximate value of this ratio found from the curve (i) ia 

|’03.349.'»9 / t-e3.S49,72» 

Ja 2/^^’- 

This ia the incomplete beta function 

-^•867,9316 (5-988.8238; -999,8862). 

By triple interpolation into the beta function tables, using third differences, this 
was found to be *399,3800. 


This differs from the true value by less than unity in the fifth place. 

In order to appreciate what happens when the number of significant terms ia 
large, the goodness of fit of a Pearson curve to the series /’(lO.OOO; 10,000; 1; 1) 
is examined within a short range after the mode. 


Sum of series N = -224,6696 x 10““ 

F is symmetrical and is approximately equal to 3. 

/ig = 1249‘979l70 whence ir = 35*356,0445. 

In the following table the terms of the series after the mode are compared with 
the areas under the normal curve 




N 




V27r. (T 

which has the same mean standard deviation and sum { 


I the above series. 



a22 (iff hymphilii' Familiar for ik Hijimpmiinr Serins 
Tlie (|ii!iiitities tnliitlattitl firu iiqtial bu 10 '®‘’ tiiiit's tlicir actiin! valtu’n, 


; 

i Twin?* t)f Rcries 

Arm QiidM mtnunl j 

1 

cam! j 

i 

; 

i 

! 

•233,382 1 

■253, 2H1 j 


•252,(177 

•i'ie,488 

■252,471 

\ 'mil 

•2.51.7115 

I -^5(1,872 

'2f)0.H(il 

1 •248.7I1 

■249,7(10 

! ‘2tfi,-l7:i 

•24K,4(i,5 

i 

•24U.II7H 


•245,304 


•213,4(11 ; 


'241,410 1 

■23i),2!l 

■2311, 200 

■2, 3(1, am 

'23(l,a-2(l i 


Tlie true value uf is '2'99990G, wliith is sliglilly Icsj than fi This Hccoimts 
lor the constfint deliciency of 1 in tlio fifth pliicc in the mreiiH under the normal 
curve. A slightly better lit is given by the Type II curve a-hicli lifis the same first 
four mouients as the series, Even so, the nnrraai enm! gives sufficiently Mcuratc 
results, 

Iain indebted to Professor Pearson for suggesting this problem to me and for 
his advicQ and oriticism thraugliout the preparation of this paper. 



THE BODY BUILD OF AMEBIC AN-BORN 
JAPANESE CHILDREN. 


By P. M. SUSKI, M.D. 

The better bodily development of American-bom Japanese children over the 
children horn in Japan, presumably through environmental induencos, is the fact 
observed by many during the past few years. Ishiwara first called attention, in 
Japanese medical literature, to the superior height and weight of the second 
generation Japanese in Atnerioa. A few years ago, I measured Ainerican-bom young 
Japanese ranging in ages from 16 to 2.6. At the request of Dr Ishiwara, two years 
ago, I measured a hundred Japanese hoys born in America. In the former group 
the height and weight only were obtained. In the latter, the stature, sitting height, 
iliac spine height, knee joint height and weight were measured. The ages of these boys 
were 19 to 22. With the measurements of the latter group, the height and weight 
of their parents were compared, and it has been found that the children born in 
America excelled their parents by about 5 % in. height and about 6 ^ in weight, 
(In several instances, one or both of the parents could not be measured.) 

That there is a marked difference in bodily development of the children born 
and raised under environments foreign to those under which the parents thrived, is 
found to be true by many authors. American-bom descendants of immigrants differ 
in type from the foreign-born parents, according to Boasd) who further asserts 
that, the longer the sojourn of parents in America before the children are horn, the 
more intense the influence is felt. Bakwin and Bakwin(z) demonstrated a striking 
difference in the body build of infants of two groups from different social environments. 
Gray and Gower(8) found the height and weight of girls in private schools are better 
than the average. Studying the bodily growth of Chinese children in Hawaii and 
those in Chekiang and Kiangsu Provinces in China, Appleton (4) observes a marked 
influence in the manner of growth and development, such that the growth curves, 
in general, are more smooth and regular, the period of growth retardation comes in 
a later period and to a lesser degree in Hawaiian-born Chinese children than those 
born in China. She thinks that the acceleration of growth in the stature of Chinese 
hoys in Hawaii which is greater than that of hoys in Bast China is mainly due to the 
more rapid increase in length of lower limbs, in which the height of knee is the more 
active factor. 

If lands foreign to the parents act upon the growth and development of their 
offspring, we may enquire what may be the influence of America (i.e. Southern 
California) upon the growth of the children of Japanese parents; this was the 



:)i!+ 77ift Bni!\f linllj of Amrriran-born Jiipani'se. Children 

tiueation I Iwd iilways bitnu: ill iiiiml wliili* nmking imiHSiircnielits of cliildren in 
Los Angelos, born of Japmtcwi; iinreiiUi. 

The iimterial conaiutB oF«tiuient« nf private Jatianesc Mhools, which arc. conducted 
to Bupplement the pnhlic whool eduealion of the city of IjOR Angelcu. So, piiictically, 
all of the children an*, public uohoo! ehililren. The age range is from li to 11), although 
the youngest and those above 18 yeara of age are go few in mimber, that I have 
omitted them from the tables and charta, Thu jiarents of the childron are from all 
walks of life, from unskillwl labonrem to business men.inamifacturers or literary and 
professional pooplc. With the excoption of about one per cent, of the children, who 
were Ixirn in Hawaii, those measured are Oalifomia born. 

These are the first nf the series of the intended anminl physical inananreinenta 
of Japanofli! children bom in America. As yet the number is not large enough to 
show conclusive results, hut the chief reasons for the prosetit publicaititm of my 
findings are to show at lca.st the apparent mnrlced differenco in ataUire, weight, 
cheat circumference, silting lieight and leg length which I found, when compared 
with figures available for the Japanese children in Japan, and also to request the 
authorities in this lino of work to point out any defects in procedure in my work, 
and to give me suggestions for research work in directions which I may not have 
taken. 

The childron will be measured hereafter onoe a year at the same time of the 
year as fur as possible. Thus far, the measurements wore limited to the months of 
Juno and July. But the field will bo enlarged so that other lots of children will be 
obtained for other months of the year. That the growth rate is not uniform throughout 
the year, is pointed out by Orr and Clark («), Zeincr-Hendrikscnie), N ylinO') and others. 
Hejinian and HattlS) mode monthly measurements of stem-staturo index. Sumner 
and Whitacre (9) followed monthly change in weight of Texas school children. Iowa 
Child Welfare Eeacnrch Station (lo) reports various measurements made monthly 
of young children from 3 to 6 years of age. It is usual for the investigntors to take 
measurements weekly or monthly in the ease of infants or small childron. The 
figures obtained through these iVequent maasiireroents, if computed Individually, 
would certainly reveal the seasonal variation in growth and development of children. 
But the purpose of my present investigation oonoenis the annual growth rate. 1 
have planned the examination of ail children only onoe a year, and at the same 
season of the year for each group of children, so that the seasonal variation In 
growth would not interfere with results. 

The time of measurement was in the afternoon for one school and in the forenoon 
for others. Martin ( 11 ) recommends about 10 A.M. as the ideal time of measurement, 
Nakadate found the maximum diurnal variation in stature of children of 10 to 15 
year's of age to be 1'66 em. for boys, and 1’62 cm, for girls. He finds the maximum 
in stature to be immediately after rising in the morning, and it drops to the lower 
level around 11.30 A:M.; from then on till 8 p.M. there is a very small amount of 
change ( 12 ). 
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The nearest birthday system is employed in classifying the children into 
different age groups; i.e.j the children from 6 yearn 6 months to 7 years 6 months 
of age are grouped as 7 years, and so on. When making comparison with figures 
obtained from Japan, it was necessary to make allowance of a half year, because 
of the fact that many Japanese inveatigatoiis classify a child between the 6tJi and 
7tb birthday as 7 years old, and so on. 

Instruments used are : Martin’s anthropometric set, consisting of a measuring rod 
with arms, callipers, steel tape measure and a slide compass; a box with a square 
flat top to measure sitting height; a standard spring scale. 

I have examined the lists of measurements of Martin (ii), HrdlickadS), the Geneva 
Agreement as cited by Hrdlicka(ia), yoahida(l 2 ),and Lucas andPryor(23), and found 
them to containSOtoVOdirectmeaanrements of the limgbody,excliisiveoffunctioiial 
and capacity tests. As Hrdlicka points out, the number of practicable measurements 
on the human body is infinite, and these measurements may be of value if taken by 
the same method on a sufficiently large number of individuals of various groups. 
Bearing these things in mind, I made a selection of physical measurements, chiefly 
through the suggestions of Ishiwara, namely, ten measurements, nine direct and one 
indirect. They were: 1. Stature, 2. Sitting height, 8. Height of anterior superior 
spine of ilium, 4. Leg length, 5. Knee joint height, 6. Arm span, 7. Chest circum- 
ference, 8. Intercristal width, 9. Acromial width, 10. Body weight. 

The stature is measured with a child standing on a flat floor without shoes, and 
the head erect, keeping the eyc'-ear line horizontal The left anterior superior spine 
of ilium is first determined by palpation, marked with a dermatograph pencil and 
then measured. Downesdi) reports there are over 60 asymmetry in the height 
of the iliac spine exceeding 0'5 cm. I found only a ftw cases of asymmetry, and 
these in a slight degree. 

For the knee joint height, a groove between femur and tibia is easily found 
laterally on the level between the patellar prominence and the tibial tuberosity. 
By inspection from the left side of the left knee joint, one may easily locate the 
position of the groove, and verify it by palpation and mark it with a pencil. 
The distance from the floor is then determined. Martin recommends the internal 
groove of the knee joint, and it is most subcutaneous there and therefore easiest to 
measure. But I did not meet any difficulty in locating the groove on the lateral side. 

The leg length has been computed from the figures of the anterior superior spine 
height according to Martin’s formula, and is intended to measure the height 
of the head of femur from the floor, corresponding to Martin’s “gauze Beinlange” 
(the entire leg length). 

The sitting height is obtained by seating a child on a box not too high so that 
the child can rest the feet on the floor, and measuring the height of the, vertex above 
the seat level. Gray and Root ( 16 ) call our attention to the fact that some workers 
call this and other measurements under various names as stem-length, trunk-length, 



;i20 Thr liiitly Hvild qf Ammrtui-horii Jupawne ('hihlrrn 

riimii-lBngth, ote., wil.li aiiultigmis Umns in other liingiinges, so that it may mean 
lengths from vertex, shoulder, suprastemal notch, 7th cervical vertebra or ucrumion 
flown to us pubis, first or last coccyx, jicrinoum, ischial tuberosities or gluteal linea. 
It is therefore necessary for one to be very careful when referring to any old 
literature, and it is alsii very im(»rtatit to iimke nclearutatument as to exactly how 
the sitting height is obtoinod. The method I oinployed is in accord with that of 
the Geneva Agreement of lfll2, used by Hrdliclta, Martin, v. Pirqnet, Yoshida, 
lahiwata and others. llreyerdW urges bending of the, knee and pulling up slightly, 
instead of square sitting with both knee and hip joints at right angles. 1 tried 
Dreyer's method in a few of the children alter nioasuring them in the usual way, 
but I failed to find the 3% diffaronce as pointed out by Dreyer, In the first piano, 
it waa difficult to keep the sacrum in contact with the post, if the knaea wore drawn 
up as in Droyer’s illustration, besides in nearly all of my caaea (which were young 
children) tho ischial luhomsitiea wore, quite aulwutantsius with no appreciable 
amount of adipose tiaaue intervening. 

The arm s[ian is measured with a stool tape measure, fufin tho tip of oiiu middle 
finger to the other, the arms being stretched to both sides of the borly horizontally. 
I found it was the best way to lot a child stand against the wall to take this 
measurement. 

The oliosfc oiroumferonoo is taken at the middln of the normal inspiration and 
expiration, on the level above nipples in front anti below the acapular angle on tho 
hack. Tho biorlstal width is obtained with a pair of oallipfjrs, the tijM of which wore 
firmly pressed on the widest part of tho pelvic crest The acromial width is measured 
in a similar manner, only hare as the respiration, shrugging of shoulders or throwing 
backward or forward of tho entire shoulder will give a groat change in results. I 
exeroiaed great oare in taking the diameter at the middle of ruspinvtion and keeping 
the shoulders at tho proper position. 

The body weight is measured nude, allowing only a garment weighing 200 gm., 
and after emptying the bladder. It was recorded in the nearest i pound, and later 
converted into kilograms. 

The arithmetic mean, for each ago sox group, of all ineasuromente is given in 
the Table I, with the standard deviation and probable error of eooh, computed 
according to the formulnuKiV) 



r.K. = ± 0-6746 


Table II gives the relative measures to the total height or stature, often called 
the index to stature, or ratio. The relative measures are computed as follows; 

Index = *neeenr6 other tha n statu re x 100 
stature 
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lian The. Bodi/ /hiild of A miTinin-horti Japanem’ Childi'm 

TABLE II. 


Americiin-borii Jnpanese Children. Meamreinentii relative la Sfrtiure. 


Km 

Staturis 

Sittmg 

Ant. aup. 

Trtjg 

Knew 

Arm 

. . 

Ohrst 

Cri»l. 

Acroto. 

Hoi’H 

Height 

Kpine 

l^engih 

Joint 

Hpan 

fiirc. 

Width 

Width 

.... 

i 7 

UHi 

h5*7 



2ft*3 

»H-7 

50' I 

1.5-Or 

21*21 


ItXI 

M'T-, 

5.1-7 

.51-4 

«5‘1 

i»»-a 

IH'5 

1.5'17 

2t)'{)4 

» 

UK) 

54*0 

r.u» 

5;i-T 


011' 4 

4H'0 

15*21 

20 'TO 

lu 

IfK) 



54*6 

2fl‘1 

rtK)-o 

AH'4 

15*12 

20'{)0 

11 

UK) 

5.1 -2 

50«1 

54-7 

2B-I 

100' 1 

40-0 

1&-01 

20*53 


KM) 

WI 

riO'l 

54-6 

20-1 

loi-f) 

50 -fl 

H'lMi 

20*90 

in 

UK) 

,52‘7 

flb-a 

54*0 

260 

101 -fl 

■IB'H 

lf-M4 

20*71 

U 

UM) 

52*0 

.50*4 

.54*5 

26-7 

102«U 

4U'0 

15'lfi 

20'HH 

i.n 

inn 

:i2’n 

rmi 

54-2 

26-ft 

101 '4 

49M 

15*07 

ao-hf) 


UK) 

.M'O 


54 -3 

20« 

101 -ff 

AO'O 

J5*24 

21 -IH 

17 

UH) 

5:UM 

.V»M1 

5:)-7 

20*2 

|02*A 

5S'7 

I5‘4l 

21-47 











7 

UKI 


54-0* 

52-7* 

2A-.5* 

!)7-« 

40-A 

15*4H 

21*45* 

M 

lOU 


54‘« 


2A-7* 

00-2 

40‘2* 

I5‘R3* 

21*10* 

* n 

i(X) 

5 4- 2* 


Ain 

25*7* 

9K*4 

4K‘7 

I5'01* 

21*27* 

I l‘> 

UK) 

.51 -5 

5fj-U 


2«l*0 

UK)-.i* 

■I7’» 

15*41* 

21*01* 

t 

UK) 


5Q-2* 

r.s-i* 

2«*2* 

UK»'4* 

47-0 

1#M1* 

21*05* 

12 

100 

5;m* 

5ffl 

54-7* 

26-3 

101 •() 

40 *1 

IS’7S* 

21 *37* 

IS 

W) 


55-7 

A4-1 

20‘ll 

101 -0 

49'6* 

15*1>(1* 

il'«* 

IS 

UK) 

a-ua* 

.55-0 

54-2 

2U-0 

101 -0 

4t)'7* 

lC‘t)D* 

21-76* 

M 

KK) 

.54 '2* 

55*7 

54 '4* 

25*0 

101 

40'«^ 

in*io* 

21 ‘OH* 

in 

100 



51*2 

2.V7 

101 M 

4D-1 

HM'l* 

SIMI* 


* The iMitoriflk bIio>vh Utat In tbe»« omo « the (tlrli* vero higher thtm iho boys. 


ThWos hi anci IV U)g«thar with Figures 1 to tO show the Atnen'ciui, 
Qomian, Japanese, and American-born Japanese figures. The American figures 

TABLE III. 

x^ta/idviff Height hg dij^'ermt AtUiioHtiea cvmjxired. 


Huvm 

HoU'h and 
U.8. Gov. 

Ogares 

combined 

Dm. 

Camerar- 
y, Plrquot 

cm. 

Aioerioaii' 

born 

Japaneu 

om. 

OiiiLv 

Ago 

Holt's and 
0.8. Gor. 
0garoH 

oombined 

om. 

Camferer* 

». Ultijuwt 

cm. 

Arnorioan- 

born 

J apan CM 

om. 

7 

110*7 

116*0 

116*5 

7 

110*1 

113*0 

115*6 

H 

121*0 

120'0 

121*3 

H 

121*4 

118*0 

119*4 

H 

12e*B 

126*0 

120*2 

9 

12B-a 

123-0 

124*1 

10 

1S3-0 

130-0 

131-6 

10 

130*9 

128*0 

130*4 

11 

130*3 

136*0 

135*9 

11 

136*1 

133-0 

136*4 

12 

141*0 

140*0 

139*7 

12 

143'6* 

138*0 

148-S* 

13 

146*6 

146-0 

147'3 

13 

148*4* 

146-0* 

146-0 

14 

153*6 

161-0 

186*6 

14 

162*7 

ISS-O* 

149*4 

15 

169*2 

157*0 

161*3 

16 

155*6 

158 *0* 

150*4 

16 

165-9 

— 

161*4 

16 

156*6 

160-0 

161*8 


Those marked with an asleriek are iaetasoea in whiefa girls exoel boys in height. 
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are obtained by combining the United States Government Table of Heights and 
Weights and Holt’s Age-Height- Weight Table (18). The German figures are from the 


TABLE IV. 

Body Weight by different Authors compared. 


Bora 

Holt’s and 
U.S. Gov. 

Camerer- 

-Amm^can- 

bom 

Japanese 

fJlOLS 

Holt'a and 
U.S. tiov. 

Camercr- 

Amorioan- 

Age 

figures 

Goinbiiied 

V. Pirqnet 

Age 

flgm-ea 

combined 

V, Pirquet 

Japanese 



om. 

cm. 

ora. 


cm. 

cm. 

cm. 

7 

22-3 

23*0 

22*3 

7 

21-7 

21 -0 

21'1 

8 

24-(i 

25-0 

23-9 

fi 

23 ‘9 

23'0 

22-6 

0 

27-1 

27-5 

2G-5 

9 

20*0 

25-0 

24-ft 

10 

20’9‘ 

30-0 

20'7 

10 

28*7 

27’0 

28*2 

u 

32-4 

32*5 

32-8 

n 

31-6 

29-0 

30*2 

12 

35-4 

35*0 

34*8 

12 


32*0 

38-1* 

13 

30’3 

37-0 

39*5 

13 

40*8* 

37’0 

39-8* 

14 

44*0 

41‘0 

46-3 

14 


4.3-0*^ 

43'1 

15 

40'4 

45'0 

49*9 

15 

48'(5 

48‘0* 

43-4 


55-5 

— 

53-0 

10 

.51-1 

.52'() 

46-7 


* Those marked with an asterisk aro instances in wliioli girls excel boys in weight. 







;i 550 The Hoily Ihtild of Aimriciui-honi Jeipanem Childrm 


7 8 9 10 n 12 13 14 15 16 7 a 9 10 II 12 13 14 15 16 

, J. ^ J_ - y y -J 



Pig. 8. BUindiug Holghi af Jaimnoto. 
(EducaUan &£uii«lry figticAK.) 


Fig. 4. BUadtng Moiglil of A.aiorIoaD«boTn 
^ApaaoM 


9^. 7 8 9 10 il 12 13 !4 15 16 
170 ri — I — 1 — I — I — r — r — I — -I— n 


?“• 7 8 9 lO II 12 13 14 )5 16 
l/Orr* — I — r' — i i — i — T r— i — r 


AmwicRn-boca Japaucfle 

Amerlcftui (tl.B. Government flgnroB) 

S, Slandlng Hdgbii of Amerioan-bom Japanese 
and Ameriaans oompared. 



' ' American-born Japaneio 
Americana (U.S. Government fignreB) 

Fig. 8. Standing Height of Amerioan-bom Japanese 
and Amerioans compared. 
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rig. 7. Bo(^ Weight of Amerioans. (Holt’e and 
XJ.S. Goveramont figures comhiued.) 


Fig. B. Body Weight of Enropeau Childrou, 
(OamBret'V, Pirq,uet figures.) 


Aou Aai: 



Fig. 9. Body Weight of Japanese Children. Fig. 10. Body Weight of Americau-born Japanese. 

{Education Ministry figures.) 


Age-Length-Weight Table by Camerer and v. Pirquefe (19). The Japanese figures are 
from the table issued by the Japanese Ministry of Education ( 20 ). As seen in Fig^, 5 
and 6^ the stature of American-born Japanese boys is very close to that of American 
boys at least up to 16 years of age, while there exists a wide difference between 
the former and that of Japan-born Japanese (see Fig. 11). The stature of American- 
born Japanese girls is nearly the same as that of American girls up to the age 
of 12, after which it drops off a little, but when compared with the figures of Japan- 
born Japanese girls, there is quite a space above the latter. The American-born 

22—2 







The Ikdij Hnild of American4om Japanm (Mdrcn 





FIK. 11. ^lundlau of A-niarlonn'liorn JnpnnMo Bo^k 
(ioinpurod Jnipao^boru JikimniMe liaj^n< 


A(*k 


7 8 9 10 U 12 13 14 15 16 17 



Fig. l*i. BlontUiiK Hnlghk of AmunoAn'borti JnpanQBe (Hrls 
coupsrcn wUh Japnii>l)orn JapatiOHO Qitli. 


Japaneec also exiwl their coiiains in Japan in body weight and chest cireiiinfereiim 
(see Table V and B'iga, 13—16). 

U '6 a well-known fa«t that the children from infancy lu 11 and 12 years of age, 
growupwithoutBhowingainarkBd difference with respect to ses, Butween U and 
M, corresponding to the pre-puberty period, girls e.xcel boys in .stature and weight, 
alter which boys attain anperlur weight and height. Our tables and figures show 
theae changes in all groups. Bat the relationaliip between girls' curves and boys' 
curves, which is of sliglitly different chai'ackT in different groiiiw, i.s best studied 
on tlio Bpecial diagmin .1 have prepared for the pinrpoai', I'kiTg., I took the boys' 
height or weight at each ago ns a standard and figured out a purcentage for girls 
at that ago. Thus, for tho atatnro, 

Qirls^ean Stature i^^vni ago x 100 
Boys' WarTStoturo at tho tmme itgo ’ 

and onllcdit"th6 percentage of girls' stfttnro on that nfbnys," In tho same mannor, 
thobndy weights of boys and girls aro compared (Tahloa VI and Yll, Figs, 17 and 18). 
The boys’ figimis arc represented by a straight line at tho 100 % level, and the girls’ 
curve runs below it while tho buys’ figures are gi-eater, but when the girls' figures 
surpass that of boys, the curve runs above the boys' line. When I first drew 
this type of diagram, I showed it to Drs Lucas and Pryor, who thought it was 
unique and excellent in indicating the ohonge in relationship of boys' and girls' 
figures so olearly. Later, however, I found Collins and Clark(W) had already devised 
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TABLE V. 


Co7npa7'ison between Japan-born and American-born Japanese Children 
in Stature^ Chest Gwowirhf&rence and Body Weight. 


Age 

Hoiglifc 

(cm.) 

Cheat Circnmferance 
(em.) 

■Weight 

Boys 

Japan born 

U.S. bom 

Japan born 

U.S. horn 

Japan bom 

U.S. born 

7 


115-5 


57-9 


22-3 


111-7 

— 

661 

— 

19-3 

— 

a 



121-3 



58-8 



23-9 


iie-1 

— 

57-9 

— 

21-1 

— 

9 



126-2 



61-9 



26-5 

9^ 

120-6 

— 

60-0 

— 

23-1 

— 

10 



131-6 



63-7 



29-7 

10^ 

124'8 

_ 

61-8 

— 

26-1 

— 

11 



135-9 



66-6 



32-8 

iH 

129-1 

— 

63-9 

— 

27-4 

— 

12 



139*7 



70'0 



34-8 


133-9 

— 

65-5 

— 

30-1 

— 

13 



147-3 


71-9 



39-5 

13i 

140-0 

— 

C8-4 

■— 

34*0 

— 

14 



155-6 


77-1 



46-3 

144 

147-3 

— 

71-6 

— 

39-3 

— 

15 


161-3 



79-7 

_ 

49-9 

ISJ 

152-7 

— 

75-1 

— 

44-8 

— - 

16 



161-4 



80-7 



63-0 

i«4 

157-3 

— 

77-9 


48-6 

— 

17 



161-6 



86-1 


56-8 

17i 

159-4 

— 

79-7 

— 

51-2 

— 

Girls 







7 



116-6 



57-2 

_ 

21-1 

n 

110-0 

— 

54-2 

— 

lR-5 

— 

8 

• 

119-4 

__ 

58-8 

_ 

22-6 

Si 

114-5 

— 

55-8 

— 

20-3 

— 

9 



124-1 



60-4 

— 

24-6 

94 

119-1 


57-0 

— 

22-2 

__ 

10 



130-4 



63*5 

— 

28-2 

10-4 

123-6 

— 

50*4 

, — 

24-4 

— 

11 



135-4 



64*8 

— 

30-2 

lU 

129-1 

. — 

61-8 

— 

27-3 

— 

12 



143-2 



70-8 

• — 

38-1 

124 

135-1 

— • 

64-5 

— 

31-0 

— 

13 



146-0 



72-4 

— 

39-8 

lai 

140-4 

— 

67-6 

— 

35-2 

— 

14 



149-4 



74-2 

— 

43-1 

144 

144-8 

— 

71*2 

— 

39-6 

— 

15 



150-4 



74*9 

— 

43-4 

154 

147-6 

— 

73-0 

— 

43*1 

— 

16 


151-8 



74-8 

— 

45-7 

164 

148-2 

— 

75*8 

— 

45-4 
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SiiU The liadi/ Build of Amcrican-iorti ./apanm Children 


Aok 


Aue 




IK. Body WoigiU AiiiQrioftn*l>ori( .rnpAUCM Boyn 
comparud with Jnpnn-bora JApaouik' Bo;h. 


Fjg. li. U&dy Woifflil. rtf Atnflric«n*borD JapnneAO Girls 
ootDjnvroil with JapAti-tKira Japniteso Girls. 


Aoe 



Fig. Id, Obeet Giroumferonae of Amurioiui-born jAp&neso 
Boysoomparsd wUh Jspsn^bora JttjMQeM Buy*. 


Ahe 



Fig. IS. Oliesl Circutnforonco of Amerloan-bniir JapsosM 
Glrla oompM-ed with JapAu-buru JapimoM Girls. 


a somewhat similar diagram in 1929*. I have also figured out the percentage of 
girls’ other relative values on those of boys, namely, the relative sitting height, 
relative iliac spine height, relative leg length, relative knee joint height, relative 
arm span, relative chest circumferenco, relative bicristal width, relative acromial 
width. A.mong these, I could only make comparison with values of Japanese in 
relative sitting height, relative leg length, and relative chest circumference, apart 
from stature and weight (see Tables VI, VII and VIII, also Figs. 17, 18 and Figs. 
19 6-266), 

* [This seems merely a di&gram of the onstornwy sex-ratio moltipHod by 100 ; the sex-ralio is very 
familiar to antbropometriolana and oraoiometrioisos. Eo,]. 
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TABLE VI, 


The Percentage of Oiris’ Standing Height to that of Bays. 


Aga 

TJ,a. Gov. and 
Holt’e Figurea 
corabined 
Americana 

Gamerer* 

V. Pirquet 
Gcrauins 

Aineriofin-born 

Japanese 

Education 

Ministry 

Japanese 

7 

99*5 

98*3 

100-1 

98-8 

08-6 

98-8 

09-0 

lOO-O 

100-9 

100-2 

95- -i 

96- 7 

94-2 

8 

99-C 

98*3 

98*4 

9 

99-2 

98-4 

08*3 

10 

99-2 

98-5 

99*1 

11 

99*9 

oa-f) 

99*6 

12 

10V9 

09-3 

102*5 

13 

101-4 

100-3 

09*1 

14 

99-4 

101 *3 

96*0 

16 

97-7 

100-6 

93-2 

16 

94*4 


94-0 


TABLE Vn. 


The Percentage of Girls’ Weight to that of Boys. 






331 ! The Bodif lUdW nf Avierican-horn Japmme Chililrmi 


A'?K 





Fig. 17> The PoncnUgo nf Uirlx' BUiiiding Qetglil 
to thfit of Boyu. 


TtilK dit^r&m ehowa paiconlnge valui'K of KirU* Ktonding 
height, tnkioa tlie boye' itandiuK holKht an the niAiidaril or 
100”/, for wau age. The flKuroR poblialidd by the Minintry of 
Kcluoatioo of Japan are baaed upon age groniw lakuti fram one 
birthday to the next. For tlili reonan, tha j^lnui ara marked 
on the diagratn hilf-way between agcH. 



Fig- IH. Tlie I’erewJUgn of UirU' Body Weight to that of Boyi, 


Clermaa (Camorer'r. Fintoot) 

Amciioaa (U.8. Qover&ment'HoU'a} 

> < • < - Japanow (Bduoatlon Hiniitry) 

«- — Japanese {Amerioan-boru} 


TABLE VIU, Compamon of Rdatm Sitting Heights of 
Japan-bom and American-hom Japanese Childw. 


Ago 

Japanese in Japan 
(Figures of Drs THuruml, 
HakadaU, Yagl and 
Toyoda ooinbluod) 

Amerloan.bom 

Japanoae 

Doys 

Olrle 

Boys 

Qirls 

7 

07-B 

nr'«» 

6B‘7 

(IS-.1 

fl 

57*2 

67*2 

B4’8 

S4-0# 

f) 

50*4 

56-5* 

84*0 

84 -2* 

10 

56*0 

50-4* 

63'0 

B3‘6 

u 

55*4 

6B’8» 

fi3‘i 

68‘B* 

12 

54'B 

M'6* 

63-1 

63'3^f 

i3 

04-0 

56-1* 

52*7 

53-6* 

14 

63-0 

58 -3* 

82*8 

54'3* 

15 

53-3 

55-4* 

S2-0 

64-2* 

16 

54’1 

68 -8* 

63-0 

64*9* 

17 

04-0 

56*0* 

o3’6 

— 


Tbooe marked with an aeteriek ate inetaaoes tn which girls excel boys in alttlDg height. 
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Relative Sitting Height of American-boira Japanese 
and Japan-born Japanese co:npared 
A«e 



Relative Height of Anterior Superior Iliac Spine 
Iliae Spine Heleht ^ 


Stature 

Aon 



Fig, 20 (t. 

Amerionn-l 


Relative Leg Length, or — x 100 



Fig. 31 a. 


Percentage of Girls’ Relative Sitting Height to 
that of Boys 
Aon 



Fereeotage ot QiiU’ Relative Height of Anterior 
Superior Iliac Spine to that of Boye 
Aon 



Percentage of Girls’ Relative Leg Length 
to that of Boys 
Aqe 



..... Japan-born Japanese 

^hese Sgures are measarementa of Drs Mishima and 
Minayoshi oombined.) 

Fig. 21 b. 


Ameriean-bocti Japanese and Japan-born Japanese. 








;i;t8 Tht Hody IhiM of American bom JapaneM Children 


rdrocnUgo of Girin' Kncf' Joint Haight 

to that of Boys 
A(iK 



lloInUva Arm Spatii or 
Aob 



51 

50 

a 

I 49 
4 fl 
47 


Aelfttivo Ohest Olrcumforenoo. 
AmerloaD'born Japancaa 


RolatlTo Oliost Olroumforoooe, Japaueae 
Aos 


Adi 

52 

— 1 — ^ ^ 

7 8 9 10 II 12 13 H 15 16 

-1 rT’~| [ 1 1 — r — r t- f i 

51 

■ 

A ■ . ^ 

y » 

- ^ 

- "V'-.. * / — '"■■■■ 

.§ « 







" -- 


47 



- Boja 


Fig. 24 a. 


Fig. Uh. 
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Porcetitage of Girla’ Belutive Cheat Ciiounifeveuce 
to that of Baja 

Aok 



BetativB Bioristal Width, or x 100 

stature 

' Aou 


.. 7 6 9 10 H 1 2 13 14 15 !6 17 

1 8p \ T T ^ 1 1 1 1 I' l !' ’ 


17 



14 - 

I 3 I 

Boys Girlfl 


Paiceutagd of Girls’ BeUtive Bioristal Width to that of Boj’s 


Aos 



Pig, 2Sa. 


Ameiican-born JapaDeBS, 


Fig. 2!it. 


Parcentngfi of Girls’ Bektive AororoiBl Width to that of Boys 
Age 








;(40 The Ikuhj Jlinld of Amerkan-horn Japanese Children 

Th(.‘ luu'vos (if tlm jii‘rc(jnhit(;t;H of girls’ ahiture anil weight to tlmai! of boys 
(Tables VI, VII, B’lgs. 17, IK) niii the same goncml eiiurst!, whether they be for 
Ariiericans, JmiaiKjae, Aiiuirican-born Japanese or Biiropearis. The curves show the 
piX'-puhorly upheaval over the hoys' 100*^ line between the ages of 1 1 and 14 years 
ill sLiiLurc, aiul between 12 mill 15 years in weight It i« notieeahle that the curve 
of the Anierican-hnrn Japanese is slightly irregular on accnniit of the smailor 
nmnljer of observatiuna, Figures for Americana ns well as for Jupiinese we based on 
mcasuremonti of railliona; those of Qcrimina are thought to be ccjnaliy large; but 
thoae of Ainerioan-born JapancBo are only a little over a thousand. 'I’hat the ourvos 
of the Ainerionn-bom Jnpnnose girls show a sudden and rapid drop after reaching 
a nmxiinum at 12 yew's, may be explained os the general poor physical condition 
of the girls of 13 years or more. After making meaanreinente of the same group 
of children a number of times in the future, I may be able to offer a better ex- 
planation. The curves of the Gorman girls' acceleration tend to bo delayed for aliout 
2 years. This is probably caused by the delay in puberty on ueoount of higher latitude 
and colder climato. 

The relative sitting height of American-born Japanese is remarkably low when 
compared with that of Japan-bortis. It is known that this index is highest at birth 
and goes down with age until it roaches the lowest level at a dofinitB age and then 
again goes up a little. Bcaniaa) calls this index a "skBlotid iiidux" and finds it 
inverse in stature (that is smaller in taller people tlian in shorter). Ho found Whites 
and Filipinos to have about the same index and Negroes smaller. The skeletal 
index, according to Bean, reaches the minimal level between ages 10 to 16 and 
9 to 14 in American boys and girls respectively, and between 8 to 10 and 8 to 12 
in Oerinan-Amorioan boys and girls respootivoly. The minimal level for Amerioan- 
boin Japanese boys is reached at 16, and the same for Japan-born Japanese boys 
at 14, the minimum for girls being reached a year or two earlier in either case. 
(Table VIII and Fig. 19 a.) 

The percentage of girls’ relative sitting height is nearly at 100 % level at 7 years 
but it rises gradually till about 1.5 years of age, to the level between 108 and 104 
in both the American-bom and Japan-born Japanese, (Tablo IX and Fig. 19 b.) 

The relative height of anterior superior iliac spine goes up from about 64 at 7 
years to around 66 at 10 yearn of age, from than on there is no marked change, 
only the girls’ figures drop somewhat after 13 years of ago. 

The percentage of girls’ relative height of anterior superior iliac spine to that 
of boys is nearly at 100 % mark up to 11 years, then it drops off gradually. (See 
Table IX and Fig. 20 6.) 

The relative leg length of American-born Japanese is, in general, greater than 
that of Japan-born by 4'0 to 4'S, the general tendency of both being a gradual 
climb with age up to 10 or 11 yeans, after which it stays rather stationary. (Table X 
and Fig. 21 a.) 

The percentage of girls' relative leg length to that of boys runs just about the 
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TABLE IX. The Percentage of Girls’ RelaUve Measures to those of Boys. 


Ago 

Sitting 

Height 

Iliac Spine 
Height 

Leg 

Length 

Knee Joint 
Height 

Arm 

Span 

Chest 

Civonmf. 

Criatftl 

Width 

Aoromial 

Width 




Aincricau 

bom Japanese Children 



7 

99*29 

100*72 

100*74 

100*94 

\9<)*04 

98*71 

98*81 

10M4 

8 

100*82 

99-91 

99*87 

101*59 

TO*99 

101*59 

104*35 

101*99 

Q 

100*35 

99*78 

99*74 

100*43 

98*94 

99*23 

102*75 

102-47 

10 

9&*78 

99*82 

100*36 

98*88 

100*31 

99*02 

101*93 

100*55 

11 

100*61 

100*11 

100*77 

100-37 

100*30 

97*66 

102*83 

■i02*53 

12 

100*32 

99*66 

100*24 

100*21 

100*04 

97*28 

105*49 

102*23 

13 

101*67 

98*94 

98*89 

96*32 

98*76 

101*59 

106*85 

103*54 

14 

103*13 

98*46 

99*48 

97*14 

99*03 

100*23 

104*15 

104*15 

la 

104'18 

99*42 

100*38 

97*48 

100*60 

100*79 

108*57 

104*99 

16 

103*47 

98*23 

97-96 

96*66 

99*72 

98'65 

107*19 

100*16 

Japan-hoi’n Japanese Children 


100*16 


09*2 



98*1 



fil 

100-10 



99*2 

— 

— 

97*8 

— 




100*30 



100*6 

— 

— 

97*7 





loi 

100*70 



100*6 

— 

— 

97*0 





111 

100*79 

— 

100*4 

— 

— 

90-8 




12l 

101*21 



99*6 

— 


97*6 



— 

lal 

101*92 



09*8 

— 

— 

98*6 



ui ' 

103*16 



99*8 


— 

101*3 



isS 

102*97 



— 

— 

— 

101*8 




16$ 

102*62 

— 

— 

_ 

— 

— 

.... 



Tliesa are from 

These we from the figures of 

These are fi'oni 6)io figures 


the figures of 

Drs Mishitiia and Minayosbi 

publialicd by the Ministry 


Drs Tatinimi, Naka- 


combined 


of Education, Japan 


date, Yagi and 








Toyoda combined 








TABLE X. Relative Leg Length of American-horn Japanese (Jhildreii 
compared that of Japanese OJdldren in Japan. 


.Ago 

Am«ri«an-l>oi‘n 

Jftpftnrpn 

JaimncRo in Japan. 
Measurnments cF 
lira Mlflhima and 
Miiiiivvoaiu (Kunlnnod 


nitis 

Btiys 

Givis 

7 

52-3 

52-7 

49*2 

48*8 

8 

53*4 

53*4 

49*3 

48*9 

.9 

63*7 

53-6 

49*5 

49*8 

10 

54*6 

' 54*8 

49*6 

49*9 

11 

54*7 

55*1 

49-7 

49*9 

12 

54*6 

04*7 

50*0 

49*8 

13 

54*9 

64*3 

50*0 

49*9 

14 

54*5 

S4*3 

00*5 

49*9 

15 

54*2 

54*4 

— 

— 

16 

64*3 

53*2 


— 





:ii2 The fiadi/ liidld of Amrrican-horn Japaui'sf ChUdren 

Hiiiiii! coui-Ho in Ainoricaii-born lus in Japiui-bom Japinrap. Tin; girts excel boys 
between i)| anil 12 yeiira of age. (See Table IX und Pig. 21 li.) 

Tlie relative knee joint height of Amcrican-bornJajianeae shows a slight inoretuvo 
with age. The jicrcentage of girl*’ relative knee joint height to that of hoya him 
a downward tendency, being above the boya' level at 7 yeara and dropping down 
to about iJO'f) at 18 yoara of ago. (See Table IX and Fig. 22 h.) 

The relative arm span of American-born Jaijaneso. climbs up from il8 to 102 in 
the course of years 7 to 17. The values for boya and girla are nearly the sauie. 
(Sea Table IX and Piga. 23 a— 6.) 
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The relative chest eirouraference takes a course first down and then up, the 
lowest level being at 10 to 11 years in the case of American-bom and at about the 
13th year in case of Japan-born Japanesa There seems to be a grefiter difference 
between boys’ and girls’ figures in Japan-hom Japanese than those of Ainerioan-born 
Japanese. (Table IX and Fig, 24 c.) 

The relative bicriatal width and the relative acromial width of American-born 
Japanese are kept almost at the same level all the way through the ages 7 to 17. 
The percentage of girls’ relative values to those of boys is always above the boys’ 
line, and the general tendency is a steady climb. (Table IX and Pigs. 25 h, 26 6.) 

TABLE XI. 

American Native White Stock {Third Generation NaHve-hom). 


Collins iind Clark, U.S. Public Bealik Reports 44; 18, 1059, 1929. 


Ago 

Standing Height 
(cm.) 

Sitting Height 
(om.) 

Chest Circumf. 
(cm.) 

’Weight 

P<8-) 

Boys 

Oii'ls 

Boys 

Girls 

Boys 

Girls 

Boys 

Gills 

7 

119-6 

118-D 

C3-8 

03-3 

59-3 

5B-1 

22-6 

' 22-1 

8 

12rrl 

124-3 

66-0 

65*5 

KfisiH 

59-1 

25-1 

24-3 

9 

130-2 

129-4 

68*0 

67-5 

-62-6 

61-3 

27-6 

27*1 

10 

136-1 

134-6 

69-8 

69-5 

64-3 

63-2 

30-4 

29-8 

11 

139-0 

140-1* 

71-5 

71-9* 

66-2 

65-8 

33-3 

33'7* 

12 

144-4 

146 -O* 

73-3 

74-4* 

68-1 

68-2* 

36-4 

37-8* 

13 

150-0 

162-0 

75-5 

77-6* 

70-7 

71-1* 

40-5 

43-0* 

14 

166-6 

156?5 

78-2 

79-6* 

73-0 

73-3 

45*1 

46-8* 

16 

1S8‘9 

167-0 

79-8 

80 -S* 

74-4 

1 

73-7 

47-3 

49-6* 

Actual Mcciu Annual Increment 

7~ 8 

5*6 

5-8* 

2-2 

• 2-2 

1-6 

1-3 

2-6 

2-2 


5-1 

6*1 


2-0 

1-6 

1-9* 

2-8 

2*8* 

9—10 

4-9 

5-1* 

1-8 


1-8 

1-9* 

2-8 

2-7 

10—11 

'4-8 

'5-6* 

1-7 

2-4* 

1-9 


2-9 

3-9* 

11—12 

4-5 

6-9* 

1-8 

2-5* 

1-9 

2-4* 

3-1 

4-1* 

12—13 

6-6 

6'0* 

2-2 

3-2* 

2*6 

2-9* 

4-1 

5-2* 

13—14 

6-6 

3-5 

2-7 

2-0 

2-9 

2-2 

4-6 

3-a 

14-15 

3-4 

1-5 

1-6 

1-2 

0-8 

0-4 

2-2 

2-7* 

Percentage Increase per year 

7— a 

4-72 

4-87* 

i 3-47 

3-65* 

2-84 

•2-25 

11-03 

9-98 

8— 9 

4-08 

4-11* 


2-97 

-2-53 

3-2B* 

9-96 

11-57* 

9—10 

3-76 

3-94* 

2-65 

2-97* 

2-85 

3-05* 

10-06 

10-27* 

10—11 

3-54 

4-20* 

2*46 

3-53* 

2-98 

4-17* 

9-77 

13-02* 

11—12 

3-19 

4'19* 

2*48 

3-51* 

2-98 

3-67* 

9*09 

. 12-17* 

12—13 

3-92 

4*13* 

311 

4-23* 

3-65 

4-25* 

ri-61 

13-60* 

13—14 

3-67 

2-28 

3-55 

2-68 

4-18 

] 

2-98 

U-37 

8-63 


* Those marked with an asterisk are iostances in whioh girls excel boys. 





3+4 The Jiodi/ Build of Ameriran-bitm Jajmtmc Children 

'I'hi* sittitij; height, anti the anterior superior spine height arc nearly thn wrnie 
in Hiinic chililren, but not in all. A child may be either one of these, i.e., those 
iiioiu'iun.'iiitints are nearly eriuaJ, or the iliac spine height is greater, or the sitting 
height i.s greater. Whether tlKiise types, if they may be m called, have sonn-thing 
to do with body types of children, is yet to be determined. Fur the present, I will 
just divide the boys and girls of the Americaii-bom Japanese inui these three 
tyiiea, vis,: 

i. Iliac spine plus type. (Where the iliac spine height is greater than the 
sitting height.) 

S!. Equivalent typo. (Where they are equal within O'.’S cm.) 

3. iSitting height plus type. (Where the sitting height is greater than the iliac 
spine height.) 


Aantial InoromcDl in 8tda:iili(t Height 



Actual Annual laeremimt in Silllus Height 

om.|— , 1 1 , 1 p P 

4 



Actual Annual Increment in ChoKl Clrunnifoi'cncu 


flOOtO — 



kg. 

& 

9 

4 

3 

2 

1 


Actual Annual liiorompnl in Body Weight 

^ j.,, 



Boys - . , . - Girls 


Pig. 28. Amerioan Nnlive White Stock 






TABLE XIII. Actual Mean Annual Increment of other Measures 
than those listed in the last Table. 


Anterior 
Iliao Sp, 
Height 
(cm.) 

Leg Length 
(om.) 

(cm.) 

Knee Joint 
Height 
(om.) 

Arm Span 
(om.) 

Bicristal 

Width 

(om.) 

Acromial 

Width 

(I<bO 

Boys Gills 

Boys Girls 

Boys Gills 

Boys Givia 

Boya Givis 

Boya Girls 

4‘-l 2-B 

4-4 2-8 

-1-8 1-2 

6-3 5*4 

0-3 1-0* 

0-9 0-7 

3-0 2-8 

2-9 2-6 

1-6 1-2 

6-2 3-7 

0-8 0-5 

0-8 

4*4 4‘9* 

3-8 4'8* 

2*3 20 

6-2 a-8* 

0-7 0-7 

1-3 1-0 

2-6 8'2* 

■2-8 

0*9 1-6* 

4-4 6-l» 

<1*6 0-8* 

0-4 1-1* 

2*4 4*3» 

2*4 4'1* 

1-2 2’2* 

5-0 8*7» 

0-6 1-7* 

1-3 2-1'^ 

4*2 0-9 

3*8 0-9 

30 0-2 

8-2 2-8 

1-1 0-7 

1-3 0-7 

4-9 1*7 

4-5 1'6 

1'9 0‘9 

9-4 3‘4 

1-9 0-0 

2*0 1-2 

2-6 0-8 

2-2 0*6 

1-2 0-1 

4-9 2-4 

0-4 0-7*^ 

0*8 0-1 

0-3 0‘0 

0-4 0-0 

0-1 0-1 

0-5 0-6*^ 

0-3 0-2 

1-2 -0*1 


10—11 

11—12 

12— 13 

13— 14 

14— 15 


* Those marked with an asterisk are iuBtanoes in which girls excel boys. 
Biometrika xxv 






346 The Body Build of AtMTican-born JapawM. Children 

Tht! porct'iiUgt; of tho number «f cfich type at each age and mx ia given in 
Fig. 27, So far I have not Keen reporta of this tiatnro by other investigatora. 
I cannot thorefons make any oomp&riaon or draw any eonefnsion. One may ace, 

Aoltial Annu&} Inoretiuml in HUutdint; Hc4(ln 




Aatunt Ajonaal Inercm«»lo{ OhB»l CiroutnfemM 

cm. 



kg. 



Pig. 29. Amerlc&n.bom Japanese Boys and OSrlt. 


however, that the maximum of iliac spine plus type in the boys is reached at ages 1-3 
to 15, while the maxiirmm of the same type for the girls is reached at ages 10 to 12, 
though less pronounced in degree. The equivalent type seems to have no significance. 
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Collins and Clark ( 21 ) pulilished valuable data on American native ■white stock 
(third generation native born children), for which they calculated actual mean 
annual increment and annual percentage of increase, in stature, sitting height, chest 
circumference and body weight. (See Table XI and Fig. 28.) Girla seem to have 
greater actual annual increment than boys during the ages between 10 and 13. 
These figures are based on measurements of 28,074 chiJdre 2 L My figures on the 

Actual Annual Incruinetit in Anterior Superior Spine 


^ C) fv) ^ 



Actual Annual Increment in Leg LeogUi 



Boys . - . . , Girls 


Fig. 30. Ametican-born Jopanese. 

measurement of a little over 1,000 children may not be worth much, but I publish 
them here (Tables XII end XIII, Kgs. 29. 30 and 31), simply to show that at least the 
girls’ annual increment is decidedly greater than that of boys in all measurements, 
at the age of 12. 

In conclusion, I have computed the index of measurements of the American-born 
Japanese, taking the figures of the Japan-born Japanese as a standard, thus; 

Measurement of Ameri can-born x IQQ 
Measurement of japan-born 


23—2 




348 The fkithj liuild of Ameriran-hom Japam ne ('hildreM 

!ui(l friurul that, in stature, the Artiericftn-lwtti are higher by tj te 7%, ulfchnvigh 
girls rlrep te at the age of i4^. The relative sitting heiglil. of Aitiericuui-born 
is beluw that ef Japan-born by 4>^ up to 11^ ycai's, after whieh it climbs up to 
about —2%. The relative leg length of Ameriettn-born is more than greater 
at 7 years than that of Japan-bom, and rises to 10 at 11^ years. 


«a3 



a 

7 •• 

6 - 
5 '* 
1 - 

1- 
» - 
I •■ 

(jL 

cm. 

V-l 

4 - 
3 - 

2- 



Aotiinl Anaufti iDtsrvmoni la Arm Hpau 
O* O J2 

00 o- o ~ m A *r 

^ j^. , .tp. 



Acluftt Annttfvl Incrumcul In AoromUl WiilUi 

••' j } I r • r '• - •,•• 



om. 

10 

9 

a 

7 

6 

5 

4 

3 

i 

1 

0 


Actust Annual IncroaM ot BicriataJ Width 

■• T*-' ; ■’'■1 — -T " — r r 'ii ■ \ 



— Bo^b Olri» 

Fiy. at. AmoHoiui'bora Japanese 




Tlio alisst circumference of Amerioon-bom oUnibs from I % plus to 9 % above 
that of Japan-born at the ago of 14i in coao of boys, while the girls' figures are 
generally higher, i.c., rise from 1 % nt 7 years to over 10 % at 12J years, then drop 
to 5 % at 14J years, 

The body weight of Amerioan-bom ranges from 19 to 20 % above that of 
Japan-born in the esse of boys. The girls' figures are lower than this by 2 to 3 %. 
but the lowest level at 14J years is still over 9 % above, that of Japan-born. 
CTable XIV and Pigs. 32. 33.) 

Taken as a whole, the difference in body build of the Ainerioaii-boru Japanese 
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TABLE Xiy. 

Index, Values of American-horn Japanese, with Values of Japan-born 
Japanese Ghildren taken as a Standard. 

The figures of the Amerioan-bom Japanese are increased by ^ annual increment 
in order to raise to tbo age of the .Tapaneae which is year+^. 


Age 

Stature 

BeL Sit. 

BeL Leg 

Chest Giro. 

Weight 

Bo^8 






74 

106'00 

96*87 

106-30 

101-26 

119*69 

Ri 

106-63 

9.5-28 

108*32 

100-86 

119*43 

9| 

106*88 

95*75 

108-48 

104*00 

121*64 

io| 

107-13 

95-71 

110*08 

105-60 

124-70 

111 

106*74 

96-03 

110-06 

106*42 

123*36 

I2| 

107-17 

96-90 

109-46 

108-70 

123-69 

13| 

108 -22 

97-69 

112-36 

108'92 

126*18 

14| 

107-D4 

9814 

109-00 

109 -50 

122-66 

Average 

7'04 

-3-47 

9-26 

6-64 

22-66 

Girls 






7i 

106-82 

96-01 

1O8-0O 

107*01 

118-38 

8| 

106-38 

95-93 

109-20 

106*81 

116-26 

9X 

106-89 

95*93 

107*63 

106*77 

118*92 

io| 

107 -20 

94*86 

109*82 

107-24 

119*67 

111 

107-90 

95-71 

110-42 

109*38 

126*28 

12| 

107*03 

96-04 

109*84 

110*70 

125*48 

13} 

106 -20 

97-28 

108*82 • 

108*44 

117-90 

14} 

103*52 

98*19 

108*62 

104*77 

109*34 

Average 

0*37 

-3-75 

9-04 

7-64 

18-90 

Average fori 
both sexes / 

6-7 

-3-6 

9*15 

6*64 

20*8 


(the so-called second generation Japanese, as their parents are of Japan birth) from 
that of Japan-bom children is, in round nutnbera, 7 % higher in stature, 4 % shorter 
in relative sitting height, 9 % greater in relative leg length, 7 % greater in chest 
circumference, and 20 % heavier in weight. 

Both parents of these children were full-blooded Japanese burn in Japan in all 
instances. There were only a few pupils of mixed Japanese and Caucasian parentage 
in the two schools where measurements were made, and they were not included in 
the present investigation. Even here in America, the intermarriage of Japanese 
with other races is very rare, as the Japanese community is fairly large and Eurasian 
children are unusual. 

The children in this investigation are certainly growing faster, that is taller and 
heavier, age for age, in comparison with children in Japan. It seems very likely 
that they will grow up to be taller and heavier adults than native bom Japanese, 
inferring from the height and weight attained by these children at 16 or 17 years 
of age, which were already greater than those of adult Japanese. 




Hoti The Hudy Hiiild of .Unencajidmrn Japanmc (duMren 

A lew ynirs ivp», I uuvisnn’jl a humirtHl ywuri^ r^f Anierityin birth 

whiisf \v*Tt' HI yciits :unl n[ivvanls, itn<l fiiHTul tlunii to fatlu-m in 

height liy nu ii\«'rag«j uf nitm- thnri 3 inctu^K W]i<*ri 1 have meaijttrefl tha chihlrxiri 
uf the iHVNeiU Mtiuly anuimlk f««r «, few yearw. I expert t*> able Hi rejKUt rnare 
tielinitfly what tlu'ir iiUiiimte sUiUirc um? weight will be. 


113- 
112-- 
1 1 1 — 
110— 
109— 
IM— 
107“"’ 
i06— 
105— 
104 — 
103- 
102— 
101 — 
100 


«'? 9.^ UlJ lli I2j IJJ 155 

i I i i 1 i I I 


I I r I I I I I 

/A 


• ..... Qtrla 

m. as. 


IVw'tiUMte of fitalun* of Annaicfln.born 
Jn])flno«<L' ovur ■tnpa.n Utjni 


■i Mf .fui>»n'h<>rii 

; PiTwulrtKi* uf HtiiliiK lU'igtit of 

I Anv"rio*n-h<irn Jttiwum; Uavl of 


pHttH’DliiiiO of JUInfivi" f>i^ I>cnRkl) uf 
Aiuerionh'bura Japnnemft ov«r UiAfc uf 
Jivpan.bnm Jat^Ano*!! 


Levdl of ^np&n'lKim JapaDinm 


Prof. K, Peirson tell# me in a porsonal cammuiiioation of his experienoa ffitb 
two tall Japanese, who said their stature was quite usual in the ease of the Jaiamoae 
island from which they came. I am not aware of any island in. Japan which is 
noted for a higher ataturs of its inhabitants. As far as I know, the people of Japan 
cannot be divided into racial groups, with the exception of the Aiiiua in the extrotne 
north. The latter are not included in the present study. Parents of the children in 
this work come from all parts of Japan, and they may be regarded aa representing 
the pure Japanese race. The Japanese Qovemiuenb measurements were performed 
under the supervision of Dr Yoshida, who follows Martin's method as I do. The 
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Qovernmeat measured tke school children from all over Japan^ that is Japan proper, 
where no different races figured, annually for a number of years. Therefore I think 
I am justified in making a comparison between my measurements and those of the 
Japanese Government. 



Boys ..... Girls 


Fig. 38. 


No appreciable difference is showiiin stetnre and weight between sooial and 
labouring classes in Japan. Of course, the weight and stature must be greater in 
better nourished children of well-to-do femilies when compared with those of 
paupers. In any case, my figures as well as those of the Japanese Government 
measurements cover all classes. 




852 The liodii EuM of Anwrkan-boni Japaneee Children 
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I, Introduction. 

(1) The Testing of Statistical Hypotheses. Statistical theory which is not purely 
descriptive is largely ooucerned with the development of tools which will assist 
in the determination from observed events of the probable nature of the under- 
lying cause system that controls them. The measured characteristics of quality 
vary from unit to unit, and the statistical technique is required to analyse this 
variation and covariation to break it, into parts' with which may be associated 
assignable causes, to test and compare alternative hypotheses, and to express the 
resulting conclusions in terms of measures of probability. It will be found that 
some of the most recent generalisation of theory has resulted from an attempt to 
provide critical tests of increasingly complex hypotheses. We may trace the develop- 
ment through a chain of questionings: Is it likely, (a) that this sample has been 
drawn from a specified population, P ; (6) that these two samples have come from 
a common but unspecified, population; (c) that these k samples have come from a 
common but unspecified population? Again the population P may be (d) com- 
pletely specified or, (e) only partly specified, e.g. its mean is given but not its 
standan^ deviation ; or when there are a number of samples we may allow the 
means in the sampled population to he different and question whether the standard 
deviations are the same. Another line' of advance is from (/) problems dealing only ' 
with a single variable, to (g) those in which there may be a number of correlated 
variables. 

Now we may frankly admit that in so far as the technique is to be used in 
handling data broken up into small groups, the recent theoretical davelopments 
assume normal variation. But to place the procedure for testing statistical hypo- 
theses on a firm logical basis under one set of simplified conditions, is in itself an 

* International Besearcli Fellow in tfathematlcB. 
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ivchif veimmt nf aoiiie valui;, iinii ptrhajw the most pnuliail line of mlviiiins: w the 
following 

(fi) To establish wlintwe may term "normal theory" 

(b) To gtvidy in a more syntcmatic way than Im* been attempUirl the extent 
ot dei«U'tm-e from normality mot with in tlilTcrent fiehlB of application. 

(c) To examine how mpidly normal theory tots tx.(came iiisRicient as the 
form of variation and covariation departs from the normal, and to determinis the, 
nature of the errora in judgment that will arise if thise teats arc. still used, 

(2) The Anedyeu of Vananee. R. A. Fisher's methods of Analysis of Variance 
may bo regarded from thu following viewpoint: 

(a) In any given problem it will generally be fxwible to specify certain factors 
which may be the euuse of jiarb of the variation, while there will be a residual iiart 
which, in the slate of knowlodga at the moment, must be regarded as due to un- 
identifiable or chance oauaes. 

(!)) An experiment may be designed to test whether a oertnin factor is otxu'a- 
tive or not; for example: 

(i) Do differences in manurial treatment affect the yield ef atimo variety 
of cereal? 

(ii) Does modification in the production process alter the ijuality of out- 
put of some manufivolured product? 

(c) At the same time, in addition to those factors svhoso influence is under 
investigation, there may be other assignable causes of variation inevitably present, 
the effect of which would bo obscuring were it not eliminated. Thus, for example, 
iu the illustrations given above, there might be 

(i) Variation due to changing soil fertility, 

(ii) Variation duo to differences in the skill of operatives or in the state 
of wear of machines, 

(d) It follows that it is often possible to regard the variation in a oharaotsr 
a: as made up of parts due to different assignable causes A, B, C, and of a 
residual part which, for the time being, we must attribute to.ohan«e causes. This 
may be expressed as follows; 

s:t.n, “ttu + 6* + Cm,H- (1))* 

where is the character of the t-th individual of a group of Sn, all of 

which receive the same contribution Ou from the A factor, the same contribution 
f)„ from the B factor and so on. Xj, represents the residual term. In so far 
as the causes of variation are assignable, this grouping is possible. 

* (The reader vvaet bear in mind that for (1) to ba trne the effeet of the oauaea At B, Cf, on the 
obaraober x must ba additive. For example, the teal efteot of A. and S mlgbb load to a ratio ajbg Lu 
tlie expresaioo for «, v, w, i in vhicb case tbe aoaoiaption of an additive relation vroold involre tbe 
influence of B, C, ... appearing in -Xj.w, ...» Ed,} 
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(e) The technique of .analysis consists in arranging the data so as to test 
vsepavately for the presence of an A factor, or a B factor, etc. as desired. This is 
effected by obtaining in each case two estimates of the unknown variance, cr^, of 
the residuals X, which would differ only through chance ffuctiiations if changes in 
the particular factor had no influence on variation within the limits covered by the 
experiment. 

This method of analysis ia based upon the assuttiptions that the residuals X, 
(a) are normally distributed, and (i)have the same standard deviation, o-, whatever 
be the values of the berms a, b, c, eta, that is to say, for all combinations of the 
assignable causes. We may be justified in accepting this to be the true position in 
very many practical cases, but it should be recognised that the method outlined above 
does not put these assumptions to the test There are indeed a number of problems 
in which (6) is not true and where the discovery of significant differences^ from 
group to group, in the variation among the individuals, X, may lead to the identi- 
fication of further assignable causes of variation. Such has been found to be the 
case, for example, in the analysis of variation in quality of articles in mass-production 
industry. Further, we may be concerned not only with a single variable a;, but with 
a number of correlated variables a:, y, 2 , .... and we may then need to examine the 
stability from group to group of the covariation as well as the variation among 
residuals X, X, .... 

(3) An Illustration of the Problem. The purpose of this paper is to develop 
certain methods recently suggested for dealing with these problems*. We shall 
treat here only the case of two correlated variables x and y, and shall suppose 
that the observations have been divided into k samples or groups. The problem 
will be to test whether those groups can be differentiated owing to significant 
differences either in the average values of x and y, or in the variation and covaria- 
tion of the residuals within the groups. The choice of suitable criteria, i.e. of the 
teats to be applied, has been based upon the use of the principle of likelihood as 
suggested by J. Neyman and E. S. Pearson. More recentlyf these writers have 
suggested a more fundamental method of determining the most efficient test of a 
statistical hypothesis; this method of choice h}is been shown in many cases to be 
identical with the method of likelihood, but in the particular problems wc are now 
considering the correspondence has not yet been established. 

The following example, which is treated more fully below, will indicate the 
nature of the problem. In certain cases of manufacture tests of quality are destruc- 
tive. Such, for example, is a test for breaking strength; it is therefore important to 
find an alternative correlated measure which may be used in its place in routine 
testing. In dealing with metal products a measure of hardness, based on a best 
which is not destructive, is sometimes used as an index of tensile strength. If, 

* For the caac of a single variable: aee J, Neymaa and E, S. Pearaon? Bulletin de VAcad^wie Bolonaise 
des Soie 7 iCf.a et des Letirea, Sdrie A, 1930 and 1981. For the case of many variables, see S. S. 'Willta: 
Bmne.trika, Vol, xxiv (1982), ]jp. 471 — 404. 

t Bhil. Trims, of the Royal Soc., Series A, Yol. 231, pp. 289—337. 
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however, we arc tii proilict atrengLh from hardnew, using the correlation method, 
it is usaentiiil that the degree «f rclaliotiahip iKstwemi the two (jiialitiiw ahtiiild 
remain stahle. It roust not change from one plant to another i»r from one month 
to the next; in iithsr words a proliminniy reaearch investigation should not only 
be cancernBd with changes in average atreiiglh and hardnosa which tuui ho attributed 
to iwBignahle aausea, but also with the stability of the rawarialion among the 
residuals X and F. Table I shows ii preliminary atalisticnl analysis of 60 (lairs of 
test results made on a wrtain aluminium die-casting, divided into S groups of 
12 pairs. Within a group the assignable causia of variation aru believed to bo 
constant, but it ia noceaaary to analyze not only the figures in the 2nd and 4th 
columns, hut also thtwo in the 3rd, 5th and 6th. 


TABI.E I. 


vDato for Aluminium DU-Cuxlingx^ . (liarnglu uf 12 observaiiuns.) 



Tonaile Strength 

Hardnaae 

‘ j 


(10® lb. [>cr »q. in.) 

(llockwuire K) 


yatnnia 






No, 

Mean 

BUtidard 

DovtaUon 

Mean 

BMtndard 
ilcvintiiin ; 

Correlalioil I 

1 

33-300 

a-noft 

B8‘<4n 

lu->» 

0*BH3 

s 

s»' 2 in 

4*ai8 

88*02 


0-KTB 

3 

30‘313 

2*188 

Bfl*5T 

10*17 

n*7M 

4 

33nft0 

3*954 

76*12 

ll*OK 

fr7J.'! ! 

6 

84-209 

2*715 

«9*D2 

U*«8 

0*805 


II. Dbrivation or the Critbru. 


(4) Wo shall suppose that each of k samples, 2i, 2j, ... 2*. of two variables m 
and y has boon drawn from some normal population. Lot rri be the population from 
which 2i has been drawn and lob the means of * and y in ir, be a, and 6i, the standard 
deviations <r« and <r„t and the correlation ooeffleiunt 1, 2, ... ife). Thus, the 
distribution law of iri will be 


.( 2 ). 


_ 1 r(»-«i)\(!(-ti!!.2s,(*-»,iir *'-n 

V ffw* »*t»« J 

2vr<riM!r#(Vi-pt* 

Therefore, the probability ef the joint ocourronoo of the samples 2( from their 
respective populatioua ir, (i - 1, 2, . .. is), with values of ® ajid y falling in the intervals 
ti. ± <&>!., ya±di/i, (a-1, 2, ... vij, t-1, 2, ... It) will bo given, except for infinitesi- 
mals of higher order than dxi, and dy,., by 


1 N27r<rj 






e-^dXclF 


( 3 ), 


* The data are taken ftrotn W. A. Shewhart’a JSeimomte C&nirol of Mmv/aelured jh^duU^ Macmillan 
19B1. Although they would hardly be adequate for a research Inveatigation in praotlee, they are auggeetlve 
and provide a good iUnetratlon oi method. 



in whicli 


BaoN 8. Pjsaeson anb S. S. Wilks 


367 


|9 = 2 jii 


+ (ail - atf s ^^ + (yi-bif _ 2p, + (i c, - a ,) (;/, - &()]' 


where x, and yi are the means, s^t and Syt the standard deviations*, ?■( the correlation 
coefficient ot x and y, and the number of individuals in the sample %t, and 

k 4M 

dXdY== n ri dast^dyta. (6). 


We shall now consider the derivation of criteria for testing the following three 
hypotheses concerning the populations Tr^: 

(i) The hypothesis II that the populations vt are identical that ia, that 

= = Pt — p .(6), 

ht = h (t — 1, 2, ...^) (7). 

(ii) The hypothesis Hx that the samples have come from populations with the 
same set of variances and correlations but having means with any differing values 
whatever, that is, that (6) is true whatever may be the values of the means 
and 


fiii) The hypothesis that the samples are from populations in which (7) is 
true, when it is assumed that (6) is true. 


These are generalisations to two variables of the three hypotheses considered 
by ‘N’eyman and Pearson •(■ for the case of k samples of a single variabloj or they 
may be regarded as special cases of the more genenil problem whose solution has 
been considered more recently by Wilksf. Thus, it will only be necessary to indicate 
briefly the steps involved in applying the method of likelihood to detormino criteria 
appropriate in testing ff, Hi and ifg- In ®ach case we must fix : 

(a) The class fl of admissible sets of populations tti (t = l, 2, ... h) from one set 
of which the set of samples is assumed to have been drawn. 

(b) The subclass to of Xi to which the set tt* must belong if the hypothesis tested 
be true. 


Then we must find the maximum of G in (3) for variations of the population 
parameters under the assumption that the set -n't is (i) a member of XI; call this 
(7(X2 max); and (ii) a member of cv; this we call (7(cw max). Then the expression 
for the likelihood of the composite hypothesis H has been defined to be 


^ 0(<«>max) 


.( 8 ). 


Let ua consider this X-criterion for each of the hypotheses H, Hi and Hz. 


* Here and thxonghovit the paper the standard deviation in a sample of n will be defined by the 
relation (a? - 2)®. 

t BiclUtin de I'Academie Polonaise deg Sciences et des Lettres, S6rie A, 1931. 

X Loc. cit. 
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(i) ciriterion for H, Wo find that (7(11 max) occuni when 

(!t). 

pi*"', (e-1, a, ... i'1 (10). 

and max) occurs when 

...,....,,( 11 ), 

cTjj* a® r;n(j tJiia 4 




«hB« 


Wniio » S 2 (jJi, - x,)* » Wsrt* 

1=1 «»i 

T/nno-S 2 (i/„-i/g)* ~ 


..(li). 


iVtiuo .sis (r,. - fSj) (yj. - J») ■= V''0 

/-I n"! 

that ia to aaySo.Jo.Srf.^jo^ndroaretho means, atandard deviations and correlation 
coefficient obtained on combining the N pairs of observations fbom the k satnplM. 
B’urthor 

Nviu "22 (*u - ®i)* ” 2 nit a* 

Wtte.“2 S(J(,.-F,)*»2«,«„‘ ^ (15), 

i: M 

iWis,- 2 2 2 niSa«,<r, 

t»{ *011 /<*1 

* * 

i^Wavi » X ni (55< - Sio)\ Nomji . » S % (j{), ~ jfo)*, » 2 Vi -* ^o) (.'A ” yo) 

£«1 <-1 tiel 

( 16 ). 

We shall write for each sample (< « 1, 2, ... k) 

rnm ■" ^ (*(. - iSi)* - ii.Vm “ i (pa. -<)()*“«( «/ I 

dBl ««1 [ 

Ml 

fttUiju « ij) {yu - 3?()“ 

Plaoiag these vaiuoa m (3) and taking the ratio aa defined by (8) wo find, 

*■ 

x^*» n 


,.{17). 


where* 


li'yil: 

Isjyil* 


«U1 flM 

m t«(| 
t^uo 

vaol 


(18). 

«.rtV(i-n*) (19), 

»«V(1-V) (20), 


* For conveuioiioe we shall call | v^ji { the geaeraliaed Tariauee ol the i'th sample with elements liavlog 
Mf-l degrees o( freedom. Similarly, |vypl, and will be genemliaei varlancea derived from 

the oombined samplas, with elements having fe - 1 and aV - k degrees of freedom resliectlvaly. 
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(ii) Criterion for We find that 0(fl max) occurs for the same values of the 
parameters as in the case of JET, namely, those given by (9) and (10). G(w max) 
occurs when (9) is true and when 

“■»*=**!«. o-«ir„p = «)i2a (21). 


Thus it follows that 




•(22), 


where lvy„| is a determinant analogous to those of (19) and (20). 

(iii) Criterion for J/a. (7(0 max) occurs when (9) and (21) are satisfied and 
0{(o max) when the parameters have the values (11) and (12). Consequently 


A-H: 


* _ I d" ^ijm 1 J 




,.(23) 


As in the case of the single-variable problem we observe that 




,.(24). 


III. Interi;*betation of the Criteria. 

(6) The Hi test. We note that the structure of each of the Vs given by (18), 
(22) and (23) differs from that of the corresponding of the single-variable 
problem only in that determinants of the second order matrices of. variances and 
covariances appear in place of the corresponding sums of squares in the single- 
variable case. '■ In other words, determinants of the second order now take the place 
of determinants of the first order. 

We shall first examine Xg,; in testing Hi we have assumed that (6) is true 
and logically we should first consider the grounds for this assumption, if necessary 
by testing Hi, The test of Hi is, however, related to R. A. Fisher’s tests in the 
analysis of variance, and it will be clearer to consider this first. 

A \-criterion must lie between 0 and 1, and if the principle underlying the 
selection is valid, as it decreases from unity towards zero we should be more and 
more inclined to reject the hypothesis tested in favour of some one of the admissible 
alternative hypotheses. How far do our intuitional requirementa appear satisfied by 
Xu,? The ratio of determinants 


is of the form of .the ratio of Theorem I of the Appendix, if we set = Aij, and 

= = (26), 

It follows that 

(a) 0 1; and when luij»| > 0; 

(b) a necessary and sufficient condition for Xaj = l is that = ^t = yo 
(t = 1, 2, ... k), that is, that all the sample means be the same; 




,.(25) 
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(f) a iH'rawmu-y mul mifficiimt ctmdition that Xh, •* 0 is that at Irawit otU! of 
thp ilitlBR'iicex .C( — .T|i, >/, — I/O (t»» I, 2, ... k) b« iiifiniU!. 


Ill call alwi lie shown Viy the urdinnry mcthmis of differentintiini that Xy, cannot 
liavu nuy other iniuiiinirti but that of unity (occurinK wlien ji, •« .1=0 ond y, » for 
any given valiteK of the In fact tho maxiinmn in the only slatitmary point. 
Tlierofiira, if we keep the intm-samplo varinliou the same, and allow the Bystem to 
vary fnnii one in which all of the sample means are Kjiml to the other oxtroine in 
which at least one sompie mean differs very greatly fi-om the incan of the whole, 
A-n, will at the sanm time docroaue from 1 to 0. 


The ease where I I “ 0 

needs Rpecinl cnnsideralian. Tho determinant is lisscnlially of the form 

j j 

I Sj/m* I 




.(2K), 


whore 


s , i,.- 

I In'l 


(ifl. 


•fl) „„,1 ^ „f.VM 

ViV 


?/r>. 


which can vanish only when f(o = ci/i„. i.o. when f,, un c (yu — i/() where c i.s a 
constant for all i and a. which may be finite or infinite. In this cb»ii the obBcrvatioii 
pnlnUi (*„, t/ia) fur each sample lie on a straight line, and tile lines itro all parallel. 
If c - 0 tho lines will be hociaontal as in Fig, 1 (a), if c »■ i =0 they will ho vurtical 
as in (/)), otherwiso tlioy will bo sloping ns in (c)*. Hypothesis //, is exoiiwlingly im- 
probable (and 0) unless thaso lines coincide, which will occur only when 
iCte-So” c(yu. -?/„), 

that is when 2( - Sj «o c (j/j - f/,). In this case Xjj, •• 0/0, ami wo are really reduced 
to a single-variable problem, and could apply the appropriate H, test for that cow. 
It appears therefore that the criterion docs satisfy our intiutiomU requiremontB, 
at any rate as far ns the limiting values 1 and 0 are oonoernefl. 


(8) Alternatives to X^,. In the one-variable preblam Xjj, is expressible in terms 
of 7)*, the squared correlation ratio, and hence also in terms of 1 — r;*f. In fact, using 
tho present notation, and considering the ® variable only. 


"Ufl+fuin VUa + eUin 


cm 


and consequently it is immatoriai which of the two ratios is regarded as tho 
criterion, hi the case of two variables the correspond iiig ratios will bo 


1^0,1, 1 .lU.v r a /i>o\ 

Ri/ii+»0ni| ’ |v«» + 08wl ^ 

but hero (/j cannot be expressed as a single valued function of As will 
be shown below, the sampling distributions of both ij and tl) are very simple 
functions, and it is natural to ask whether Hj might be used as an alternative oriterion 


* In tho diagram tho spots reprewat observation points (». y) and the oiicles reprwent moanB of 
samples. 

t Actually s 1 - 
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for testing hypothesis decreasing from 1 to 0 as the hypothesis becomes more 
and more likely. It can he readily seen however that IT^ is not a suitable criterion. 
Suppose that the are finite and not zero, so that there is variation within the 
samples; then when This may occur, 

(a) When and for i = 2, ...fc, i.e. when the means of all 

samples tend to coincide, and hypothesis is probable. 



(6) But since | is of the form (28) it follows that it will also tend to zero 
when — — o being the same constant for all t This would happen 

when the sample means tend to lie on a straight line, and when, as suggested in 
Fig. 1 id), hypothesis H% may be quite untenable. Clearly therefore is not an 
acceptable criterion. 

There are two other forms of alternative criteria which it is of interest to refer 
to here. On the assumption that the samples have been drawn from identical 
normal populations, it is possible to obtain from tbe data two independent estimates 
of both, 

(а) 0-* o-y Vl — 

( б ) CTtfO-yp. 


Biometrika xav 


24 
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Vaw {a), tf we wiile 6 = \ 4‘ » ll*"" 

,,.V ft S 




im) 


2.-.^W 

r(Jfc-2) ^ 


s •■'«# 


.(32), 


where A j« - p®)]. Furthcnnore 0 ami <fi aw mileiKndcnUy ilialrihuUid, 

and it may be readily shewn from (31) and (32), using thn aymtMii K (nr "ex|wted" 
values, that 

^ o-ao-^v'i-/, -p* 

Hence ^ - js/jeijaj and ^ lie taken ns iinit‘jsTKii>lile«timttl«i 

aHa^/Ty -p*with elomeiita having jV-ifc and k~ I thigreo* of frucdwn Hwpctively. 
If we now take the ratio of the two eBtimalee, or 


^ W 


/|tvi 

k-T V |o,„j 


it ia found from (31) and (32) that 


.(34). 


X !)).*-•[(*- 2) 1)J' *'"*'dt...(35). 

This is a Pearson Type VI curve; the 5y{J and 1^ aampSitig liinila for ifr could 
he obtained by taking 

....(313), 


and entering K. A. Fiaher'af tables of * with 2(1: - 2) and 2 (JV ~ - I) degrees of 
freedom. 


The criterion ijr, will not, however, be suitable for testing the hypothesis fft. 
Wa may write 

Itynif =“ Saw* r,„*) ,...,..(37), 

■where s„, Sj„„ and r,, are the standard deviations and omifRoient of oorrelation of 
the weighted sample means. Then clearly, it would bo possible for •f to he unity 
and lu^;a| fixed ahd finite, while and either *«„ or In each a 

8ituatian_ffj would be untonable and yet the two iodepondont estimates of 
<r* IT, Vl - p* would he equal. 

Case (b). It can be easily shown that and ar® two iadopondant 

estimates <r, tryp, but thair ratio, aay i(r', would again he uneuitahio for testing H% 
for reasons similar to those holding in the case of iJr- It should also lie pointed 
out that the sampling distribution of is extremely complicated. 


* a. 9. Wilka: loc. cit. p. 477. 

t R. A. Fisher; StatUtical Metkod$ for lU$eareh Iforfers, 4th edition 1942. KdlnborgJi; Oliver 
and 
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These illustrations bring out forcibly an important but often neglected 
consideration, A critical examination of the efficiency of any statistical critej'ion is 
necessary before it is applied to testing a hypothesis. The fact that its sampling 
disti'ibution is known if the hypothesis be true, doss not by itself justify its use. 
In the present case in using ? 7 a, or we should be in danger of accepting the 
hypothesis H-i in certain cases when it is evidently not true. It is only the 
likelihood criterion, which appears suitable for our purpose. 

( 7 ) The ifj test. has been defined by ( 22 ); clearly X^^ is of the form of the 
ratio & discussed in Theorem II of the Appendix, and it satisfies all of the conditions 
of that theorem. It follows that and consequently X^j 

(а) must lie between 0 and l; 

(б) will be unity when and only when Vijt^Viju, (i, j = 1, 2) for all values of 
t and u, that is, when the variances and covariances of x and y arc respectively 
equal in all the k samples; 

(c) will be zero when, (i) cct^^lvt^Ciiyu’-yi) for at least one value of t, 
where Cj is a constant for all values of a ; this means that the sample points in at 
least one sample will lie on a straight line, and there is perfect correlation in 
some but not all samples. However, if there be a c such that c 

for all values of a and t, \si bas the indeterminaat form 0/0, and the points of 
each of the samples will lie on a straight line and the lines will all be parallel. In 
this case the problem is reduced to that of a single variable, and the appropriate JTi 
teat could be applied; (ii) one of the deviations or yta — yt or both are 

infinite for at least one value of a and t (bub nob all values of t, assuming ] ^>,71 1 > 0 
for all t), subject to the condition that the limiting values of the generalised 
variances remain finite and not zero as these deviations become infinite. •Cinder 
these conditions it follows by the argument of the proof of (c) in Theorem I of 
the Appendix that Iryd becomes infinite while the remain finite and different 
from zero. The situation is a limiting form of that in which the variation is very 
much greater in some samples than in others. 

(8) The if iest. Since \s ia the product of X^g it must lie between 

0 and 1 . It can be unity only when both X^^ and X^, are unity, that is to say, 
when the means, variances and covariances of a? and y in all k samples are respec- 
tively identical. It will approach zero when X^i or X^a both approach zero. 

As in the single-variable problem, the three X ratios appear therefore to satisfy 
our intuitive requirements as criteria for testing H, ifi and ^2., foi" l^bey are 
quantities which bend to unity as the corresponding hypothesis becomes intuitively 
more probable (as far as the information contained in the sample is concerned) and 
tend to zero as it becomes more likely that- the hypothesis is false. "Whether tbs 
tests based on thes^ criteria satisfy the more fundamental conditions laid down by 
Heyman and Pearson * we do not yet know. The problem of testing these hypotheses 

* J^hil. Trant. Hoy, Boc., 9er. A, Vol. 2SI (193S). 


2i— 2 



;ifi4 .[nahim ,! /ijiropriatefar /.• Snmjikj< of Ttm VisriaMm 

will bo cmiipli'lwl by ifetcraiining the .wmiilin^ »ii«ilribiiliotiR «f ihc X’® «n the 
asKirmiition that the cm rwimtti'ling hypolhofu'K «n< Irur, for willimil tin* «i< have 
(111 nicaiia of toating itiB signifiMnce nf mi oixwrviHtI vabio of X. In llio fitllwwing 
wcitiim wo alisll firat give oxprt.'SsiiHis for the moimnilt (aaiJfiiionUi, ami then by in- 
verlirig the moment eijuatioris dhow how thr rlislriJiMlniii# may 1 k< iibuimsl. 

The roHult is aimple only in the mm t)f ^or Xti ant! mnnorical vo.!m\a for the 
[inibiiliiUty integrals can he ohluiiiecl only by some »ni'lhi*i of itp[in«nr»tinn 


IV, The Mcimkht CoBrncmsTO aku llinrHinl’TioS!* «>r thk Ceitrkia. 

(!l | The Mamad V-mffitdmUi. In the singtc-vsnublK pimVilMii il, w»» fmintl to be 
cnnveiiiKiit to study the Minpliiig tiialribulioin. of (RMiie frartioiifi! |>rivrer of the Ji's, 
rather than that of the X's Ihetnmdvca, owing Ui the extrcnw skcwni'M of thit latter 
tlistrihutions*. The iiw! of X*** waa miggraiksl largely ka'anw in thi* ciuk 

X*|^ 1 •" (J*, 

twhero tj’ is the wimirtid correlation ratio) and hi«l a aampling dislrihnlion of Tyiio I 
foi'iii. In the present bivariate caaa wb ahull Rml for siniilar reasons, which will 
bi’Kiiine appiirenl na we proccwl, that nulne. mlvanlagw will bo gaiiiwl by nsing th# 

pHWor of tltc X'a, The moments of Itip X‘« hsvn btHtn given by tmi< of th« 
writoraf in a rccont paper for the caao of an «-v«ri»t<! normal syatwm. If wb (iemite 
by Mu, Mik and Mv, the A-th moment eoefficienla abrnit iem at xj^^, and 
rfisiteclivoly, wlian the oorrespending hjiiothesBs H, Hi and Ih »ri! tnie, than wa 
have at onoa from tho paper just cited, fur the case of two cwiBblt* (i.e, ii ■» 2), 


iWn. 


Mv, 


r 

(N- 

I'-a- 


+ j. 

^iV — A - 1 + Aj 


N'-lc'i 
""2 y 

l^( 

'jT- F- I 

, ' 'a'"" 

)■ n 




r| 

fN~k\ 

a > 

ll'l 

1" 2 i 


r| 

fN- 

-k + k\ 

|l’l 

\ +/i\ 

< t" ) 


» 

X 11 


& 


(I'l 


' 1 1 r» ‘ 

i hni\ 

r| 


t 2 / 

1 


..,( 311 ). 


Jlfto 


* Of, J. Neyman and E. S, Peiriioo; d« VAenMmie PoimaiM S<ji>h€#i h dm 

Sdrie A. (1981), pp. 476--.17B, 

t 9. S. WilltB! IHomelriku, Vo!, xxiv (1933), pp, 471-494. In, Ihlia papei* tbe pn&mliMAlons ftf Afl. 
and Xpj 'were denoted by and twpeoUvely, 
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These expressions may he cousiderahly simplified by. making use of the duplica- 
tion formula of the Gamma function which can be written 


r (a -f- (a -f 1) = 




22. 


Applying this to (38) and (39) we get 

Tur _'i'(N-i)T{N-k-l + h) 

“ r(A'-i-i)r(iiir_2-i-;i) 

nh. 


..(«). 

...(42) 


and 


V{N-k-\+h)]l^ 


Wi/ r (?i, - 2) 


,.(43). 


(10) The THsiributions of Li and Ui. To find the distribution of = As, we 
use the relation 


V{N~k-l + h) 

rjN-iThf 


^ 1— fV- 

r(*-i)J “ , 


•i-2+A 


.(44) 


in (42). Accordingly, we find that the A-th moment of is is identical with that of 
ii, where the distribution of « is 

r(if-2) 


*(1 -w)‘-2 


.(45). 


r(A-A-i)r(A-i) 

Therefore it follows from the uniqueness of the solution of the moment problem 
for a finite interval* that the distribution of Lt must be identical with that of ti, 
and is given by 

-t2*'-*-®(l - Lif-^dLi (46). 


dfiLi)-- 


V{S -k-\)V{k-\) 

In a similar manner, it follows that the distribution of Vi is given by 

= 

In both these cases the probability integral is an incomplete B-Funotion. 

(H) The Distribution of L\, Let us consider the sampling distribution of 

say. The A-th moment of Lx about zero is given by (43). If we multiply and 
divide (43) by P (iV" — 2/i: h) and then use the following relations, 


and 


V{N-2/c + h) _ 1 p ff-M-i+ft/i 

r (F- k - 1 + A) - r (A - i)J„“ 


du 


.(48) 


n r (?i( —2+ hpt) 

(=1 

r(F- 2 A + A) 


= r ( ' . . . -Vi- Vi-...- li dv,) . . .(49), 

JoJo Jo i=i 

• See W. ateklofl : MSmtyiTea ie I'Acadivne In^iriale det Sciences de .S't Mterihourg, Vol. xxxiii, Ho. 9 
(1916). 



StKi Amb/.w Appropriate /or k Sampler of Two Variahhm 


wliere k == 1 - t'l - H - ... — V, (» =* 1, 2, ... i-~ 2) and /j,*> ”t W “ I, 2, ... wc find 
that till! h-lh mram'rtt (A »= t). 1.2, ...) of Li i» wlenlical with tlml of 

>£1 “'■i-il"*. (50), 

where u anil the h'h are dislribuUid accoixliiig Ui tho funelioli 

t,V-“-'£l - t!,-... » n'lV'-* (ni), 


where 0 « i( <; 1, > 0, and J?i + b* + ... + » S 1 buJ U ia a miislntil, defieniiing only 

on k and the n'a Therefore, it followa from the argument tisimJ in iwtnhljahing the 
uniqueness of (48) that tins rtistribulion of ij i« identimi with that of 4>*. The 
prtiblein of liruHrig the distribution of <}> is cH|tiit<d™t to that, of solving (.50) for 
the a or one of the b's owl sulwti tilting in (.51) and integrating with nwi>ect to all 
variahles except i/>. This process ia extremely doniplicntol, even when the p'e are 
all equal, that is, when ... >» in” n; in thia «a»’. wp can find an iixpriwimi 

for the rtistribiitiim of the Li by considering a irannfornialion of »Wu. TIib new fnnii 
of ifu is fuuml by applying the tmnarormntion+ 


r(jn*) 




r(x) r 




,(52) 


to rC^T-i - 1) ami V(N — k— 1 +/i) in (43), by writing r« «• it and smu - I — 1/A- 
in the Brat and m ■» k ant! x <« n — 1 - l/k+lijk in the second, Acconlingly, we get 


whei'B 


ptj 


) 

rtf 1 


...rj 



r(»-*±*)r(a-D.,.r(n.|) 
rr(7~2) ~~- 


Distribution functions with moments of this typo have been oormidontd by one 
of the (iuthiira|:, from which wo can write at once oa the distribution of Li 
(n+t)Wpa)-s , 

d/(/n)- CrXi«-M(l - V)« - ax- 


X 



itii -8 




* In tl)is oonueotion we uole Uml e simple nltomnllve proof of (n] In Theorem II of iho Ap{>en4ix ouJti 
be oonstruotod at onao lor U>q einse wbera Lite p*s are rational nmubars and the a^jg am product momoniSj 
by showing that Lhe mivxitnmu of ^ U uuit^' for variations of « and the n’a in the region oven* which (61) 
is deHned. Indued, for a given value of u we hnd that the only staLIona!? point wUh mp#et to the v'a 
ia tho true maximum which oooura where Vg-pf (f=l, a, ... fc-l), Therefore, which ia neomarily 
positive, has a maximum of unity, and tlnoo the range of 4> and L^ maalhe theBamo we lmve 0 ^Ir,*« 5 l, 
that ia, 

t Set’ WhlttfUcer and Watson; A/orfem editiou), p. 1 H 0 , 

$ Wilks, he. fit. pp. 474 — 476, 
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X (1 - - --'-sr- -1(1- -1 ... 

-w 

Ic ft "t" 1 I * 

X [1 - 01 (1 - Lfy-\ - S [1 - (01 + 0,(1 _ 0i)| (1 _ ill)] - — ^ . 

X [I — [^1 + 0a (1 — 0i) + ... + 0J|;_^ (1 — . . . . 

2ft— 2 

, , . , , V)]''T'(J0i,..(Z0,_i (54), 

where (using formula (52)) 

n> r(Ai-i-l) 

r r V ^ r* (« - 2) r (* - 1) / 5 «-“ ’ 

a slightly more condensed form of (54) can be obtained by setting 

(«=1, 2,...;!;-l). 

(l:+l)(i:+2)-2 , 

Thus d/(Xi) = (1 - Ur ^ d(iii) 


■I ri ri 
X ... ( 

. 0 J(J Jo 


J()i_l)_*p+1L:2.1 2(t.2)_!'‘Ti^zi.i 2-f-l 


lt-l_i «;_J 21-3 

x[(l-<^i) (1-^,)^' (1-^,) <■ ■ ...(1-^i-r " ■ ] 

- 1 -- 

X [1 -(1 -,^i)(l -£i‘)]-i[l -(l-<#.a^2)(l -X/)] *... 

-2 + ? 

. . . [1 - (1 - .^1 <(.3 . . . (1 - ii‘)] " d4,id4>i . . . 

(55). 

The distribution of Xi for two samples {k = 2) turns out to be 

= ^'2”— ) dL, (56), 

and the significance of an observed value Li can be obtained from the probability 
integral (67), which results from integrating (56) by parts. 


P(ix<^;)= fVw 

H 




This expression depends on the Incomplete Beta Function. When i > 2 we have 
so far been unable to find any simple expression for df{Li), and some method of 
approximation seems necessary. Approximate methods are discussed below. 

(12) The Distribution of X. In a similar manner, if we let = L then the 
7i-th moment of X when ni = iij = ... = 114 = 71 is 

/ „ . h\ 


r(«fc-^ 


‘(n-2 + ^J 





AnMym Appropriate for k Samples* of ftm VarinblcK 


and the {)i»lrihin.inii uf f, nm (mi expifwied n» 


(i . .1i (» - ai - 9 




~ i*) 


f\ fl n ■ 
: ... 4>i 

Jti.a 


X 


at* 


-I 2 




(S!)). 

i’or thfl ome &*»S, (.50) become# 

<i/a) - "" 1 " ^‘V •■■‘'®*- 

The probability intepTul of (60) asBumes the form 

Again, if > 2 aomo approximaUs solution appears iicctsasary. 

We note from the distributions of /-i and L that (S6) ami (.50) are actually the 
distributions of the n-tli roots of Xa, and Xs rcspootivaly. 

(13) Approtnmale Salulum for teding Ui. When >2 it apjwaffl iioeossarjf to 
employ some approximate method to caloulnto the probability integral of the 
sampling distribution of Xg, or of To establish the lieat and simplest 

method of procedure fuller investigation is roquirod, but we believe that the 
relatively simple form of approximation which has bean used in the single variable 
case is also suitable here. This involves the assumption tha t tho sampling distribu* 
tion of X) may bo represented by the law 

■' riS JS)'"'*”'- * 

where oij and m# are dabennined so that the first and aeoond moment ooofHcienta 
of /(Xi) about Xi “ 0 have tho values given by (43) for A •« 1 and B mspaotivoly. 
In other words we roprosent the distribution of Xj by a Type I ourve having the 
correct terminals and first two moment ooeffloients. In many pmoticftl applications 
it is possible to plan for the number of individuals in. each sample to be the same, 
i,e. for nt = n(<= 1, 2, ... k). This is the situation considered in the illustrations 
which follow. The equations for determining »ii and ni% then become 

Af,7^r* ■ (63), 



369 


Egon 8. Peabson and S. 8. Wilks 


from which, since N = nk, we obtain from (43) 



Ma- ^ 

fri 

1 


{N-k-l){N-k) 

t 

r (» 2) 


For the probability integral of (62), we have 


,(64). 

.(65). 


P (ii ^ fi) = (mi, m^) (66), 

which ig the Incompleto Beta Function. This may be obtained from the Tables of 
the Incomplete Seta function* if mi and Wa are ^ 50 or by means of R. A. Fi8heFs 
A- transformation as has been suggested elsewhere f. If mi and ma are both large or 
nearly equal, (62) will approach the normal form and the ratio 

Zi - Mean Pi Li-Mn 

"■ti -/Mn - ^ ^ 

can be used as an index of significance to be interpreted on the normal probability 
scale. 


The probability integral of Z = could be obtained by a similar approximation, 
but in general it is likely that the hypotheses Hi and Hi will be tested separately. 


V. Pbactioal Illustrations. 

(14) Example 1. Relation between Tensile Strength and Hardness in Aluminium 
Sie-Oastings. 

This example has been referred to above in Section (3). We shall proceed first 
to test Zfi, that is, the hypothesis that there is no significant difference between 
the samples as regards variation and covariation in strength and hardness. A 
summary of the necessary calculations is shown in Table II; we have jY = 60, fc = 5, 
n = 12. The unit for w (strength) is 1000 lb. per square inch, and for y it is 
Rockwell’s E. 

From (22) we have 


Pr = 4f = 

and aa indicated in the table it is found that ii = ‘9065. From (64) and (66) it is 
found that if Sx were true}, then Mean Li = ilfu = ■S89274!, *792592, 




(68). 


* To be issued shortly as a Biomttriha, pubtioation. 
t Biomtiriha, Vol. *xiv. p. 416. . 

J Brownlee's Seyen*Pigure Tables of the Logarithm of the Gamma Punction were used, 2Vac/s/or 
Computers, No. ix. 
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TABLE II. 

Slrau/ih (x) and llanlnem (y) in Aluminium J}i«-Vtu!ittgM. TfM of Ih (bivarinte,), 

XW'tocw I 

I 

irw„ j 

I 

I I 

w«-aH S'.W‘iw 

a^a-osB I si’Wswi 

iaR-(ftl ' g«a4i 

j g'jttW) 

, f. 

j 

j - s li*(s 

, i, I 

S vl “ '«• •‘iw “ 

log l^liig n *1 |fr«"n iMiiitwn <<W|J 

i,».'908A. 

Kstlmitlc nf oormlAtianl _ iVe,t, x.iBaa. 
wiUiiii jumtiliw } " Aj jUniu >• 

O'* ”■0*228. The observed value of Lj ia thBreforo nearer to unity ihiut the mean 
value expected in repeated aamplea, anil the ratio (67) ia only +0'4l. Therefore 
there ia clearly no reason for rejecting JSi. If, however, we were to procotid in more 
detail we should find ftom (63) that »ai •> 48'210, and m» «• fl-OOS. and by intorpoTating 
in the Tables of the Incomplete Beta Sanction that P(Lt< ’{>065) «» '82!. 

We may now proceed to teat Bt, the hypothoaia that noither mean Blreogth nor 
mean hardness differs significantly from sample to sample. Table III contains a 
enmmary of the oaloulationa in the form of an analysis of variaawi tnble. It i« seen 
that Xa“'68S6, while if £fj were true, the probability law for X* is obuiined from 
(46) as 

F (W ” £.•*(! - hf (09> 

The mean of (09) io '9310 and the standard error* is ’0330, so that the observed 
value differs from the mean by more than seven times the standard error. By actually 
integrating (69) it is found that P(£»< -fiSSfi) "■■0000019, Et nauat olearly be 
rejected. To discover whether this is due to eigaificant differeaoe# in mean strength 
or in mean hardness or in both, we must consider the two aingle-variable problems 


i. 

Sumw of 

Hum* nl 

j 

(Sampie 

Hf,,, 


i 

1 


* S IVt. S()’ 

- s jK„-r 

.= 2; -■ SiHyw ■■ #! ! 


a.H» 


i 

! 



ai4-ifi i 

a 




a 

a7'44« 

ia4i‘7« 

190 ‘Cia 

4: 


1473'44 

07a'ai 

s 

88*4^8 



Totala 


7m;i*44 




i 

1 


-SorWop - ‘I 
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TABLE III. 


Strength («.’) and Hardness (y) in Aluminium Die-Gastings, Tests of 



DejJtBBB of 
Pieedom 

SutUB of 
Scluares (x) 

Sums of 
Squares (i/) 

Sums of 
Products (.T, 

Generalised 

Variances 

BotWRGll 

Samplea 

l=id 

A’iJi,,„-.306'O89 

682-77 

Wyi2,ft'= 214*86 

43-528 

Within 

Baniplc-a 

iV — i:=5r) 

Wtti,a=*e36‘165 

Wv22«=7653‘42 

jVr,j,=16D7-52 

662-018 

Totjih 

W-l=.59 

jVi;„„=942-254 

AL;32„=83I6-19 

Wdi2o= 1912-38 

|r„-,hn60-7Y 


/®tlo ” "3248, »32nt / 2'22 d = ‘0797. 



Lstimatea of 
Variance 

loCie(eat.) 

Estimates of 
Variance 

logjo (est.) 

Bcsfcwoou 

Samples 

= 70-522 

1-883786 

166-69 

2-219290 

Within 

Samploa 

fe! = ll-r)66 

1*063183 

y*- 139-16 

2-143483 

Differenoe 




1 -16129 X Bifferonoo 

■9'148 

z 

■0873 


separately. Teats may be applied to the squared correlation ratios ua and or 
R. A. Eisher’a ^-transformation can he used. The necessary calculations are shown 
in Table III. 

Using Woo’s tables*, it is found that is clearly signiScant while gy? is not. 
Alternatively, referring to Fisher’s ^-tables f with ni, = i: — 1=4, ti 2 = W— /i: = 65, it 
is seen that the 5 % point lies at about 'A'J and the 1 % at about '65, showing, as 
before, that mean strength differs significantly from sample to sample but not 
mean hardness. 

The limited amount of teat records available would therefore suggest the 
following tentative conclusions: 

(n) Within the samples the relationship between the two qualities is stable, 
and represented by cra, = 3'401 xlO® lb. per sq. in., a',, = ll'80 in Rockwells H, 

* ToMesSor StatiaticiaTU aii<{ Biometrieianst Part 11, Table IV. 
t .S’tfitistictti Methods /or Research Workers, Table YI. 












8T2 Amli/sm Apjiropriatefor k Samplcx of Tiw Vnrmhicit 

'■*» = + (The first two valiica an; the Kumri.' rmil« of iVt'u«'C.V - k} anii 
~ k) ruHpectivtfiy, and the last is the vbIuo of e, pvcii in Tahh* 11, ) 

(h) While the variation in mean slreiiffth from samph: to samjile is intperfretly 
controlled, the variation in hanlness apjreow no tmm^ than might b« osjiectcd 
through chmicc, 

From the praetioal point of view this is nut an altogether satisfactory rcBiilt and 
further investigation into the anomaly (i) would be necBssary tefore IniKlnew could 
be ustid with oonfidenoE as an indo* of strength. 

(16) Jimmple 2. Relation holween Lengtii rrnd HretuUh. af Hnimm Sfctilh, 

The data consist of standard maasurtnoeiila of length and breadth of skull in 
millimetres obtained for UO adtdt males from each of 80 diffurenl races or groups*, 
i.e. iV — flOO, i»»»2[), and i~30. That there would be cotmidenilile intcr-nu;ial 
variation for mean length and breadth was obvious, but it seemed Ui be of intewart 
to exandno the hypothesis /fi, that is to say, to test the extent of inlcr-nicial 
uniformity in the relationship of length to breadth. Thiw ehawetem apjwar 
auflioiently nearly normally distributed within n. r«j« for the normid-thiafry lusts to 
be applicable. Iiength will be denoted by x and breadth by y; a miinimiry of the 
ofdoulations is shown in Table IV. Wo find from these that 

- 0B8'3es ‘r X log II ey,|! » 2-6444.20 

” 2'«ni48 
Diflerence ihimi 
log i X diffarenco -I-913C40. /o- SlST, 

From (84) and (66) wo obtain Mean - 'SSSSTS, M’,,- -863317, ff,i,»'0n7. 

The observed Zi is below the expected mean value, and the ratio (67) is - 8 fl. This 
is so clearly significant that, without further refinement in calculation, we can say 
that ill is untenable. We must now examine whether this look of uniformity is 
present both in the group standard deviations and »,,, and in the correla- 
tions r,,(. 

For the first problem Neyinnn and Pearson’s single variate test far Hi may be 
appliedt. This involves the calculation of the sums of the logarithms of iho 
quantities num and of »)« given in Table IV, since in this oasa 

n («,4)''*/(ei.v.) ,.(70), 

* foil 

where i = 1 for length and t = 2 for breadth. The calculations are shown in Table V, 
Sii, and Viu being obtained from Table IV. It is found that were I/i true, then; 

Mean Zi-^-me, o-i,= 0m. 

* We are indebted to Dr tt. M. Morant for providi&s ua with thenseeiwary soareaa of ittformatioa. 

t For an UlnstraUan of the use of this test, sec fifometriAa, 7ot. xxiv. p, 416, 



TABLE IV. 

Length (x) and Breadth (y) of Skulh. Tests of Si; data for separate sampU 
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A^s 

Aleuts 

Andamanese 

Anglo-Saxons 

ATmenians. ••• 

Australians. (South, Australia) 

Australians. (Victoiia) ••• 

CJopts 

Dayake. (Borneo) 

Easter lalandera ... ... — 

Egyptians, 1 st Dynasty. _ (Abydos) 
Effyotians, Modern. (Cairo) 

Egyptians, Predynaatic. (Badari) 

Enghsh, Medkeyal. (Hythe) 

English, Roman? (Spitalfields)... ... 

English, 17th century. (Farriogdon St) 

Eskimos. (Greenland) 

Gaunche. jCanary Islands) 

Hindus. (Bengal) 

Indonesians. (Ceram) 

Javanese 

Mongols. (XJrga) ... ... 

Moriori. (Chatham Islands) 

Negroes, Teita. (Kenya Colony) 

Papuans. (New Guinea) 

Tagals, (Philippine Islands) 

Tasmanians ... ••• . 

Turks 

Swiss. (Munster) 

VenezueliaiLS 

o 
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!J74 Ancdum J ppropnalr for k Satupleji of Tmi VarMhli-K 

C<m«i!iiU(:ntly we hn¥i! 

Iivlbftth ixi tf) 

Otervijl X-, ’iKlM Wf4 

(/,i- M baii tiV/fffc, ~3'H* ~3'27 


TABLE V. 

Length and Breadth of SkuUi. Tut* af Hi (SJinsto-ixtrirtte), 



LtmgUt {«) 

(jf) 







log so 

i-aoui.'Hi 


5;:; I^l0({(»,„) 

lM4a79» 


log(»«.) 


1*340341) 

log A, 

Inmiaai 

I-BS7S1 a 

Ai 

*»OQO 

*St>7i 


Tho divorgonon shown by iho ralioa is siffnificonl, »ni! il doras nut sooni nowiswiry 
to enter here into the ftpproximalu calculation of the prulmbilitiw I'iBi <"1I{K)0) 
and P (it < 'SOTil), (which are both under '01), since l■xamph^J^ have tswn discinaied 
olaewliero and it is hoped to publish shortly oonvenient table# for u«t with the tost. 

We must now osamino the variation among the .30 correlation ciHiSicieut# 
’*»i(i“lj 2. 30) : the beat method of proeodiire is probably iw follows: 

If ® and y are normally ooirelatcd it is known that in nsiwntrai samples of 
n that 

V 110K.(1 +r)- log;(l -r)) (71) 

is approximately normally distributed with aatandard errorof 1 !•/ n~f *. GonBo<iuently, 
wo may tost whether k independent values of r differ only through chance fluctua- 
tions from aomo unknown population value of p, by calculating 

(72). 

{ml 

k 

whore »* ■=• 2 {ii/k), and entering the (x*. P) tables with k~ 1 degrtws of Ihsaiom 

(i.e. «' .ai in the notation of Eldorton’s Table), In the present inatoneo it is found 
that ;^;“=96'01, while — 30, which is evidently signtfioant. X’ devintes from 

the expected value hy about 6'3 times the standard ertort- 

We have found therefore that the covariation in length and breadth of skull 
within a race cannot be considered as uniform from race to race ; further, that while 

* It. a. PUber ■, affitros, Tol. I, Ko. w. p. 18. An UUuiration ct osing tbla tel will: k vftlaea of r hs» 
bflBD given by L. H, 0. Tippett: The Methoit e/ StntUtUe (1981), p. H8. 

t Tbifl Maalt le obtained by neing tbemie that whan /wn'- 1 is large, 1 la approxlmalaly 

normally diatrlbnted about soto with unit etandard arror. 
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the standard deviations certainly differ significantly, the lack of uniformity is due 
ill much greater degree to the instability of the correlation coefficient. Having 
regard to the great variety in the data^ these’ results were to be expected since 
a “ race ” is a loosely defined term, and the coefficient of correlation between two 
measures of size -within a group will depend upon the homogeneity of that group. 
The more similar the skulls are in shape the higher is t likely to be. In considering 
the possible value of the criterion X| in anthropometric work, it should be remem- 
bered that, although the present paper is concerned only with the case of two 
correlated variables, the general theory developed by one of us* is applicable in the 
case of any number of variables. 

Although the difference in mean length and breadth for the different races is so 
obvious that a statistical test is hardly required, it may be useful to summarise what 
would be the formal method of approach : 

(1) Considering the two variables together it is found that and y) is quite 
untenable; therefore we should not proceed to test R^ (« and y). 

(2) R\ (®) and Ii\ (y) are also improbable, hut the differences in the standard 
deviations 5* and are hardly sufficient to invalidate the tests and 

(3) From two tables for analysis of variance similar to those contained in 
Table III, it is found that '6489 and *6294. If were true for the case 
of a single variable, then Mean * *0484, and ^,8 ’0124. Clearly, therefore, R% (») 
and E% (i/) are untenable; that is, the 30 samples of 20 provide convincing evidence 
that the racial mean characters differ significantly. 

VI. CONOHJSION. 

Certain general methods of analysis ol multivariate data have been developed 
by one of us elsewhere. In the present ■ paper the special case of two correlated 
variables has been taken, in order to illustrate (a) the process of reasoning under- 
lying the methods, (&) the practical application of the resulting tests, (c) their 
relation to other tests in use. The following points may be emphasised : 

(1) It is necessary to recognise that in many problems, hypotheses of the Ri 
type need to be tested, as well as those of the j?a type. The technique of Analysis 
of Variance does not appear suited to deal with the former when more than two 
samples aro concerned. 

(2) In the multivariate problem it would be possible to deal with the variation 
of each character and the correlation of each pair of characters separately, but the 
application in the first instance of a single comprehensive test has several advantages. 
If, for example, on the evidence available S can be accepted, it is unnecessary to 
proceed to test H'l and E%. Similarly, if fli (using p variates) can be accepted there 
should be no need to proceed to the p. single-variate J?i tests and the ip(p-l) 


Wilks, loc. cii. 
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corre-labion teste. The .■aime Hitiuiliun arise# in tlealiiig v¥illi !{,. Kvcn when the 
comprehensive test is mil untisfictl, and it i# nBccasnry Ui apiily the scimraU! teste 
in order to Iwato the amirce of iliaturbance, relatively little lakiur will have been 
wasted in applying the Eompreheiwiye te«t first. For example, in the c«®« of two 
variables which hiw been illuslrabsd, the calculation of log |%j nc«i«i to teat Hi 
(two variables) involve* little extra work when once oi'iu. 'icisi luid ««i» have been 
computed. But the latter quantities are in any co»(! mpiired if the Bimplri variances 
and correWlioiiB arc to he coMklered separately. 

(3) The methods suggested for ordculating the significatice of n given value of 
the X m- i criteria are arimitterlly not in final form. For caijvenicnce in prectical 
working, tablea to he entered with » and k arc needed, which would show certain 
levels of significance of these oritoria. The possibility of forming such tables is under 
cunaidcratum, 

(4) It has been assumed throughout that the variables are normally distributed. 
Some investigations on the stringency of Ihia assumption lu-o in tirrumiss. 


VII. Appendix. 

To n»si«t in tha iiitorprotation of Xj,, aiul Xjj,## oritaria for twling lha tairrcuponding 
by|iothesos //, and w# shall find it convenioiit Ui prow iho fuitnwing thnororuK. 

Thkoskk I, L«l Si; twl, k, ... m)ta any wr a/ rvaf »«irrt(wv, ami ht Ow matrix 

Mu dn 

II d„ A„ 

he real and pontim definite with d u"" dn and 

I dll dial 

^ djj dal 

j du + Xauf dia+Xi/iaijia j' 

I dsi + Ii(ui|ai da+Xrja* I 

tohare the nwmmu producU oftfa are tunmed for k from 1 io m; them 
(a) 

( 6 ) a emmary md mtfiiaient conrfUwa that 4 * • 1 , when 

ld;/|>0, it that fja'^0 X; >»1, % ... m), 

(o) a nmeiean/ and mffiaent mdilion that 4>»0 when | dgl >0, i» that at km am of the 
he infievUe. 

Paoop; Lot tlio dotoromaiila in the miuiarator and doiiominatot' of ip b« called A and B 
rcapootiTOly. Then (a) can bo shown at onca by induotion, for anpiswj fi>d for k-l, then for 
i= ( + 1, £ onu be writton an Bi+giti, whore B, is the vsJuo of fl for it •.* and ji* i is a jXMitivo 
definite quadratio form in y,,,+i and Therefore, setting f-0, 1, i, ... m, we gat 

A>...>A,+,>A,>...S,J5oaid>0, 

whioh ia equivalent bo the proof of (a). 
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Tlic sufficiout conditions in (b) and (r) jii'6 obvious. To prove the necessary condition of (it) we 
observe that for /ii + i = Zf^ it is nGces.siiry that »ji,f + i=i/2,(+i=0 since qt^\ is positive defiiiitoiii these 
two vanablen. Setting ?=:0, J, 2, ... m, we see that a iieccsaary uonditicni for 

or is that 2; 2, ... m), 

'fo prove tho iiecessary condition in (c), we note that at lea-st one member of the non-decreasing 
act li ... Bi ... muab become infinite. Lot /?,■+, be the fii’st B which ia infinite, then clearly, 
A + will also be infinite. But where is finite. Therefore must 

be positively infinite which can occur only when at least cue of the numbers jji.i+i and 172, i+i 
is munorioally infinite. 

Tho proof of tlua theorem for the case when A and B are determinants of the w-tli order can 
bo carx’ied out in e.sauntially the same way as the one just given for two variables. 

Thkouum II. Lut ayt 2 j «=1, 2, ... ^) aay set of real numbers in which a^ii=ajnfor 

and such that the {loyi|| is 'positive definite, and let A = \ A ij\y where 

■Aij^ ( 0 » 

and the p's ure 2:)osiiw'a such that = Then, if 

n\ii,n\Pt 



toe have 

(i!>) tt neemary and sufiicknt condition that ^«»1 when |a^^{| >0 (i = l, S, ... h) is that 
(ij^'sssl, 2 ; i, ^' = 1, 2, ... i;) ; that is, that the matrices l|at^(|l be identical. 

pRaoB“. I’oi' tho one-variable case, that ia, when i=y=:l, the theorem simply states that the 
weighted geoinotrie mean of a set of positive imnibcra cannot exceed tho weighted arithmetic mean 
of the sot, and that the moans can be equal only when all of the numbers are equal. The proof 
for this case can be found in a number of advanced algebra text-books and will bo iiasumed. 

The sufficient condition iu (J>) is obvious. Thus, let us con.sider tho necessary condition. i''or 
convenience let 

<f>=^A ~0 (m), 

ji 

where G=ndt^t and 

Thou the theorem rodnooH to the problem of showing that ^0, whore the equality will hold only 
when tho imitriocs 1 1 j [ arc identical. Consider the minimum of (f) for vai’iationa of the a's. If 


it cxistH, it will bo given by tho equations (i = l, 2, ... k), 

= 0 (Iv), 

0 (V), 



By a straightforward combination of the first equation for all values of t, 

A-a^na^._ft ; (vii). 

(=1 
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Kiiiiilarly, wilh I0 (v). 



Fmm (vi) ^ 

But fr«»m the mm of ft single varifible {vi'i) hihI <»»i) mu ImW mily whm» 


.(viit), 

..iM). 




(Jail limir eommon values «ji and 433 its^Uvnly. 

Plaaing th^^^scli valu^ iii (ix) wlncJi miwt hold f«ir aJI vaIuct of ti„ and 4^* w<! gut at imm Umt 

*^i8c*’*Bir I* *“■ r...,<si). 

the cnmmnii value Ins wig. Therefore (iv), (v) and fvi) am satiwfini only when the inalnce« 
11«^(11 aro hleutical. The tnatris of arnsncl order dtwiTaliviiKi nf ^ with the niyf nan 1)© 

shown to k> jiositivo tlcftnito when Bvj, (v) aiid (ri) am satisriwl, ll'h/il k jmilivn 

dehnito, Thun, </} has a true miruiniim, and since Uietninimuin (f m follows 

atonco. Thu geMraliaation of thin thcomra to the ctnao where 3 . ... m in ntmtghlforwaid. 



ON A METHOD OF DETERMINING WHETHER A SAMPLE 
OF SIZE n SUPPOSED TO HAVE BEEN DRAWN FROM A 
PARENT POPULATION HAVING A KNOWN PROBABILITY 
INTEGRAL HAS PROBABLY BEEN DRAWN AT RANDOM. 

By KAEL PEARSON. 


Probability integrals have now heen tabled for the following curves, all of which 
occur frequently in statistics, either as accurate or approximate distributions of 
statistical quantities ; 

-I A' 

(i) y = yo^ ^ I I'I'e " normal ” curve (probability integral provided by Shep- 
pard's Tables*). 

(ii) (Pearson’s Type I, TaNes of tfieIncompleteB-Fmctionf). 

1 - (Pearson’s Type II, ditto). 

(iv) y = yo^(l+ ~ij (Pearson’s Type YII, “ Student’s ” r-Curve, Tables of the 
Incomplete B-Fmotion), 


^ / (t!\P 

(v) y = y^e~ a (l +-\ (Pemon’aTypelll, Tables of the IncompleteT-Fmction). 

(vi) y = yo - a)”!/®”*' (Bearson’s Type VI, by transformation to the Incomplete 
B-funotion). 

(vii) y^yt,er'ii‘‘!ir^ (Pearson’s Type V, by transformation to the Incomplete 
P-function). 

(viii) y-yi,e~^/'' (Pearson's Type X, Newman and Qlaisher’s tables! of the 
Exponential Function). 

In these and a number of other oases the probability integral can be found or 
easily computed, The probability integral of the T,(x) Bessel function curve has 
also been provided by Miss F. N. David§. The sole outstanding case among the 

Mud-i- //, , llt\” 
er’^coa’’8d6 


Pearson curves is Type IV, y = yoe 


, where a table of 


' Biometrika, Vol. ii. pp. 174—190, or Tahlafm Statinticiam, Part I. pp. 1—10. 
t PubliBhed by Biometrika, 1983, 

J Gaml). Phil. Soc. Trane, Vol. xin. twi iii, pp. 146—272. 

§ Bio?ni‘tri){a, Vol. xxiv. pp- 344—346, 
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dcmral Criterion for Random Sampling 


for vaUum nf n h is rttnuirwl. By aid of tlicaw; probaliilily integral Utblcs tiny 
single value of a vuriatc jr, BupfjotKjd ta Wong w one of them! curvta can have its 
probability iiitegnll p, determined, which measares the frciiueney of valiu» arising 
tut great aa or greater than l«t ua silpjiaae a sample of «iwi n conhiitting the 
variates »i, *», 4 '«< ■■■ »■«, fe, to bo drawn from a distribiiiion j»^{a:) mid let 
■■■ Pt, be their rwpective probability inlegrala What, will be the 
disu-ibutioti of these probability intograla f 

Now p ha» a definite value for each value of a and by definition of the prolrability 
integral 

pi«i|* ^{x)dic (1), 

* ft 

where «=>« is tho start of and the whole area ^(«)cfc« 1. 

Ja 

Now the frequency with which p, occur* may tve rcpnsscnletl by F{p)dp, but 
this is the same as the frequency of :ji(x)ds:, or 
Flp) dp ^ (*) dx, 

hut by (i) dp-<l> (*) dx, 

Acooiriingly ^'(p)’" 1, or iA« dittribuHon/or the probabililp inUffraUuf tmp fretjumviy 
crate ie a rectawjle m the haee p’^O to p’^X", 

"We note that this is not a discrete but a |)crfeotly contimious distribution of 
frequency. Since all the a's ace sappoeod to be obtained by random sampling, all 
the p'a will likewise bo a random sampling distribution, and I’l the prolrability 
of that random sample ocourring or one with the individual variatrw having a 
greater probability, will bo given by 

Pi..,»”'PiPa ...p,...p,» n ip.). 

We now add: la this an improbable sample J In other words wo enquire: What 
is the probability of a sample with as great as or a greater value than Pi...n 
ocourring? We need to find out the sum of all the samplio with a probability 


• BsyiM' h/poUiaiU of llio raolaagalst CiitribaUoa of probsbllUiM, sllbtmah II eldarlj doe* aot niiiily 
to all tirobablUtlaa, oorlainly dooK apply to all probability latapral valuor. 

t The roodor inuat naatiro blmaalf at thia poioi that wo ar« adopdai ttiellioAs of traalTtient with 
wllioh In la olreody familiar. That la to »ay, wo iro oaloadlae the antamect lid ta Mocolomoil to ttio 
with regard to Ibo probability Intopral for » alnglo value i,: for It p, Im oatreawly »m«ll, ha orgoiM 
that it la rcaaonoblo to anppoae that i, wa» not s randow lamplo from the ourro IM boa a»«d tooorapule 
Ua probabHlty Integral. Now p, ie ibo ohonoe Unit n oortain rarialo x, will not oaooea a value 
p, that a aooond varlota .tj will not esceod a valtre {, end ao on. Then , aino* r, . are auppoeed 

to bo indopendont random samploo, H followe that f’i..j,~PiP,...p, 1« tho olionoa that tUs oomblnod 
ayatem jr,, r.,, will not eiooed the ayalom ii. r„ ... a:,. Wo tllon tarn live problem round «o to 
apeak and oak whot other eerlea of aij, ... #„ will give aprobabUity exceeding i^r...„. That la to aay, 
wo diiride up the poaaiblo Hold of p,, p„ ... p/o by a oontoor ourfooe whloli ooparatM the aob.flold, of 
Pi. Pa, .■■Pii’* which glvea lee» combined probabilitlee from the suh-Beld which glvoagraelarptobablUtlea 
than ft the anb-fteld of leea probabilities be very smalL, then we fudge that it la unreooonablo to 

oiippoao the obeervod J,, r.j, form a random oomplo from the aystom or ayaWma of dHttribnUon 
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To answer this we rausb first solve the following problem ; 

We have a system of n rectangular axes in Euclidean space and a point , xa, . . . 
This point is constrained to lie in the “n-cuhoid” with all its edges equal to unity. 
A surface is given by the equation 

Aji — ArXj ... .(I'jhis, 

which may be termed the “ n-hyperboloid,” we require to find out what volume of 
the m-ouboid is cut off by the n-hyperboloid. 

Let us denote the volume of the «-cuboid inside the hyperboloid by F„. Let 
us assume that 

y ^ (i . (log,A„)» (log,X„)» iw-i 

......(2). 

Now add another variate so that 

2i222s . .. 2«2n+r = Xfi+I. 


If 2 , 1+1 be made constant the section of the (n+ l)-hyperboloid is an n-hyperboloid 
and the " volume ” of this is given by (2) above. We must integrate these strips of 
" volume ” from 2 „+i = X++i to 1 and accordingly 





1 ^ I'l logA»+i . (log.X„+x)'‘ 

jy- -t- 2l 




upou whioh we have based the caloalation of theit probability integrala. We do not assert that our test 
is the most stringent test, but that it is a very general and often easily applied systematic test of a given 
hypothesis. It may^ indeed, be doubted whether any test is the most stringent throughout the whole area 
in whiohit has become customary to apply it. We may say of most tests, as ui the present, that they may 
disprove any hypotheais, but that it they merely rendex a reasonable probability for the hypothesis, we 
cannot be certain that a more stringent test may not exist which would render the hypothesis very 
unlikely, or that a second hypothesis may not have a still greater probability. 
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or, if (2) (inkls fur V„, it will imlti for K„ti. Bill for n “2, Xj, mud sfairly 

''““1 (’ 

« I - Xs,(J -~loj(i,X*). 

Hoiiw the fomiilft hukla fist l'> and will iherefore hold for f^xuid »ioii by iiuliiBtion, 
and is thus gtiiiomlly true. 

We mm Micurdiiigly that 

F,j«. 1 — X sum of Krst n Usnns uf the uXjKinwitial twriiw for 
But the first » terms of the exptinenlial jasries «• 

where / denote# the inBornplele r-fitncliun ratio. Thus 

F„ - 1 - (1 - / (11 - 1 . - log, 

-/(u-f,~Iog,X,) (3). 

Since X,, rnuat idways be loss than unity the inwmplote T- function mtin i« real. If 
we use the TMea uf the Iimmplete r-Z’imottoii*, wo must lank out / (a — l. ii), whow 

(4). 

vn vnlogjoB 

Now let ua return to uur original problem. W« have a aamplt'. of « variatea 
... «„ taken from a population following a given oraupiwial law of distribution 
of which we know tho probability integral. The values of this for tsnr n sample 
variates iri,»a. ••• ®n are respectively pi,p«, ... pn. These probabilities follow a rect- 
angular distribution. If wo taka X, ”ipip»...p, — the probability of the ooeurrenoe 
of the particular independent act of probabilities pi.pi, ... -then tbo probability 
of a combination occurring with a probability valua na groat as or greater than 
X,, is given by 



or if Qt^ be the probability of a lower probability oociirring, 

">• 

where / (p, u) is the function tabled in the fables of tJte hwumplels V-Ftmelim. 

The effectiveness of this method of approaching the problem of small random 
samples lies in the facts, (i) that grouping the wdividnals of small samples to obtain 
a (P, test is a somewbat hassardous proceeding when n is small, (ii) we do not 


* H.M. 5talIon«rj Offio«, IQiiS. 
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make fche somewhaf; rash aagumption that binomials {p -{- g')® in which, p is not 
nearly equal to q, and 8 is small, may Toe replaced by a normal curve. 

Given that the probability integral of the supposed (or real) parent population 
is known, then we find without any approximations or hypotheses. 

If be very small, we have obtained an extremely rare sample, and we have 
then to settle in onr minds whether it is more reasonable to suppose that we have 
drawn a very rare sample at one trial from the supposed parent population, or that 
our hypothesis as to the character of the parent population is erroneous, i.e. that 
the sample wi, ... a!„ was not drawn from the supposed population. 

This “settling of what is reasonable” occurs not only with the (P, test*, hut 
with the application of moat criteria in statistics. It is not peculiar to the present, 
or, as I propose to call it, the (P/Xn) test. 

A table of for 7i - 2 to 30 by units and — logio Xn from 0 upwards by *125 or 
*250 can be formed from the Incomplete T-Function Tables, and when published will 
expedite the application of the (P, Xn) test. Such a table is completed, and will 
shortly be published. 

Another very important attribute of this (P, X^) test may now be mentioned. 
Let us suppose we have any number of parent populations each following its own 
law of distribution, then if Xg be an individual drawn at random from the 8th 
population, its probability integral will be also a random sample from a rectangular 
distribution. Hence the individuals flji, <ra, ... need not be drawn from the same 
parent population, but may be drawn from any number of populations, one or more 
from each. Their probability integrals^, pa, ... pn will all be random samples from 
a rectangular distribution and may be combined to serve as a random sample of n 
from such a distribution. Our {P, is accordingly a test of randomness, and 

not a test of whether the series of individuals have been drawn from a single 
particular type of distribution — ^^-dietributiou, cr® distribution, normal distribution 
or what not. If the sample of n gives a highly improbable result, then we doubt its 
randomness. This want of randomness may arise because the selection of them or a 
certain number of them has nob been random, or because their probability integrals 
or some of them have been calculated on the basis of a hypothesis as to their parent 
population or parent populations which is in itself incorrect, e.g. a sample of aj’s 
might have their probability integrals calculated from a normal curve, whereas in 
fact they were really a random sample from a Type I curve. The probability integrals 
would not then appear as a reasonable random sample from a rectangular distribu- 
tion, When WG conclude that our sample of probability integrals is very improbably 
random, we must turn to other sources to determine whether it is owing, to the 

* There exists a relation'between the (P, and (P, testa for which, I think, some explanation 
must bo forthcoming, Ff.'i can be louxrd from the I (p, ni) Tables by taking 

• -^) : ( 6 ). 

Hence if we take oat the P^s oon'seponding to n'=27i,+ l and x*= “SlogjaX^/logme, then 
e^ual 5 and thus within thoix range the (P, x®) Tables may be need to find Qx,,- 
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m’tainri bt'tng ta an pimiieciim bypothesiii iia to th<! dkt.ribiitione 

m the basiia of which we have compuUM! oar probability inl^gnik*. 

Aa a result of the above wo sea that this n^w (/*. X„) molhoti onmblcw u« to form 
wwiihserf tcate, «omii of the da may Ui moanw, tifebers «Uii<lartl deviations, othore 
Eorrelation tvoofficients, otc. ote. All wo need rln. if themi are unwrmlatod, 

ia to eal&ulate thoir probability intognLls from the appropriate diatrihutiona uttng 
when noosMary the mo»fe probable v^ues. m dotemiinij*l from the sampler, of the 
oonstanti required in the immntal diatribuUons. lUiistratimm of stich wmbined 
tcafcB am gi^'on below. 

If we suppose tlio probability mtograls, p, («»* I, % ... n), ^ he miifortnly 
distributed, for example, by dividing Uie range 0 to 1 into n equal sections, and 
placing a value of p, in the centre of each of them, so that pt tekcM the value 
(2s i)/2ii, then the corresponding x* w<>nhl be 7A*m, and 1. There k some- 

thiag difficult about this. The result si,greeR with the mathematical expec5fcatian,*ten@ 
ball in each compartment," but the baabt of the ia rottlly teo nanxiwf. The 
probability of the result must dq>end upon wh^rs Iho p‘a fall in each oomp^irtment. 
Isjt us consider what hapixme in the coirtwpondiiig c®«o of 1\^. 

Wo have 

- (2a - I) ^ (2»)! 

* This dilomroB m to nuidoraaiNW oeour« m fSr oa 1 can ihmi tn moai *««(«. <i.S> wa (uunuae 

M hypoVbMlB ibftli th« Ivo saniploi ««r« drawn from Utwi samo normal pojMiistbn, nad find H 
ItDprobobte, lbi« may r«a)ly bo da« to blaa la Ubo bUdag of one or olbor oomplo and not to the ab«maM> 
of normality. Only furibtr koowlodgo or larMUfStlon oan iMd io a dbaarlmiDAtina bolweon the two 
powdbUltiM. For examiile, we have the mMLoa end Meodard dovlstionR of iwn umplee. sad wo with to 
Moertaln whetUor their parent popahtUoas ore dlgerentialed. We adopt the la doing oo we. 

make two hypoiheaen. (1) that of aomuii dUttihotloaa, (U) U>«t both e&mptee ore truly random. Heaoo 
we have at Itnitt three ponlbiUtlee. (a) that one or both parent popuUUooe have cot normal diatrlbutlona, 
(b) that one or both oamplee ore not random and (e) that the two aamplee do not oomo from the Mone 
normal popalalton. It ooeme to me many ooett of the u»t, when tlmy get lut improbable result 
uBume Btzidgbt off that (c) must be the origin of it, and do not quMllou the potedblKty of (a) or 
being the aooroe of the obiorved improbaUltty. Xbe Pf^ teat Is no worse (or no better) than the otb^ 
toeU in thin rwpeot, l.a. that we have to oonelder whether the observod waul of randomnaM la the 
distribution of Ots prubabUUy integrals ie due to the hypothteb ae to the satnro of the dtstribntion 
oorve or to want of the other randomnMa tn the proooss of sampling. It is uaforttmate that the sane 
word ‘‘raudomneas” has to bensediiilwoplAocain the same JnvoiUgRUoii. The wsatof ‘'rondoianew'* 
in the diakrIbutloA of probability Integrals mag or may not bo evldanoe of wont of madomnciM in the 
oampllng. 

t Another point Is common to o^er testa as well os our pmeeat test, although at tlnme the point is 
overlooked, namely a result may— to speak porodoiioaUy— be so highly probable as lo be wholly Im* 
probeblo. My memory carriw me book many years to a memoir I read in mamiaoript. It oonoeiaed 
the distribution of a {diarooter in over a thousand oflipring of oeriain seta of patwots? the ohoraoler 
being treated as involving five or six MendeUan factors. The olaaslfled oflipriag distributed thomselvea 
absolutely ooourakely aooording to die mathematloal expeototlon’^ but the odds of oourse against ancdiL 
an ooourrenoe were Immense, and Khla was potntod out to Uie writer, Tho memoic afterwards appeared in 
print, the "improbable high probability” having disappeared. This development not only oonvlnoed 
me of the elasticity of Mandellan categories, but led me to realise how great ie the risk that a biologist, 
ignorant of matheraafcloal skatistlos, mayhe^essly rap in his enthnstasm for a hypothesis- His results 
may be *Hoo good to be trae.*' 
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® = + + ■(!)■ 

Sterling’s Theorem to the value of e , we find for the asymptotic value 

of J(, 


Wn-^co 


= Vn — 


Jog2 


2 v^x -434,2946 


.(8). 


Accordingly we have the following results, the first two being obtained by linear 
interpolation from the Tables of the Incomplete T-Funotion and liable to an error of 
a unit in the last decimal of Pi„. 


n 

u 

I (tt - 1, «} 


R 

10 

100 

000 

1000 

00 

2- 08479 

3- 06400 
d-96561 

23'34B23* 

31*627631 

00 

1(4, 2-08479) 

/(9, 3-05400) 

/(99, 9-96561) 
7(499, 22-3452.3) 
7(999, 31-62763) 

7 (<» , 03 ) 

'6018 

•5008 

-5004 

•6002 

•6001 

•5000 


Thus we see that Px, rapidly approaches the value -6; in other words, in an 
absolutely uniform distribution of the probability integrals p, there would be as 
many distributions above as below this value. This is what we might a priori 
expect, but it is suggestive in endeavouring to interpret the relation of P,^ to P»>. 
We will return to this point shortly. 

In order to determine the values of the incomplete F-funotion for 99, 499 and 
999, recourse was had to the E method of p. xvi of the Instructions as to the use of 
the Tables^- This method is peculiarly advantageous in the present case both 
practically and theoretically. 

Ifp = n — 1, and v = '^nu’= ‘^p + lu=p + d', 

f' ®re-»d® , , ,, ,s 9yi - 185ya ISOya - 4^4 , ,j 

fi.’/i + I0y» — I6ya — I ~h 28y> - 30ya + ^yt ...(9), 


where 


and 


Six- 


-tr-v 


r(p+i) ' 

(p + 

r(p + i) ' 


pPerP 

2'’"r(p + i)' 

' r(P-+-i) ■’ 




^3 = 


„ -0197,5309 0072,1144 -0003,8564 

(i= -6666,6667 + — -1- ■ -h - 


p + 1 

gives the distance from mode to median. 


{p+lf ^ (p + l)“ 


* DiflerB by bve units in the last figure from the aiymptotio value, 
t Asymptotic vftlue. 

:f Tablet of the Incomplete V-T^tion. 


.( 10 ) 
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Woiking So four figure* ntily tin- fiml two nr three U-rms m (H] niitl tlic, first 
two in ( 10 ) siiffirc when /i is of the tinier I(Hi anti iiwre. arnt the values of the t/a 
are euaiiy tletennitMsd. Now »»■ p + d' anil the aayniiitatie mine of 

B — Vjia »• v’lift/n — — I 

\ 2Vrix-4{M,Kl)4V 

M I 4~ M _ — — 'l »ja e ^ 'ij5fl,42(i'f- 

^ r •8Ba,5890y ^ 

Thu# ” a very sirmll quantity, i.e. approaches •(JJS2+, and sitice i/j i* of the 
ordar ’01 to '02 even the socoiid term of (fl)otily inliucriciM the fumUi ihxiinal plftce, 
and we aae how the approximation to ’hOOD ariaes. 

Now while the value of Px* rernaiiia the same wheruviT we plaoi; the /.), in the 
n divisions, the value of }\^ will vary according to ihuir fxwitinn in those diviaimw, 
and it seema very proper that it ahmild. Wo will uoiiRidiT lima* am-n rtf thu p's 
for n ~ S. Instead of taking the values pi « '1 . /la » ’3. ps “ ’5. p* ■ "7 and “ '*) we 
will; 

(A) Give tlio p's larger values close up to the iKiundaries of tire divisimis, 
namely: pi «• Tf), jtt » 'ilfl, pa *• ‘5!), pt »> '7f> and p» • ’h!). 

(B) Give the p's smaller values close up to the opijosiu- iHimidaries of tins 
five divisions, namoly: pi «» '01, pa»» ’ 21 , pin'iH, pi* '81 and px-'Hl. 

(C) Take values drawing up the p's closely to llio contrsi valmt '.‘K), namely : 
Pi “ '19, p> ” '39, Pi “ 'SO, p4 “■ '61 , p»>« ‘81. 

We have Vn logic e ■» '971,1 120, and aocoi'dingly 

(A) Iog>.„-~ 1-400,0875, u-l'SOflfi, Qi„«'7+«(i. 

(B) log 3-37 1,1820, tt~3'471't7. Qa.-'IH2, 

(C) log\„=.-T737,3970, u-1'78908, Qi,-'0287. 

Now we notice that while P**— 1 for all those oases*, Q*, — while in none of the 
three oases giving an improbable result— is for from ■giving idBiitical nmusures for 
the three distributions of the p'a When we move the central points towards the 
greater values of p„ i.e. in (A), wa find that 76’/, of cases have a less degree of 
probahility; when we move them towards the lesstir degnses of probability, i.e, in 
(B), we find that only about XI */„ have a lessor degree of probability, and finally 
when WB endeavour to conoantrate towards tho centra of the entire range, i.e. in (C), 
■we find tho intermediate valuo, namely about 88 of cases have a iesser probahility. 

This illustration will 1 think suffice to indicate some advantages of the Pi, tost 
over the P** lest. 

lUuairation 1. Useof the ProbabiHiy Integral from thi TahhofthsMormalGunB. 

The mean length of life of 15 samples of five electric lamps is provided by 
E. S. Pearson. 

* This is quits apart from the quesfionabla repiauing of a hiaotuiai by a oormai curve in each a case 

aa (i + f)‘. 
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TABLE I. 

Length of Life of Lam.'ps in Hours*. 


Sattipld 

No. 

1 

Mean 

Blandai'd 

Deviation 

Sample 

No. 

Mean 

Standard 

Deviation 

1 

1295 

440 

9 

1716 

385 

2 

2005 

435 

10 

1660 

460 

3 

2446 

580 

11 

1036 

560 

4 

1.900 

346 

12 

1760 

280 

5 

2570 

290 

13 

2176 

466 

0 

1980 

510 

14 

1570 

505 

7 

1990 

446 

16 

1670 

380 

H 

1990 

315 

— 

— 

— 


Is it reasonable to suppose that these 15 five lamp means have been drawn 
from the same normal population t 


In order to answer this (question we must determine what arc the motsit probable 
values to assign to the mean M and the standard deviation S of this supposed 
common parent population. liOt the samples he v in number, and of different 
sizes Ufi tlie meafi and standard deviation of the zith sample being and Sf, Then 
tbs most probable values of M and S®, will ‘be obtained by making the following 


expression a maximum : 

£!= U (n,) e x 

\'/2trYS'’ 


n 




1 



.( 11 ), 


Taking the logarithmic differentials with regard to M and X we find 
S «t (rtit — = 0, 

t=\ 


M — "s — , where N = S (n,) (12), 

«=i 


thus M is the weighted mean of the sample means. Further, after differentiating 
and collecting terms we find 

_ 8n,{st’ + M) ) 


Clearly (12) and (13) simply amount to saying that the best value to give ilf and X 
is that obtained by pooling all the individnal values in the samples and finding the 
mean and standard deviation of the combination. We may note here that if our 

* Tables of the Incomplete B-P<mctton, Intrpduction, p. In. 
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hypothesis wore that i:mr mmples were drawn from iiidepisniient parent populations, 
but with the same variability, wb should havo to niplsci! the M in (1!)) by M, and 
differentiate with respect to every df,. This gives im Af, «■ »i,, nnd 

(14), 

i.e. the weighted mjuans of the variances. Tho Iiypntlusais that ifi varies from 
sample to «mplo may indicate, however, a secular change in Mi and so involve 
correlation batweoti aucowive snmplos, which haa not ten allowMl for in (11) 
where the samples tire oonsidcred independent. 

We proceed to find M and X for the data of tiie eleotric lamps. The needful 
calculations are provided In Table I. If we have determimKl M and 2, then the 
m'e ore distributed normally witli a mean M and standard deviation X/dn, so that 
we have only to look up (jlf~ !»,)/( S/*/n) in the table of the normal probability 
integral to obtain the sarloa of probability integrals, pi, in mluran (fi) of our table, 
Great care must be taken to regard the sign of (M — n) as the areas must 

all bo measured from me and of tho nonoal curve. 


TABLE II. 


(ft) 

It) 

(e) 

(d) 

I'l 

(/) 

hr) 

w 

(«) 

sample 

No. 

Moftn 



•t 

*.* 

mxfJS) 

Pt 

loewf* 

1 

1896 

-616 

378826 

440 

193000 

-2‘8W 


4-71 6,0033 


SOOfi 

+ 96 


436 

189226 

+ -aoG 

•06636 

1+18,4799 

a 

8446 

+ 338 

280225 

680 

836400 

+ 2*222 


b9»4,St665 

4 

KSn 

- 10 


346 

110026 

- -04 2 

•48362 

T-684.4144 

G 

2670 

+600 


290 

84100 

+3*742 

Bit 7 rM 

!’980,6899 


1980 

+ 70 


810 


+ *201 

•01447 

T-TWiiWO? 


■EM 

+ 80 

6400 

446 


+ -m 


f-799,3760 

8 

1990 

+ 80 

6400 

310 


+ *339 


I •790,3760 

Imlm 

1710 


38026 

386 

148926 

- *810 

•30897 




-280 

07800 

400 

211600 

-1*080 

•H007 


11 

■£m9 

+ 26 

626 

660 

S13600 

+ *104 

'64141 


IS 

1760 

-160 

22600 

280 




t'48B.0863 

la 

2176 


70S26 

466 

216226 

+ 1*101 


I'!I30,7»1 

u 

1670 

-!M0 

■Mia 

006 

266026 

-1*419 

*12031 

I '101,4377 

16 

1870 

-240 

67000 

380 


- ‘997 

•16963 

r'S03,U4« 

^aum- 

ir-1910 

^ 8um«99937 

^Slira..l8e,81i! 

- 

log X,- 

-a-647,H434 


I'=.99, 837 + 189,812 - 289, 749, Vnlogr,o»-l-e8S,0163, ^-.638*518, and S/Vh-SMO'7Sei. 


Thus M= 6081,906, and we require /(14, 5'O81,0O6)i we find this from the 
Tables o/ the Jnoomplete r-jbnetion to he ’88209. Hence = '138: or, the number 
of mote improbable seta of 16 samples is 11 *8 '*1^, 
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We cannot on the result of this teat assert that the lampa’ lives were certainly not 
samples from the same population. 

Illustration 2. Use of the Incomplete H-Fuiwtion Table to determine the Proba- 
bility Integrals. We may use the data of Illustration 1 to exemplify this method. 
"Student" deduced* that if Jlf was the mean of the parent population and mi the 
mean, Si the standard deviation of a sample of size nt, then the distribution of 
= («!( — M)jst is given by the curve 



We require the probability integral of this curve, and various tables have been 
computed for it, either for St or some modified form of Sf I personally have found 
nothing so comprehensive and convenient as the Incomplete ^-Function Table. 


The probability integral is 

(T^/Wo (TW")' 


r+" __ de 


Put 


■-Z or 

1 1 + 2 * 


then p {n, ^) = -6 |l + | (1 — da7| . 

But the ratio of the two integrals J(a — 1)) or the incomplete B-funotion 

ratio, the quantity /jc(p, q) tabled in the corresponding book of tables. Thus we 
may write 

p (n, z) = -5 (1 + 1, (4 , i (a - 1))} 

= il2-/i (16). 

i+*» 

The reason for this change of expression is that the Tables of the Inoomplete 
T-Punction are provided for p>q. We must rememher, however, as especially 
important that we have got to allow for z being negative. Accordingly we take 

p (n, + z) = l-jl 1 (i (.n - 1), 4) 
l + z 

p(n, -z)= il i_(i(n-l),i) 
l+s” 



For present purposes linear interpolation into the B-function table will suffice. 
The following table indicates the needfnl work. M remains = 1910. 
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TABLE ni. 


Bamplek 

Nij. 

- M 

*i 


1 

“rr.n 


leg Fj, 

1 

-^(11 ft 

440 

-- \'mn 

t'sms. 

•Atmu i 





43f» 

^H3-2lft39 

\<uim 

•9514H 

‘im* 

i vKMViaw 

3 


ABU 


( *850144 

•A4tt30 i 


l-Bwi.uiia 

4 

- 10 

345 

- O'OSftga 

1-00084 

•fWSIB 1 

•49I.A 

I-BBI.SKB 



m 


0*1 |«M 

■iBias j 

•»»»7 

i'm«i,Kffl7 

8 

+ IQ 

510 

+ 0*137540 

1 *01884 

•fmi.'ii ] 

-0355 

l-Wtt.liriB 

7 

+ ao 

445 

+(1-I797« 


•liHlROJJ 

•0753 

i •BiSI,4IW7 i 


+ BO 

315 

+a‘a63«7 

1*08450 

*93040 j 

•7304 

I'SBK.ain 

» 

- lOfi 

m 

-OCiOBW 

1 *25053 

•795M 

'im 

l-oki,n-ii 

10 

™aoo 

400 

~ O'WJOat 

1*31»47 

•iPtim 1 


U 

■4* 

m 

+ 0-04404 

1-OOlWJ 

•mit'oi i 


l-7U(,««lfl 1 

IS 

-IfiO 

m 

-0'fi337l 

i*a«iw* 


-0997 

S'09»,8'WS 

13 


4B?» 

+0-W19B9 

1 *32477 

•754Hf> 

■9123 

ilMfl.lS-? 

U 

-MO 

50fi 

-a-07387 

, lM533tl 

‘6K8O0 i 


!i'77fj,l»20 

Ifi 

m 

Ml 



•714H5 ! 

■omia 

J'WojrMs 


Aabofore V«lo6i|0"l‘W*iOIM. -l('3Bl,#D<M«k>gX„, 

Thus «-5'fla57M, tuid 1 -/{H, S’SfiSTfl). 

where the latter function i« the T-funotion ratio. Inttirpolatiitg- linearly from the 
JncompUte V-/unoUm TaiU, we have 

QH-i-aso-twoese. 

Thus some V ”/„ of series of sample would pro/ide a greater dogroo of im- 
probability. 

l>r Egon S. Pearson has applied to the sarao data in the Introduction to the 
Tdblee of Hie Incomplete 'B-Funolion a third test, namely a modification of Fisher's 
tost for determining whether the regression of one character on a aeeind is a hori- 
zontal straight line, This involves tho computing of t;*— iS sntJ the 

determination of I*®® Tabke of the Incomplete B- 

Funciim, Thus as in our Iltuelration I tve have to dotermine the most probable 
values of M and S, but there is only one value to be found from tha table, not 15 
from that table, and one from the firoompirt* r-/unirtt(m Table. In this case 
i)*>o '844i9 and we have Q*,i "> f tm (30> 7)w.'0162, or there are l'62 7„ of oases 
only more improbable. It will be soon that this result is niote stringent than 
either of our previous tests. Can we find a reason for thisl Fisher’s tost is based 
on a triple hypothesis! (i) linearity of regression, (ii) homosoedastioity of arrays 
and (iii) their normality. Now the approach to a normal distribution of means is 
fairly rapid even for distributions qot absolutely nonnal. Further the formulae (12) 
and (13) for M and S*, while we have deduced them fltom a normal distribution, 
are most reasonable formulae to take in non-normal distributions, and lastly no 
assumption is made as to homoscedastioity of arraya Accordingly we might 
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anticipate that our test in Illustral^on 1 would cover a wider range than Fisher’s 
triple hypothesis does, and so it appears from the result. 

Again in the ^i-test of the present lllvstration we do suppose that each sample 
is taken from a normal distribution, and that all these normal parent populations 
have the game mean, but we do not insist on the standard deviations of all 
these parent populations being the same. The probability integrals of the several 
Zt can be combined, aa they are random selections of pt between 0 and 1. Thus 
again the hypotheses involved do not seem so stringent as in Fisher’s case. 

With regal'd to the comparison of the tests in IllusiraiionB 1 and 2, it is not at once 
obvious why the selection from v normal populations haying the same means but not 
■necessarily the same standard deviations should be more stringent than the 
selection from v populations having the same means and standard deviations but 
not necessarily strictly normal 

Illustraiicn 3. In an experiment^ in which a certain number of children were 
given raw milk for four months and the same number of children of closely tho 
same age, stature and weight were given pasteurised milk for the same time, the 
following system of mean growth differences, standard deviations of those differences 
and the ratios (^’s) of those differences to their standard deviations were obtained. 
The numbers are sufficiently large to admit of our computing the probability 
integral of z from the normal curve table: 


TABLE IV. 


Boys, 

No. 

Eaw Mean — 
Paateutised 

Standard 


Probability 


Central Age 
in yeatfl 

of 

PaXTB 

Deviation 
of Difleience 


Integral 
oS i,=p, 

login J>1 

6| 

73 

- -066 

•064 

-1*22 

•888,7676 

1-948,7882 

72 

76 

-l-'022 

•053 


•340,9030 

1*632,6308 

si 

71 

-*003 

•052 

-0-06 

■523,9222 

1*719,2669 

93 

77 

4- -on 

•066 

+0-20 

•420,7403 

1'624,0U1 

io| 

60 

-t-'002 

•067 

+0-04 

•484,0466 

T-684,8872 



( The uniia are inches.) 


Total 2-609,6872 


Thus: logioX6 = l'4>90A128, Vnlogioe = v'6 x 434), 2946 = '971,1120 and accordingly 
u^TB3475, 

The volume within the 6-hyperboloid = / (4, 1'63475) ^ "262, or the probability 
of a set of values of z with a less probability than those observed is *738. That is 
to say that if the system of ir’s were really drawn from normal populations about 
74 of the cases would be less probable. We cannot accordingly asseffc that 
there is any difference in growth in these boys according as to whether they took 
raw or pasteurised milk. 

* E. M, Elderton, “The Lanarkshire Milk Exporiment,” A-niials of Sugenieg, Vol. v, pp. 326—386. 
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lUmtraiion 4, In the exjjiirimetit referred to in the proviouK lUiatralim the 
fallowing reaull# were ohtoined in the same manner for the Weight of Girls when 
Raw Milk was administorod and when no milk was given, the pairs heing taken 
of closely the «me Age, Stature and Waiglit. 


TABLE V. 


OtRUU 

Nti. 


— 

Hiiiad«>rd 


I^b&bUity 


DftDir&l Agij 

of 

MUk^ 

D«vUtian 



1»K.bPi 

in yfeikita 

Pair* 

OOVtTOl 

of niffenmM 


ol 




144 

+ 0-13 

2-W 

■oo 

■47B,077» 

i‘B77,a7«l 

7i 


128 

+ M2 

B*41 

-SB 

•322,73«1 

£'»(», K771 

8 


m 

+ 7-9« 

3-68 

3-00 

*rX)3,340y 


9' 


laa 

+ ft'62 

2*77 

s-a*? 

•tQ1.17H3 

2'm,wui 

10, 


iia 

+ 11-80 

a-37 

.3-67 






(TA« aft ounm.) 


TouJ 

]d-MH,3879 


Thus: logioX(»» + 9T08,B121, Vn logjos •• ‘STlillSO (mil accordingly u>“9'37648, 
and the volume inside the hyperboloid » / (4, 0'87O4B) •» -999,1)922, or the proba- 
bility of a sat of s's oeeurring with as great as, or a greater improbability than this 
set is only -000,0078. We should accordingly argue that the taw milk feeders and 
the oontcola can only be, with the highest degree of improbability, random aamplea 
of the same population, i.e. the raw milk accelerate the growth of the girls 
(ospeoially the alder girls) in weight. 


Illustration B. Use of Probability Integral of Oorrelation Coefficient. A number 
of coefficients of oorrelation, n, rj, r^, ... r^, are found from samples of sizes 
%, r!*, ... m, ... Uu. The corresponding means and standard deviations for the 
samples, the variates being ai and y. are £, p, o-^, o^j; o-^, o-j,,; ...; 

»i, ?(, «■»,, (fri,; ...; Su, 5u, <ri„, a-f^. Baoh oorrelation may oomo from a parent 
population means standard deviations 2*,, 2^,, but these parent popula- 

tions are supposed to have the same value of the correlation Oooffioient />. What is 
the most probabla value to give to p, and what ie the ohanoe that tho populations 
from which the u samplre are drawn really have the same correlation f 

Wa suppose the distributions in the ooso of each of the tt parent populations 
to be normal, and we will take (S(n,«W, The distribution of the tth population, 
if -ive suppose a,,, y,,, to he any member of it, will be 



U 

2-,r2„2„,(l-p>)i 





If we take the product of such expressions for all values of a for the tth sample, 
we find that the chance of such a sample arising from values of m and y lying 
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between ost^ and + Vta yta + similar values for the th other 

pairs of coordinates may be thrown into the familiar form 

( V‘-- 1 -.. 

V2^S»,V (l-p”)*”' 

xe~ HI -P^) I s^; J 

(19)- 

We have a similar value for each of the u sets of samples. Now we suppose 
ohe u seta of samples to be independent and further nothing known about the 
constants of the M-parent populations except that they have the same p by hypo- 
thesis. Accordingly we have to make the product of u expressions like the above, 
a maximum by choice of the 4^ + 1 variates yt, (t = 1, 2, ... u) and p. 

As they are independent, we can differentiate the single values like (18) to deter- 
mine the values for the first four types of variates, but we must differentiate the 
combined product to obtain the value of p. We have at once = = 

Inserting these w© have to maximise the expression 


1 





J 


“n“ 

0=1 


(**lo *!'<») 


,.,( 20 ) 


to find the proper values of and S,,,. If we take the logarithm of this and 
differentiate with regard to S«, and Sv, we find, after dividing out a factor, 


0 = 

0 = 


'<r% 



/ 



i2\. 

2«l2y, / 


and accordingly by subtraction =jp = 

i aj( A 

he positive, 

2%"!- 


; or, since the standard deviations must 


f!. = £ja 


,( 21 ). 


We have now to differentiate the product of « expressions like (20) with regard 
to p, where after differentiation we can make use of (21), The required expression 
as far as p is conoernod is 


1 

(1 - p»)i" 


a(i-p»)<2i”‘b\ 2-'., J 


< = « 
n 

^=1 


B=«t 


Assuming that it is allowable to consider the double product independent of 
2*,, 2y, and p we have, by taking a logswithmic differential with regard to p, 


0 = -^P- 

" (1-py (l-p*)“*= 

Biometrika xxv 


y‘ r <p“», , A, 


1 _i_ ^ 

i+i-psri 2.,s„ ■ 
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Now making uk! of (21) we find, aince S Hi - 1 ¥, 


t,i \i~pr,J 


..( 22 ). 


i/p 

l-p* 

Our (21) agraoB with the (B) (jquation of Mr Bnwdusr's (11)* «nd our (22) agresg 
with hi« (11) (G), if wci take the «impl» ewe of u-2, when +iix. 

Ketiiming to (22), let im writo 

,.(23),, 


M. 


if 


or, p, ia the weight mean of the nth powers of the ri's. Aeeordiugly we may write 
our equation for the moat prohablo raloa of p in the form 

p o/ii + p (ft,-/*’) + P*{p» -p') + />•(«"/) + “■/>*> + 

Thia aquation allows us to make rapid approximetiona to the value of p, aceotding 
M to what power of tlie correlation Boofficiento may for a practical purposo be 
oonaidered negligible. Thus 

p, m «• mean of the ri'a. 

pi“Pi + prfMa-pi*). 

pt “ W + p> (w - fpf) + Pi* (p»- Pi*). 

P* " Pi + pi (p» - pi') + P»‘ (m - p»* ) + pi* (p4 - Pi*). 

and 80 on .(28). 

The following example ia taken from the paper by E. S. Pca.r»on and S. .S. 
Wilka in the current iasuof: 

It is assumed that the frequency of Head Iiengbh and Head Breadth in skulls 
follows a normal distribution. Samples of 20 akulls were taken from 30 different 
races and their correlations calculated. The dimoneiona of the skulls end their 


TABLE VI, 

EooioJ Oorrslotion Ooeffimntt for Bifuaf tmall Bamplu <f Thirty Ram. 




lUoe 

ft 

BaiM 


Bam 

n 

Baae 

n 

1 

+ •087 

7 

-•037 

13 

+ •319 

19 

+•018 

« 

+ •246 

s 

+ •108 

8 

+ •667 

U 

+ •810 

20 

+•160 

HI 

+ •380 

3 

+-m 

9 

+ • 0X4 

16 

+*019 

21 

+•178 

27 


4 

-•OIB 

10 

-■xia 

16 

+•448 

i% 

+•763 

28 

-■ 6)6 

6 


11 

+ •819 

17 


23 

+ *101 

20 

+ ■023 

6 


■ 

-•162 

18 

+’946 

24 

+•449 

30 

+ *204 


• BimetHkfi, VeU xxr. p. 104, 

t Bimtirika, Yol. pp. 
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standard deviations for the 30 parent populations are supposed unknown; hut 
undoubtedly differ significantly. The problem is whether the correlations baaed 
on these small samples can he considered random samples from parent populations 
having a common correlation coefficient* It is unnecessary to repeat the names 
of the races here, as if the problem were to be considered in earnest, we should 
not take all the equal to the small number 20, but use all the skulls available 
and weight the n/s, using formulae (22) and (23). 

The first four moments obtained by adding the powers given in Barlow's Tables 
(Edition, Comrie) are as follows, due attention being paid to the sign of ; 

Pi = -2489,6667, gj - -1668,5010, /ij= -0904,4030, = -0677,0455. 

Hence pi = mean, r, = -2489,6667. 

Thus we have 

pi“ = -061 9,8440, pi>= -0164,3206, = -0088,4207. 

pa = -2489,6667 + -2489,6667 (-1568,5010 - -0619,8440) 

= -2725,8507, 

whence P 2 “= -0743,0262, pa“ = -0202,5378, 

pa = -2489,6667 + -2726,8507 (-1568,5010 - -0743,0262) 

+ -0619,8440 (-0904,4030 - •0164,3205) 

= -2761,1603, 

whence pa’ = -0762,3951, 

P4 = -2489,6667 + -2761,1608 (-1568,5010 - -0762,3951) 

+ -0743,0262 (-0904,4080 - -0202,6378) 

+ -0164,3206 (-0677,0466 - -0038,42071 

= -2774,2504. 

We may therefore take as the most probable value of the correlation coefficient 
in the series of u parent populations to three decimal places, p = ‘277. 

Starting with this value of p we have no-w to find for the 30 values of r, given 
above, their probability integrals. Miss David's Probability Integral Tablef for 
the Correlation Coefficient will enable such values to be determined. Meanwhile 
she has provided the values for p = -277. The probability integral table for this 
value of p runs as follows ; 

Thus, if the samples were all derived from populations having the same corre- 
lation we should only in less than 4 "/o of cases get a more improbable result than 
that observed. It is thus unlikely that the thirty races have the same correlation 
coefficient between Head Length and Head Breadth. 

Messrs E. S. Pearson and S. S. Wilks, by applying the approximate method of 
Fisher, obtain a = 96-01 and a probability ;P*»< '000,030 that the correlation 

* A friori the hypothesis of common ooirelation is extremely unlikely, for if these races were pro- 
duced by selection from a common stock, that selection would modify the correlations. 

t Kanusoiipt Table shortly to be published. 


26—2 




ooefiSoientB between head length and head breadth are not the same for all the 
thirty races. I am not prepared to state whether the extreme difference in this 
case is due to the teat applied being really more stringent, or to the foot that 
Fisher’s approximate a-test for r can give exaggeratedly improbable values in the 
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case of outlying values of r such as those of + ’946 and - -592 attributed to the 
Guanohe and the Turk. 

Illustration 6. Use of the Incomplete T-Function Table to find the Probability 
Integrals. We proceed first to indicate the F-function expression for the Probability 
Integral of the Standard Deviation a of a random sample of n drawn from a 
normal curve of mean M and standard deviation %. 

The equation for its distribution is 



Take ® ^ 

n-8 

y = ye X ^ e~*dx 

Therefore the probability integral in the form ready for entering the inooroplele. 
r-tunction table is 

If we suppose tho means and standard deviations are due to randoln sampling 
from a common normal population, then we have, by (12) and (IS), ' 

‘F (ntiik) S nt (st‘ +{mt-Mf) 

= and j . 

If we apply these results to tho data in Table I we have 2® = 28D,74i9 and ni = 5 
for al] values of t. Hence 

ie^r) 

Taking the values from column (/) of Table II we find 

TABLE Vin. 


y 

2/V2n/ 


and we have 


e 

w=fi(7168,907 


loBP,,, 

( 

«=8, s/163, fl07 

^ ni 


1 

1-iailQ 

‘4973 

1*696.6186 

9 

■00432 

•3656 

1-663,0062 

‘2 

M6447 

■4863 

1‘686.0103 . 

10 

1 ‘29098 

•6447 

r-736,1674 

3 

2*05238 

■7855 

1 •896,1462 

11 

1-91328 

•7523 

1-876,3911 

4 

•72017 

‘2741 

r-437,909O 

12 

•47832 

■1480 

1-170,2617 

5 

*51310 

•1649 

1-217,2207 

13 

1-31919 

•5562 

1 *74.5,2310 

C5 

1 *68688 

•6059 

1*816,8376 

14 

1*55681 

•6452 

1-809,6644 

7 

1*20816 

•5093 

1-706,9737 

16 

•88099 

•3538 

1*660,8627 

8 

•60537 

■2110 

1*325,3104 






SQogp„^)^log\= -S-V66,3691, V»ilogio«»l'S8S,01£i3, m=3-42233, 


Thus: 7(14, 3'42233)= '3512, or some 65% of series of 15 samples of S lamps 
would have a more improbable set of standard deviations. 




:i 1 l 8 Qi'iicml Cniei’ion for Random Sampling 

[Unslmlian 1. Iti Illmtraikm I we have obtained the probability integrals of 
l."i toHto of riiraviia and in thi- hint illuHtration of 15 testa of stainlartl dnviationa. 
As we have seen, probability integrals may be, combinoii, and this is jKjnsible here 
benaiiBi’ there ia mi eorralnlion in samples from a normal jKi|mlation between mean 
raid Htandnrd deviatiini. 

The combined lug X„ » - a‘5«,8i34i - 5'7SU.3Ba I . 

- - 14'a04.2125, 

raid -i-'n logio e - VilO x '434,2945 = 2-:)7«7,2895. 

Accordingly: u “B'OISIIH, and 

1 (n - 1, u) = I (29. 6 013.38) =» '7189. 

and 1 - 7(29, ri'0l338)--='2Kl, or there would be samples of l.i drawn from a nonnal 
surface some 28', /„ with more iinprobahlo sots of moans and sLandari deviations 
than occur in this sal. of 15 samples of five lamps. Thus from whatever standpoint 
we regard the problem, we havo not succeeded in caiidemning the hyjxithuaiB that 
the 15 sainploB of live lamps each may liave been drawn from the wine nonnal 
population. 

But there is a amaiclcrable dilferouce in the combinnd jr-Umt and tho com- 
bined A„-teal (i.e. Qau“’ 070 and Q*^"»'281). Wo have alreiwly pointed out that 
the s-tGst only involves the popnlations from which the individual r’a arc 
obtained having the same niotm and being normal ; these, iwpulalions may have 
different standard deviations, and if tho selections from eaeli of these distinct 
populations be random, their probability integrals for e will all follow a rect- 
angular distribution and may be combined. On tho other hand our combined teat 
aasumea normal parent populations with the same mean and the «««ie standard 
deviation. Wo should thus expect it to be more stringent than the s-test; 
actually it is less. But this may be accounted for by another factor whieh arises 
here ; the x-test associates every difference of monji with a definite Standard deviation. 

Ill the present illustration tho 15 standard deviations, s,, of tho samples might 
have boon associated with any one of the 16 differences of mean, m, - M. In this 
respect the oombinad tost of this illustration seems to be loss stringent than tho 
j-tost of Illustration 2. 

Aooordingly we ought to bo very careful in considering a test to state tho 
hypothesis we are testing on as wide a basis as it admits in regard to the methods 
employed. 

Thus in Illuelraiion 2 we are not really testing whether the 16 means come 
from a single normal population with the same mean and standard deviation. We 
are testing whether the 16 means come from 16 normal populations with tho same 
mean and possibly different standard deviations. If the result were such that we 
rejected the latter hypothesis, the former must he rejected for it is involved in the 
latter. But if the latter be reasonable, it does not follow that the former also 
may ho, 
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la Illustrations 1 and 5 we have made — the hypothesis that all the 15 samples 
were drawn from the same normal population, and calculated its mean and standard 
deviation as the most probable values on the basis of the data provided by the 15 
samples. But we have not specified that the 15 standard deviations are to be 
associated with special values of the differences of , the means. Had the result 
come out highly improbable we should have rejected the wider hypothesis, and 
accordingly the narrower, which ia included in it. 

One point may be noted. The probability of a worse result for the means 
=5*6488 and for a worse result for the standard deviations w‘li79. The combined 
improbability of a worse result for both, as these are independent, = '0765, which 
is of the same order of probability m the ‘0696 provided by the .^-test in 
lllustraimn 2. The correspondence is possibly of no significance. 

If we take the 30 probability integrals provided by Illustrations 1 and 5, and 
distribute them in five subranges of *2, we find 



O-O— 0-2 

0-2^-4 

0-4— 0-6 

0-6— 0-8 

0-8-1 -0 

Expected 

6 

6 

6 

6 

6 

Observed 

6 

6 

7 

8 

3 


The = 2'3333, and the corresponding Px» for five groups = *676. 

This may be compared with the PArt«*281, as indicating the weakness of the 
assumptions on which the P method depends for a small number of groups and 
a small total frequency. 

Illustration 8. Application to Linea/rity of Regressions. In some recent work 
by Professor H. BiUger the correlation tables for Weight and Vital Capacity in 
28 age groups were reached and the values of r, nx yt '^y.a calculated for each 
of these groups. From these values the functions 

= — r*)/(l — r*) were tabled. The distribution of ^ on the assumptions 

made by Fisher of linearity of regression, with homoscedastic normal arrays, leads 
to the curve 

W- 

where n is the size of the sample and a the number of arrays ; and accordingly 
the probability integral of ^ could be found from the Tables of the InooMplete 
'B-Funotion as long as «r — a — 2 ^ 100. 

Unfortunately in the data we have referred to this condition , ia only satisfied 
in one case ; in the others — a — 2 is in eiceas and often considerably in excess 
of 100. We therefore replace in (28) the second factor by an exponential term, 
and we have, if ? » | — a — 2) the distribution . 


,( 29 ). 
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The probability integral will nccmtiingly be I — 4), «), whore 


« 


-I) 


and I (p, «) is the incomplete r-funetion ratio to be sought for in the TaUen of 
the Ineotnplde V-i\nction. This is feuaible up to 104 arrays, a number unlikely 
to be roquired, 

The render must boar in mind that a ia tho number of arrays on which tj is 
computed, and wo must distinguish a,., corresponding to from corre- 
sponding to pj, 

The prablem bafora us is the following ; we have 2S tables and 28 values of r 
and say i.e. Weight em Vital Capacity. May tho 2R regression linns of Weight 
on Capacity be considered as a system, which does not differ from straight lines 


TABLE IX. 

Renremon of eight on ViUU Oapacil;/. 


P^oup rt” I i - W M pt loKpj 

1 fl~12 lot 13 - •847,6080 ~ - '004 SmOOOO 

5 is~16 331 16 8'6 314 -OflT.TOTO S'OM.OID# 4’i0943 'OfiS 2'832,60S8 

3 18 341 16 6'0 884 •088,(1630 6'0«l,01fl6 3^01603 •Sai r'464,8449 

4 17 S88 14 6 878 •031.4678 4'8»a,9706 V74716 -082 2-312,4287 

6 18 380 16 i-i 303 •040,26(18 6^O09,m86 8^3(«18 •618 !'T08,8TOO 

6 10 310 18 7 890 •086,6070 5-666,8642 8'846M •448 I'(M9,3349 

7 SO 389 17 9^8 370 •013,1104 D'477,2860 0-88564 -993 1-998,9498 

8 21 321 18 0 303 -067,4879 6-291, 6086 3'89070» •83,6 1-371,0679 

9 82 289 18 8 271 -009, 2677 6-261, 6088 0-47404 •»99{B4) 1-O09, 8-136 

0 23 .310 17 6'6 897 -063, 0081 6-477,9868 3-4I80S -W l-380,0269 

1 24 278 14 0 280 •067,7608 4'e08,97S6 3-68698 '128 1-107,2100 

.2 26 223 17 6-6 804 -063,3770 6-477, 8366 8-36048 '808 1-783, 9030 

13 26 224 16 0 888 -049,6476 6-201, 6026 S-11817 -(170 1-828,0748 

14 97 196 16 6-6 178 -076,0910 6-090,0106 9-08138 -43(1 1-633,4886 

16 98 188 15 0 170 -086,6810 6-291,6020 2-76307 -409 1-811,7333 

18 20 186 15 6-6 169 -096,6816 6-099,0196 3-804.38 -231 t-.363,6120 

17 30 198 14 6 182 -068,2614 4-S0«,6706 2-63595 --US* 1-816,4240 

18 31—32 IW6 17 6-6 888 -081,0746 6-477,2860 4-23366 -080 S‘903,0900 

19 33—34 280 18 8 808 -036,9607 6-201, 6080 1-B2866 -786 T‘804,8697 

!0 36-36 290 16 6 872 -066,4162 6-801,6026 2-B0992 -366 1-660,2884 

81 37-38 366 18 6 848 •036,2094 6-291,6026 1'698«8 -831 1-019,8010 

22 39-41 319 16 0 301 -040,0176 6-891,6086 S-20878 -608 1-782,4730 

23 42-44 287 14 6 261 -022,8722 4-898,9796 1-17186 *282 I-4»,B401 

24 46-47 196 18 0 178 -066,8809 6-291,6020 1-B7977 -766 1-884,2288 

26 4 8 - 6 1 228 18 6 204 ■023,4028' 6-291,6026 0-90668 -884 l-046,4623 

26 62—66 147 16 0-6 130 -097,3283 6-099,0196 2-48139 -476 1-676,6936 

27 66-61 186 14 6 170 -066,0076 4-898,0796 1-90888 -673 1-828,0181 

28 62-81 163 17 6-6 144 -100,1917 6-477,2266 3-94804 -118 T-071,8820 
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inorB than "would reasonably be the result of random sampling ? In other words 
are the 28 ^ s as based on the 28 1^’s a random sample from the distribution 
curve (29) ? 


For the tth sample, we require the size of the sample, the number of 
arrays of Weight on Vital Capacity, the „_2 and the 

p = i(ay,j,-4) of the incomplete r-fonction, and lastly the value of 


u 


nt-OTi.x-^l. 

V2 («„.,- 4) 


Hence from p and a we find the probability integral pf of the sample and record 
its logarithm. Their sum gives the required logjoA,,. 

Thus we find/ (2'f, 645606) = *8748 and sets of 28 tables between Weight and 
Vital Capacity for age groups like the above, if obtained as random samples from 
parent populations with a linear regression of Weight on Vital Capacity would give 
a less probable set In 12*5 % of cases. Our results therefore taken as a ■whole do not 
provide strong evidence of non-linearregressionin the case of Weight on Vital Capacity. 


Illustration 9. Random Samples of Correlation Goejioimt from a Normal 
Population of eero Coefficient. The following system of racial correlation coefficients 
for Cophallo Index (lOO BIL) and Upper Face Index is given by Tippett*. Applying 
an approximate method he concludes as follows* 

"Thus the combined experience of Table XLIII [this corresponds to our Table X 
below] lends no support to the view that the two characters are associated even 
after making allowance for the possibility of racial differences," p, 143. 

It seems worth while investigating whether the methods of the present paper 
confirm Tippett’s oonolusions. 


TABLE X. 


Correlation Coefficients of Cephalic Jndem with Upper Pace Index for thirteen Races f. 


Index 

No. 

Bace 

Size of 
Sample 
nt 

Coti-elation 

Ooeffioiedt 

Tt 

Index 

No. 

Nace 

Si^e of 
Sample 

Tlj 

Correlation 

Coefficient 

rt 

1 

AustraliauB . . . 

ae 

+0'089 

7 

Polynesians ... 

44 

+0'0O2 

2 

Nesroes 

77 

+0-182 

8 

Alfourona 

18 

_ 0-302 


Duke of York"! 


-0-093 

9 

Micronesians ... 

32 

-0-351 

i 

Islanders J 


10 

Oopts 

34 

-0-147 

4 

Malays 

60 • 

-0-185 

11 

Etruscans 

47 

-0-021 

5 

Fijiftus 

32 

+0'317 

12 

Europeans 

80 

-0-198 

6 

Papuans 

39 

- 0-365 

- 

13 

Ancient Thebans 

152 

~ 0-067 

• 


* Tke Methods of Statistics, p. 142, 1931. 

t Several of the groupa are scarcely ontbropolf^ioal auitiea, but the series will serve as an example 
of mBthod. 
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We will first find the most probablo value of p. the correlation of the parent 
populations, if they all hwl the same coefiBcient. Applying the method of p. 894 
above we find, if W»*iS'(ii|)> 

„ _ .060,9878, ® »« .024,4213, 

N Jf 

. _ .002,7894, - -001 ,177 9. 

Hence we deduce 

Pi --• 060,9878, p, -- *062,2504, p, = - .082,2763, and pi »- ■062,2772. 
Accordingly ws find ns the moat probable value for p 

p- - 06228. 

It cannot therefore be asserted that the most pmbnble valiu! of p us indicated by 
the data is zero. It looks as if there existed a small negative correlation between 
the First Cephalic and the Upper Face Indices. 

Let US first try what the series leads to when we replace this most probable 
value of p by p - 0. In this ease the frequency distrihutioii of r as a salettion from 
a population having zero correlation coefficient, p «■ 0. is given by 

3/ ” Jlo (1 - r*) * (80), 

and accordingly, the probability integral is given by 

Pn,< = |^ (1 — (1 — dr ,..(31). 

This can he reduced to the incomplete B-funotion ratio by one or other of two 
transformations. 

(i) Take r* — ®, and we find 

Pn,r — 1 - i/i-p (i (n - 2), i), if r be positive, 

- (■'» “ 8), i), if »■ be negative. 

(ii) Put J (1 + r) - ffi, and we reach 

Pn, r “ /jn-hi (i (" “ 3). i- ~ 8)). for both signs of r. 

We shall make use of the second transformation as more readily lending itself 
to interpolation* into the Inoomplete ’B-JPuncHon Tablia. 

* 1 hftvo oonaidered it Rdcqu«te (or 4 )reMut por^seft to loterpoiiito ll^oariy Into the TabUao/ the 
Incomplete H^Functlon^ bnt even wUb thia aimplifioation the determiaetion ot (p-f-ir P + i) ottoaea 
some little trouble, wheo we are ueiag that part of the Ubloa ’wherein p U onl^ the unit; 

further we hate to remember that I*(p, g) is only tebled for p> 9 , ao that we musk Bnd when g ia 
J»(Pi 2) the relation J*(p, j»). The reiiulelte formula la the following, where 

<pe=l^e and <1, the tabulating interval of ie here unity; 

^Jt+0{i' + ii P + 41 = 10 Uj; {pi?) +1- + p)+ije(p + !■» P + l-) + Ja;(p+ 1. p}} 

+1® {^*+d ' P) + 1 (p + !» p) + fWd (p + !■* P + ^) (p + 1. p)}- 

Here all the incomplete B-funotion ralloe will be found in the tables, aa p is as Integer^ 
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TABLE XI. 


P\ Test for Tippett’s Data. 


Index 

Number 

Biae u{ 
Sample 

Oorrolation 

Value of p 

rt 

Logarithm 

t 

«, 

rt 

|9'fQnotion Value 

Numerical 

Value 

of B 

1 

60 

-}-*0a9 

7;6Ma(32, 32) 

•761 

T'881,3847 

3 

77 

+ •183 

/■™»(37'6, 37-6) 

•948 

I*97B,B911 

3 

53 

- *093 

i-iKis(25-6,2.')'6) 

•266 

1 •406,6402 

4 

60 

-•185 

/..„,5(2e, 29) 

'079 

2*897,6271 

5 

33 

+ ■217 

/.«*s(10, 16) 

•117 

1-068,1859 

fi 

39 

-•265 

/•MM (18-6, 18-6) 

•060 

1-778,1513 

7 

44 

+ •002 

21), 

•606 

1 ■703,2914 

8 

19 

-•302 

J^.940rt(6^6, 8^5) 

•1043 

1-019, 1163 

9 

33 

~ -251 

As,„(10, 16) 

•083 

2*919,0701 

10 

34 

-•147 


•203 

1-307,4960 

11 

47 

-•021 

/.m.6(22-6, 22-5) 

•445 

1*648,3600 

12 

80 

-•198 

/.*,„(39, .39) 

•039 

2'691,0646 

13 

1D2 

-‘007 

L.«(b(V6, 75)» 

•207-^ 

1*317, 0181 


logX„=8um log 7962, VlS logic«=l-.’)66,8711, m= 5-41986. 
Chfuico of more improbable 80 t 8 *ssi— /( 12 , 6'41986)*’048. 


Tippett applying a normal curve of standard deviation instead of (30) 

vn — 3 

finds a for 13 lying between 17 and 18 (17’26) which leads to a P=»'14il, or 
between the T and ‘2 levels. It would thus appear that our test is more, stringent 
than that applied by Tippett, or the difference may be due to the approximate 
nature of the method used by him. Not being a very enthusiastic advocate of ‘02 
aa a fit measure for rejection of randomness, I am inclined to doubt whether ’048 ia 
to be taken as sufficient evidence that the series of correlation coefficients are 
random samples of populations with zero coefficients of correlation. 

Illustration 10. Ootn'parismi of two Hypotheses. We have already noted that, 
apart from the replacement of binomials by normal curves, the test suffers under 
the disadvantage that it gives the same resulting probability wherever the 
individuals may be in the same set of subranges. The (X^, test allows for this, 
and accordingly ia far better suited for answering the problem of whether a 
Hypothesis A is or ia not more probable than a Hypothesis B. 

We will illustrate such a comparison by Tippett's data in Illustration 9. In 
that illusti'ation we have taken Tippett’s hypothesis that the data are random 
samples from parent populations having zero correlations. This shall be Hypothesis A . 
We have seen that the most likely value of the correlationisnot zero, but a correlation 
measured by — *06228. We will ask wbat ia the probability that the thirteen samples 
were drawn from parent populations with the correlation of the variates measured 
by the coefficient — *06228. This is our Hypothesis B. 

* Obtained appio'simfttely Itom corieBpoading aoxmal curve. 
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To answer the problem retjuirea ug to determine the probability integral for 
p=» — '00228 of thirteen samploa ranging from gixo 19 to size 152, The tables of 
the probability integral of r aa sampled from normal distributions are not yet 
sufBoieiitly advanMid to cover this wide field. Only the sample of 1!) falls within 
the present range of those tables. It scorned best to adopt a uniform process for 
all cases, and accordingly the following method was UHed. It is known that from 
about n=r20 onwards an exoellanb fit to the distribution curve of r is obtained by 
aid of a Pearson curve* having the game first four moment eoefficiontat aa the 
r-distribution. The nssulting curves belong to Type I: 

y “ Jo (Oi + (o« - ,(32). 

and accordingly the probability integrals may all be found from the Tables of 
the Incomplete B-Pmeiion. In order to reduce those curves we need to find: 
(i) mi < mt, these ate found from the ft and ft; (ii) the range 6, this is found 
from rt, ft and y9» and (iii) the distance d of the observed comdtition coefficient from 
the start of the Pearson curve. This must be reduced to d' by dividing by the 
range 6, for entry into the li-function table. 

In determining the incomplete H-function ratio we must remembor that aa 
nj' is always greater than mi' wo must look up in the tables not /,i'(>ni'. m/) but 
.ts equivalent 1 - Ji-irfmn', «ri')"p«. The probability integral thus obtained is 
the probability of the ooourrenoo of samples 'with a greater improbability than the 
observed sample. Table XII gives the values of the constants of the curves, the 
oorresponding pfa and their logarithms and finally the value of u with which wo 
enter the Incomplete T-Fmclioa Table. This gives by linear interpolation; 

= 1 - 1 (12, 8'674,963) = 1 - -efliO »■ '4360. 

Thus by the hypothesis that Cephalic Index and Upper Pace Index have a 
correlation coefficient equal to the most probable value provided by tho whole set 
of experiences we obtain a probability rather more than nine times as great as that 
provided by tho hypothesis that the correlation coefficient is rtially zero. To those 
who have had experience of the correlation between cranial eharaotera in Img series, 
the fact that small oorrelationa between such may be significant is familar. 'Phere 
is accordingly no ground for assuming that because we have four jKwitivo and nine 
negative small correlation ooofBoionte it is a reasonable hypothesis that the correlation 
cooffloient between these two obaractors is aero. 

But here I reach my main criticism of the method now frequently adopted for 
testing hypotheses. Arbitrary values like P»'01 or i’=s''02 are taken to indicate 
the improbability of a hypothesis. A hypothesis is then found to have aP^'Oi 
or '06, and it is stated to he thus shown to be reasonable. A conolusion ia then 
drawn from the hypothesis, which is taken as a physical principle, for examples 
that no difference exists het'ween two populations, or that a correlation coefficient 
ia zero. No attention is paid to the fact that another 'hypothesis may prove more 

* Mometri'ka, 7ol. xi. pp. 832—686, or TabU* for Staiittioiam, Fart H. pp. olvii--olxi, 
f Jiiometrika,, Vol, xt, pp. 887—888, or TabUifor StatiaUoimt, Part II. p. oIxIJ. 
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stringent* and indicate a difference between two populations, or show that it is 
more rcMonablo to suppose the correlation coefficient not Kcro. 

Ultiatraimi&. Oomparuanof two Hypolkesta. I will take a further illustration 
of such a cornpariBon which will also cast more light on the difflcnltios I feel with 
regard to small samples. 

The following thirty observations given in column (b) of Table Xltl are a 
random mniple and wo take as our Hypothesis A that the parent population had 


TABLE XIII. 


Test for Mormalil)/ »n Parent Population from Sampk. 


p 1 A 

H 

ft) 

ObaervA^ 
tlon Xi 

(<=) 

Deviation 
from Moan 

M 

r ,72 

yit 

(.n 

1 

2.^ 

-410‘5 

-1*485 

•OtIWi 

S-B37,9«H4 

2 

050 

-hlOS'ft 

+ *373 

•(1454 

f-«09,«2B0 

3 

617 

+ 72-6 

+ *267 

•8014 

l’77»,U»4 

4 

33 

-411*5 

-1*457 

•0728 

4-MI(l,3,1KO 1 

ft 

SIO 

-234*5 

- *830 

•20.33 

1 '308,1374 

0 

(141 

4- 106*5 

+ *606 

•7568 

1 -978,9811 

7 

477 

•h 32*6 

+ *116 

•6458 

1-737, a'(39 

8 

31B 

-180*5 

- *448 

•3971 

1-514,98(19 

9 

416 

- 26*6 

- -004 

•4989 

I'Bfl9.ie09B 

10 

277 

-167*6 

- *503 

•3760 

1-579,8803 

11 

632 

+ 87-6 

+ *310 

•6217 

T •793,5801) 

12 

496 

4* 21*6 

+ *070 

•mz 

r-72.|,B3U) 

13 

071 

+ 226*6 

+ *802 

*78H7 

1-899,0118 

14 

505 

+ 160-5 

+ *533 

‘7030 

1 •846,0653 ! 

IB 

162 

-202*6 

-1'039 

*1603 

1-170,9990 

16 

088 

+ 643'8 

+ 1*924 

•9728 

3*088,0236 

17 

420 

- 24*6 

- 087 

•4063 

f-897,733l 

18 

625 

+ 180*6 

+ *039 

•738U 

l*80«,40i)3 

10 

3H0 

- 56*5 

- *100 

*4333 

1-839,7887 

SO 

171 

-273*5 

- *968 

•1995 

1*221,4142 

21 

068 

+523*5 

+ 1*853 

•0081 

1 •980,9203 

22 

728 

+ 283*5 

+ 1*004 

•8423 

l'*926,48(i« 

23 

940 

+ 504*5 

+ 1*786 

•0620 

r-083,58l3 

2-1 

178 

-266*5 

- *943 

•1728 

t'2!l7,B4;i7 

25 

120 

-324*5 

-1*149 

•1253 

1*007,9911 

20 

144 

-300*6 

-.1-004 

■1437 

I'l&7,450« 

27 

37 

-407*6 

-1*443 

'0749 

4-873. 1903 

28 

044 

+409*6 

+ 1-768 

■9919 

1 ■1)82,9493 

29 

2H0 

-156*6 

- *660 

•2912 

1-104,1914 

30 

603 

+ 68*6 

+ *207 

•5820 

f-70.|.9230 

Moan“a444’5 

2 » 282*49328 

logioX,- 

-12-739,7252 


= -4203,8869,67, /(n-1, «)-f(29, r)-3656,8616)--476Sl. 

V301og„« 

* For illuatiatioQB in degrees of atringenoy of different testa, aeo Biomelrika, Yol. xxiVr pp. &05 el leq. 
t Found by linear interpolation from Bbeppard’a Tables. 
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a normal diatribution. The mean, M of the observations is JIf = 444*5 and their 
standard deviation S = 282*49328. We will adopt these as probable values in the 
parent population. Column (c) of Table XIII gives the deviations from the mean; 
oohunn (d) expreases those in tonus of the standard deviation, column (e) gives the 
Xmobability intogmle pt, and column (/) their logarithms the sum of which is 
12 739^7252, Accordingly since 1/Vnlogioe = "4203,9269,67, we require to find 
I (29, 6*3666,8616) from the Tahlt of the Incomplete V-Wnnction, Interpolating by 
means of S® (i.e. to third difference accuracy), we have 

Pa, ( 29. 6*3566,8616) = *47551, and Qx„=-52449. 

Thus between 62*/^, and 53 of sample from the above mentioned normal 
population would have a less degree of probability than the observed sample. 
Shall we therefore assume it reaaonable ” to suppose the sample drawn from a 
normal population ? I fear many statisticians will say that it ia, and not hesitate 
to draw any inferences that may be based on such an assumption. I doubt, how- 
ever, whether the use of the word ^'reasonable” is proper in a case of this kind. 
There are possibly far more probable h3rpothes63 as to the nature of the parent 
population, which might lead us to base very different conclusions on the nature 
of the sample, for example that the range of possible observations was narrowly 
limited, or that the frequency of the parent population was not such that small or 
largo values of the observations occurred with relatively small frequency. We will 
take a second' hypothesis, Hypothesis B, that the sample has been drawn from 
a rectangular population. The maximum range as shown by the sample 
n 988 ~ 25 B* 963. This is most probably the modal range of samples from the 
parent population = (ii - 2) hjin — 1)* = 5, where b is the range of the parent 

population. Hence 6 *» x 963 *= 997*39286. This seems a good value to take for 
the range of the parent population. Table XIV, column (b) gives the observations; 
(o) the probability integrals; (d) their logarithms, with their sum, leading to the 
incomplete F-function Pa^ = / (29, 6*2168,5177), the evaluation of which by 3® 
interpolation from the IncoJiiplete T-I'unction Tables is equal to ‘77905, and 
Qx^ = ■22096. 

Accordingly almost 22 of samples of sets of observations from a rectangular 
parent of the above range would be more improbable than the observed set, and 
the Hypothesis A is seen to be much more probable than Hypothesis B, although 
if Hypwbhesis B had been first tried and its probability, *22095, computed, many 
sbatisbiciana would have been content with its “reasonableness,” and not have 
proceeded further. Now the strange feet is that the observations were actually 
taken as the first three figures of the first six seta of five on sheet XXIV of 
Tippett’s Mandom So/mpUng Nwrnbers^ and may therefore be supposed to form a 
random sample of 30 from' a rectangular parent population of range 1000. Our 
new method should enable us fairly readily to compare the probability of different 
hypotheses. But the main point to be noted is that because one hypothesis has a 

* JSiowwtriJIta, 'Vol. xxiii. p. 894. 
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TABLE XIV, 

Test for Ractangukcrily of Parent Population Jrom Pample. 


Index 

No. 

Observa- 

tion 

ft® (l) 

-i-osT-stass 

w 

kSi.Pi 

A 

No. 

- 

Obeerva- 

lien 

kl 

Pi* (8) 
■i-m 7-88288 

(4) 

ItStuPi 

1 

25 

•0201 

S'3»»,«7.17 

16 

886 

•6806 

I-&B5,898S 

% 

rm 

•flflU 

I'741,48«8 

17 

420 

•4211 

1-824,3862 

3 

m 

•5184 

1'714,6650 

18 

625 

■(12(10 

1-798, SAW 

4 

33 

•03.11 

2-S19,«!i60 

10 

368 

•3000 

I*SB1,(W4« 

n 

210 

•2105 

i ‘320,2521 

SO 

171 

•1714 

1-234,0108 

6 

041 

•6427 

1-H08.0083 

21 

fHlH 

•8705 

1-988,067.6 

7 

477 

•4782 

X'e78,(lO90 

22 

728 

•72fl« 

i -8(13,2834 

a 

316 

•3IBH 

i-Sal,{il8.1 

23 

0-19 

*8515 

1-978,4088 

9 

416 

•4191 

1-082,3177 

24 

17H 

•1785 

1 •2.61,8382 

10 

S77 

•8777 

I‘443,»789 

20 

120 

•1203 

H!«t),2866 

u 

m 

•5334 

I'727,0»30 

26 

144 

•1444 

1'1.69, 7(172 

ia 

400 

*4072 

i'G8»,»0S8 

27 

37 

•0371 

S-.79B,3739 

13 

671 

•6726 

t-H*7,B8(10 

28 

844 

•9465 

I-W70,1S0« 

H 

5i)5 

•6986 

I '776,8832 

28 

280 

•289H 

1-402,0984 

15 

152 

•1624 

I ■182,68.70 

30 

ft03 

•504.*J 

1-702,8890 

Pt vsluos rotainml ouly to four ploces 

log,i.X,-< 

•14-71«,2(M7 



6'ai08,5177)-.-77806® 


««6-ai68,Q177 

ywltigije 


very considerable probability end a higher probability than a iiooond, it doee not 
follow that it is reasonable to suppose that hypothesis to hold and another to be 
false, and hence draw oonolusions from the former holdingf. 

The effect of using email samples is to render it quite probable (probability 
»• '60 about 0 that a sample 'was drawn from a population differing very widely 
from the population out of which it was actually extracted. In short the fact that 
a hypothesis is even very probable in the case of a small sample by no means 
domonstratee that it is a "reasonable" hypothesis, and that actiortlingly inferences 
may be drawn from itj. All in fact that the present test and other tests besides 

• It t to (onna tom S*=A1>«, 11 mioiU a 78 - 5 W, 86 e sod Bui IU» 6 k lMr« than ths 

obeervAtioa 98S aad gives one pjrobiibili^ value »1’0096, i^e. > 1 1 

t The greater probability ot the uonu&l liypothesU U bare explioablo booftuee vre bstva (loo ooDstAnts 
to ditpose of, vrhlle in the ciaee of the rootAQglo, wo have only made use of the mmge, meaeuring It from 
the zero of observation. It is not very easy, short of approximations of oonaiderable length, to deter- 
mine the best ” aentre*' end the beat range of a reotengnlar population from a i^ven sample, and clearly 
any attempt to do so moves us away from the true parent population. 

t I have elsewhere {Bionutriha) Yol. xxiv. p. 871) iudloated that given two parent popoUUons as 
divergent in dietilbution as the normal and rectangular, it ie not possible to deny the truth of one or 
other hypothesis unless the sample approaches 100 to 180 In magnitade. 





Kaiil Pearson 


409 


cun *iu:hiiive if several hypotheses are found to have considerable probability 
is 1)0 test their relatius reasonableness, and even this may deceive us, as just 
exemplified. 


Canclnmcms. 

(i) A vei'y general test, the P*,, test, has been discussed which seems to the 
writer to involve fewer Fipproximations and aaaumptiona than the test. Ho would 
emphaaise its iKlvantagea in this respect in the case of small samples, where it 
appeara to him that the application of the P^i test may well lead to erroneous oon- 
cluslons, for it fails in stringency. 


(ii) The P).„ is not olaimcd to bo a test of maximum stringency, but as having 
a very wide field of application, especially when the constants of unknown parent 
populations are given their moat probable values. The method which proceeds 
from these values seems to him as effective as attempting to find tests, which involve 
only sample values. 


(ill) The teat involves determining probability integrals, but tables of suoh 
integrals am now largely available and more will shortly be published. 


(iv) It appeals first to the principle of independent probabiUties, to ascertain 
the probability of more improbable individual ooourrenoss, and then starting from 
this proliability measures the probability of all sets of occurrences, — not necessarily 
greater in each individual variate but more improbable as a whole set. 

(v) A number of illustrations are provided to indicate the breadth of the 
method, and in partioular its value in the comparison of hypotheses. 


(vi) The writer ondoavours to emphasise a point which has, be thinks, not always 
been sufficiently regaided, namely that because a set of occurrences is found on 
a selected hypothesis Si not to be very improbable by test A, it does not o ow 
that that hypothesis may bo safely regarded as applying to the occurrences. A more 
stringent teat if may show Si to be very improbable, or either or both tests, A m 
B, may show another hypothesis if > to be far more probable. In other wor a a es 
may suffice to allow us reasonably to reject a hypothesis, but only ri^ y (.an 
generally in the coses where there is large previous experience) justi ea us , 
accepting the hypothesis as a rule of oonduot, or as a mode of extracting ur 
information from our data, 


(vii) Lastly, emphasis should be laid on the point that while 
integrals for a gjven investigation should all be measured in one “ ’ 
dirootion may initially be either direction. In other words, a very mg 
calculated to arouse our suspicion as well as a very low Pk„. Bea y 
needs to be borne in mind with nearly all tests, in particular with tne r-, x ■ 
Px* is a probability integral of the curve measured in a Particular ^ 
there is no more valid reason for initially meaaunng it in one and n PP 

direction, than in the case of the normal curve probability integra , a , 
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she uf the sample is not too small, upproeching r.era, nr A* approaching- itnity 
is as definito a warniiig m x* large and f** approaching zero. Those con- 
aideratioM iito equally valid when we consider P*,, which should approach the 
valiii! ’5 with increasing size, of sample if the probability integrals are truly random, 
but marked deviation either way from this value is a warning that something i» 
improbable either in the sampling or in the hypothesis from which the probability 
integrals have been deduced. 

The presen t paper would have been impossible without the usfi of the Incomplete 
B- and T-Functian Tables. The author has gratefully to aoknowiedge the aid in 
computing work of Miss S'. N. David under a grant from the Doimrtment of 
Scientific and Industrial Research. 

Note, added December 6, U)B3. 

After this paper had been set up Dr Egon S. Pcarwm drew my attention to 
Seetion 21T in tins Fourth Edition of Professor It A. Fishar's Sialistml Methods 
for Ressaroh Workers, 1932, Professor Fisher is brief, but his method is osseiitially 
what I had thought to ba novel, Ho uses, however, a x‘ method, not my incomplete 
P-function solution ; this explains the relation referrtsd to in the footnote on p. 3H3 
of my paper, As my paper was already set up and illustratos, more amply than 
Professor Fisher's two pages, some of the advantages and some of the difiicultios 
of the new method, which may be helpful to atudonte, I Imve allowed it to stand, 

K, P. 
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(I) The Dtstrlhution of pj in samples of 4 from a Normal Universe. 


Br A. T. JIciCAY, 

The estunated value of {(i., is tliG atatiablc 

«=,;■ — p 

Let UH employ the orthogonal triuiaformatiom 

2a'i= ‘fi + i/s+l/A+'/t 

i!.i's=.-yi+y2-y:i+y, 

^rj= -!/ i ~!/ t +!/ a+!/A 
2ii= yi-ya-yj+yr. 

Ill 3 3 

noting that 2(a:,-,i)=Sy„ etc., then 

18S(*,,-:i:')i = {(yi+y3+y3)*+(yi+Ki-2/a)‘+(yi+y2-?/:|)' + (ys+2/;i-yi)^} 


.( 1 ). 


.( 2 ), 


,..,(3). 


Sinuo the exproaflion on the right-hand side of (3) is cyclical and uniiUored by a change of 
sign of any variable, we may infer that 

10s(jV-aO*=dtyiHyaHys7-h«(y,iy2Hy.ry;iH,rfj'i^) (4). 

Giving suitable values to llie variables, we can raidily find rl=4, 5«=16, whence 




( 5 ). 


Now since the expression oii the right-hand side of (1) lias I'tmr yariablos but only three 
degrees of freedom, we should bo able to osoeidain the range of fluctuation of ft by ocuBidoring 
bho expi-oesion (ftj, Write yi*- A', yj’= V, ; then 


, xr+YZ+zx 


(C). 


DiSforontiating partially with rospoot to each of tho throe variables in turn and enuating to 
xoio, we derive 

Y(r-X)+z(z-X)=o- 

X(X^r)YZ{Z-Y)=0 • (7), 

X{X-z)+r[r-Z)=o^ 

from which it follows that there is a tnniing value when X=^ Y= Z, Further, since 


3X« ays a^*”27a* 


27-2 
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when }'«« ^a)ia>0, we win cfnicludi*. tlirtt 



iri^R[KW:tiv« of tb(! charfict^r of fclio imrenl uiiivci'jw. 

Let im now return to our lu&in iiroliloin. Wo »oo from (A) that it ia iwwnmirj' Im intrgralr. 


..L. e~^ (10) 

(a>r)» 

over a triply inlinito hold conditioned by 



Tranaform to pokr ooowlinattM by writing yi»rco«^, yj«»r«in d- aw<#>, strain 6 .«in hnncc 
wluatioii (10) beomnoH 

(IS). 

(2w)' 

and condition (11) rcduoos tn 

ifl < . »iu*^ . oon’t/) < Ic^• Aw (13), 

whore 0 and 

Integrating out tho r*toi*w in (la) and writing ooKd** -x. Sd» in (iJi) «nd (13., wc?, may 
derive (2/»r) dx.d^ in iilaee of (18) and 

w < -i-* (I |0 w + Aw (M), 

wliero now 0<.r<l and 0<4>^fr/3 indicafco tho limite of the fidd of inUKration which in in bo 
conditioned by tho linit inccinality. The momentti of the diutrihutinn of co alHint t)m origin Hto 
thus given by 

a i**/* ri 



»r J (I JQ 

By expanding the Intogmud by tho binomial thoonutnond i>orfi)miiig tho inttjgration tonn 
by term, wo find 

1 Ln., . ,> . ir(*-4)ir(i-+8) 

+ 2'2‘ .IM2!)* J ' ' 

lloiioo w tliet if /i rofers to tho raomonU of tk idKiut lUu 

moan, ^a«0-1210fl, -OWfifi, /^«iOl3JM27(f, 5,»0‘33873, /jfa»2‘30045. 

llotnnjiug now to (13) oiul tho remarks which procodo it, wo ixmoludo that if ^(w) m tho 
distribution which is being Hought, then 

... 3 fS* j 1 / dx ,,_v 

where the limits of the integral aro auoh thatx runs ftroui 0 to 1 nubjoct to the (Mindllion 




< 17 ), 


(»-»»+»•} 


In order to find tho aiipropriate limite, wo oonaider tho family of curves defined hy 


.( 10 ), 



X 




and j-dujwrj in thn f<>ll*>wiiig diagratn. We note from Equation ( 18 ) that only values of X in the 
unblnu-leil part, of t,\jc diagram arc coiisiatent with our requiraments. 



Tlmre aro plainly two caaOH bo consider. 

Cojw (i). 

Lot tho curve mavkod /I ho rogavdod aa a typical curve foi this case. Then bhora are two 
indepondout raitgfis which satiafy our condituniH, i.e. 

(1) 0^1 

and (2) 


Ctu(e{i\)> 

Hbi"© tre take i? os a typical curve, which shows that there is only one poasible range, vi>:, 

(3) 

By writing \^0 and iu Equation (19)> wo readily find 

(, ’1 

h + Vl— 4if) I ,.(20 

(I +2n/i “ 3m) j" 

If now in (L7) we change the variahle by, writing a^^t, we conclude 


/!0 * 0 S « i (®1) 

■ (*2), 

J It 

,/-'(()={« (to - 1 + (4- (1 - 0*- 


where 


Miscdlunea 


-tu 


Iviit US tlow luako tlio wulKstitiition 

- ...(24), 

ilicii <«»). 


wi'itiug i () “-JJwji «i=.siu « wbcMJ 've liiid 


f/i (/'•)* 


a a-nfl fti'i . 


,<n 


1 .. 11. 


ubnij 04 g»f ( 20 ) 

iW 

whflt) 


-B/a 

HubstituUng 5>=*.\^“-Tr^fi, :k*«Tr/2+itf, ami noting iliatsin we dctduee 

ri(()p)t«-- . I ^ , II ig {2S) 

^ 7r(l-3jo)Uo (2coK£-Zc«wrf^f 


J (■■'■ 

"■/ii ii 


rff 


Kllr- Sj+i(l~3ir)lcoK£! 


m. 


Tho (irat of tlH!«o iiitegrulN (28) m a Mciilor Intogml, hmiw 

’’ 't^} 

wlidil utid -yssfllw- 

Tho W’ltioiid integral (20) may Ikj written 

,(,{»)-- ’ ,r , (aUi 

w(9»~a)‘Jo (l+(«i«fo>)* 

tile integrftucl of wliicU otui Iw ox[jtttidod by tho binoinia) thwirom and iiilcgrateil Urm by term 
to yiolcl 

1 i ' : y<) i <«<!i ‘•'***)- 

Wo note in paasiug tliat this last equation may also bo written 




whero iroproMontH tho Li^ondro Function of the Houond kind. 

By writing (^•— I) in CHiimtiona (30) and (32), we finally find that tlio distrilmUon of 
iu aamples <if four from a uoniml univorso ia given by /(je), where 


whui'oy ;w(9j; - 17)/(7 


“s (to -T t)* O' ^ *' »*) 


wlion 1 

when (39), 


Tho ohiof cliatiwteriMticM of tlim distribution aro shown in the aocoraii^ying diagram. Owing 
to tho extroine iHHiculty of calculating tJie vaJiios of the hyi>or-geometrio funcUnma tin's )»ul to 
bo ornittod, so that tlie two curves have znoroly boon ekotolied iu. Slmuld, however, it prove 
desirable to have an exact knowledge of the form of these curv^ the proctjduro indicated iu the 
previous paper* would most likely prove of considerable assistimoo. 


/ihmelrika, Vol. xxv. Parfa i andzr (1988) (Miacellaneiv). 
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(il) A Wote on the DUtrlbuHon of Bange In Samples of n. 

Ht A. T. UoKAV, M.So., iHB E. S. PEARSON, D.So. 

In ft i-eeftnl imijer* wio of the piwiDfc writore ha* pfovidod a tuhlo giving certain ^reentage 
limits for the dtotributioo of mng« In minples from a normal population. Thoae hmite were 
obtained cm Uw ««uinptlon that tho dUtribution could bo adotiuatoly reproBontad by Pearson 
ourvtM Uftving the iippropriato moraant ooolBoiiinta. Tho thoorotioal treatment m Boo ion ( ) 
Wow, while following th« gonoml method of approach provioualy omployod, leads to certain new 
roaiilte regarding the form of tho rniigc ourvo at tho terminals, and also provides the enact 
dlatrihtttioii of range in the caaa of aamplos of 3 from a normal population. In this lattor case, 
thomtore, it matoa ponnibl® ft ohook on the aoouraoy of the published table. 

( 1 ) Thm^e^iG&l TreaWmi* 

Let ^ bo a random Bample of » from a universe defined in the interval ( - 6, n) fo 

x by the probability frinotlon q. 


* E. S. Pearson, JKomelrflw, 'Vol. xsrv. p. 416. 
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Til luul tire dintrilmticm of tlio niiigo, i.o. Uio tmmi-.ri™l vaiuo of tlin liiirwliiiiT, lasUiren tire 
graiti!«t mill li>iu<t iil«i'vatimw iii a random uniinile of n, wc rwiiiiro tn iiitfgmto 

dni.-.ib:, (3) 

ov’<‘i' nn aiiphtprintc* 

r:iiiiKiili!f liny pair of viiliiiia J'l and .r, mlci'tisd from the group "f >i- Tlifii lire .■..nijmmid 
prolmbility that tho»o two valucH avo Um exttomea nf llw gnatp, .r| laiiug llii^ liwt aim .rg tUu 
gft'jiUiHt, anil at tht! mim time givo a valup of t(i« miigw }& ami w+fiw;-. nmnd 

by int<^r{itiiig thw c^xpreKaiuii (2) <>vor nil valuoa of J’l mul HilVytjct the comlitumH 

xi<x^<Xi r«^a, -I, a 

ami J 

Sinat, Imwevert ttie pair of vilIuch .*■[ ami Xj can l»c imlecLcd lu ».(o -*1) cliflurent ItiR Utlal 

probability required !« to lni derivoil by miiltiplyiiig the reawHa (tf the iuU'gratidiii by ii {n ■" 1 ). 

TInm if this riquirtsd distribution fiuiclion i« 0<»ph wc liml 

c/i (ir) 8ir»ll (n~ 1) J ^/(iti)/i.r,) (|''/(a-)if.ry i-i), 

where tlie llrnita of the iiitogralB for .C| nitd aro ch«w!iii tit Hatlsfy tim juM'nuui CiOitiitiuii of 
Equiviiou (g). 

Li*t US now tranaform the variable by tins Hubalilutioiin 

(.Va+Xi)«Ws^jJ. 



Thtin condition (:}) veciuiiaw that we integrate throughout the ahadtsd Htrip In the diagram. TIip 
liinita for a avo therefore » and « +A«, while thoao for r are ~ h mid {« s/2 - ii). Hence* 

(5), 

or substituting and 

\«-3 

^ '^''7 

where tlie range For to is from 0 to (a + h). 


..(6b 





Mi»(xUanea 


417 


\ . niMlriljnlUm gf tliR Uuugc in ftamiiLcH of n from a ReGtangiilar Uiiiverfio*. 
lo thin I, wlmnou 

<fi *^ic“->(2-w) P). 

2. Dialriliutiuu <if tliu )i(Uigu in uamiiloH <>f n from a Straight Linu Universe. 
Tftka -“.r} 0^a!^2, 

•»0 4?<:0ftini>l, 

th)»l /»ri®n iuiil //sal, than ftftcr a aimplo integration and roduetuin wb find 

a ' W-1) + V+i) - l-TTir-} 


Kmm/)^p a. Thft dintribwtion of tho Kaugo in samplea of 3 from o. Normal Universe. 

n*»3,/(,r)«« and iu Kquation (0), whence 

sfUir 

♦w-r.;?/:.--- 

Putting .r«« CV+O »^nd changing the order of integration, we get 

<#. IZ„ /!. <^“^1/ 

fw/a , 

“ }. 

(writing w«V|y) 

The il'th moinoiit, /i*., of thia diatributlon alwut the origin is 

/v<i-'"«r'''''«-"‘"rfKrfw=-5a r 

Ja w^/2y^ Jo 

Writing yesK/ic, ohangivig the order of integration and integrating for tv in the last equation, 
iv« Ihtd 

aH^xo.r^^+i^ ^ 

7r^2 Jv (1 + 2^“)**“’*'®* 

Sub«titutitig *’*w(|/^2) tati $ (u the latter integral, wo ftnttUy derive 


;iifc«^x2*+*r 

To olifcalu sotno idea of the character of tho range curi’o in the neighbourhood of its toi'minals, 
f'oi’ the £vi^o 'lit whJoli tho parout univerwe extends from —a? to +•‘=0, we oan approxima e aa 
follows, • 

Supposing w is very large, the term 

Tiiis has already been given by J. Neyinan and E. S. PeatBon, hiometrifea, Vol. xx^. p. 210. 
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nf Equation (0) tenda to unity, thuH wo Infer that 

j ^ 

l^rovlded w ia large onuugh. On tlie nUiar Iiaud^ whftii w i» very hiowII, wi* iniay wHio 

J 

whence we infer that 

0(!o)~m(!i- 1) m'-’J t/WJ" 

provid(Mi M IB Hinall enough. 


There tIoe« not appear to he any ready rnoanA of detcnuiiiing the tuscur/u^y tif the appmsi- 
matioua (15) .and (Ifl), hut it i« [lOBHibltt tlini they may l>c of asKialaneo ili aolocUtrg a suitable 
appitixiuiatimi curve, when pn^co^iug tu find a rango dietrilHiUon by indirect niethmlf*. 

(2) Applicalitm in the Ca4« of Suin^ile* of ^ from a Normti^ Popu^atim. 

Uaiiig Etpiation (ll) Uns oifUnatoa of the fraqiieucy curve, ware obtained with the help 
of tiiblca of the iiontml curve. Tiic«e onlinaiCiM have Wn cnitnimriMl in Table I with Ihows 
previtiunly oalculatod from a i'earaem Typo t curved. It will 1>6 wiwn that Lhn great^mt mlative 
lUffoi’onoe oucurK at tho utart of thn curvea. From Uic practivuil inunl of view, we am wmofumed 


TABLE L 


Comparison of ordinates 


. J(A) true iimreiic^i ruju/e ettn^ (n ® 3). 
((B) JiUed Pearson ourm. 


Eaoge 

Ordinalea 


OidinalMK I 

.... 

Bangn 

Ordinates 

A. 

11. 


A. 

B, 


B. 

•1 

5*5 

3dl 

V7 

42*1 

41-2 

3 '3 

9*1 

m 

•2 

10-D 

9*2 

V« 

40*6 

30*4 ! 

a '4 

7*R 

H*3 

•3 

10'1 

15*2 

VO 

38*« 

37*5 

3*5 

B'T 

7*1 

•4 

21M 

2V1 

2*0 

36*5 

36-3 

3'fi 

B-7 

O'l 

*5 

25-7 

20-5 

2*1 

34*2 

33*1 

37 

4*H 

.5*2 

•6 

SH'9 

3V3 

2-3 

3V« 

30‘9 

3'H 

41) 

J-3 

*7 

33*7 

35-4 

2*3 

29*4 

28-0 

3-8 

3*1 

3<8 i 

•d 

30^0 

30*7 

a*4 

27*0 

2(J'3 

4*0 

2'H 

30 

*D 

3D'a 

4V4 

8*5 

M-t) 

24*1 

4*1 

S*3 

2*5 

VO 

‘tva 

‘l3-» 

a*a 

22*2 

2V9 

4*2 

I'H 

2*IJ 

M 

43*3 

44‘5 

27 

20'0 

18-a 

•1-3 

1-S 

l-o 

I'i 

14*4 

45*1 

B-6 

17*8 

17*8 

4*4 

V2 

1-3 

1‘3 

44-0 

46*2 

2-9 

‘ 15*8 

15‘9 

4-5 

1*0 

I'O 1 

Vd 

44'« 

44‘fl 

3*0 

13*9 

U-l 

4'fl 

0*8 

0’8 I 

vri 

44*3 

43-9 

3*1 

IS-2 

12*5 

4*7 

0-6 

O'M 

V6 

J3-1 

42-7 

3*2 

lO’C 

II-O 

4'8 

0*5 

O’S 


N.B. — The unit for range ia tho population standard deviatloiij and the curvoa are calculatod 
ao that tho area under each is 100, The-tails of the curves extend of course l>©yoncl 


Loc. cit, This curve was made to start at ws=0, nod given the correct first throe motnant 
ooefhoieutfl. 
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with the Mkfit nf error hi itORtiion of. the iwreentage limits calculated from the approximate 
oiirva rhw may Ikj man in Tahlo TI, where the limits are given for : 

A, 'I he true tsurvo of Equation (U), obtained by quadrature and backward interpolation. 

11 1 lis I’oaraoii curve ; the Htnits arc taken from the row, 7i=3, of the publislied table*. 

A Norimd mtrve having eorroct menu and standard deviation, namely ?r=l-6926 


TABLE II. 


Percentage limits /<»' range (n « 3 ) calculated by various methods. 


Curve used 

Lower Limits 

Upper Limits 

0-5 7 „ 



10 °/o 

10 °/o 


l“/o 

0-6 7 , 

A, Truucun’o 

'13 

'19 

*43 

-82 

2-90 

3*31 

4'12 

4‘43 

B. Pojvnwu curve 

■17 

•22 

•45 

•63 

2*92 

3-34 

4-10 

4*36 

Q. Korinal curve 

«-' 0 O 

-•37 

•23 

•66 

2 -B 3 

3'16 

3'76 

3'98 


Tho Inrgiwt dlflbrenoo between A aud B (of '07 */♦) occurs at the upper 0'f> 7^ limit, the second 
largest (of *04) at the lower O'O */, limit ; otherwise the difforonceB are *03 or less. Since the 
approxhiiAto method niigiit be expected to give least satisfactory agreement for this case of 7i=3 
(whore the distriUitiou cuiwo for range has greatest skownces), these reaulta seem to confirm the 
opirnon previoiwly given when publishing tho tables: "the addition of a 3rd decimal place in 
the liroite would dearly bo moaningloSH, but tho roteution of the 2nd decimal appoam worth 
while t." 

Limits calculated by using a normal curve (C) have boon shown in Table II to emphasise 
tluj fact that while tho Poarsou curve (B) may not lead to mathematically exaot limits, it 
provides! a far more aocumto and useful approximation than can be obtained by the crude 
method (0). 


(3) LimUtfig A’m/i o/<j!)(w). 

Finally it noomcid of inUirwt to make a trial of the terminal formula (15). When the 
pwpuhition samplod is normali we have 




Whence we obtniu 


(n-1) 1 

“2^ J 



-4» 

(17). 


.Ij P" ^7£<ito=n(ii-l)xi(l-a,) 

J IP v2ir 

( 18 )> 


wheffojpw w, and a* ia in the notation of Sheppard's Tables. 
V* 


Loe, cit. p. 416. 


+ Loe. cit. p. 405 . 
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Fur //a» 3 , \vt 5 olitnin fruin ( 18 ). 

A.. -05 (r)"/. Umitli -01 (I "U ) 

H- ji'.'jy 4‘lfj 4’4(i 

ihn Uist. two nf which yrr in very clow aj^iiwinenl with tlic tiMui limits ijiveii in Table U. 


For iirid n«< IlH), thts fullnwlng coiii)iAH«otiii urn nhUunml: 


n®s 60 
^* = 100 


(IH) 

fi-HO 

«*:n 

n-fia 

Table A uf previoua jiaiwr 

5fl4 

«-38 


Kqimtiuii (IH) 


O'Ta 

ni>3 

Tallin A of ju'cviims 

01j8 

t5*(« 

RHR 


'VJ 


In fchoBG ciweR Uio true pfwitinn <»f the limitH Ih not of t!Oumi kn»wt3. It however, 

likely tliut fur the. minntion (IHj may low! hi an njijjro.xinintiofi of ooiwtclRmhln pi-iictical 

value whoii limits arcs n^juinHi iKjyoiid Um range of Unwe tallied, e,g. either fur or 


(iii) On a Recurrence Relation oonneoted with the Double 
BeBsel Funotlonfl and 7 'rj,T,(‘f). 

Hv tlflNSTANGE M. KKillV, Ihi.D. 


A rouiirrfincfi relation ia nwiulrod for 





wlinw 

^Iw 2- + 


and 

'^V..^.W-2-rtTi)*' //-'•«-!)'■ W+i)'"-* 


whore 




thoiiuml)ors(xxxvii)and (xxix) referring to Uio definition of »‘nrt Vi^ in ProfoaBor 

Karl Pearaen's imitor in Bumtlriht, VoL xxv. i>p. I5ft -178. ' ’ 

Wtt have by (xliii) of tha Bnmo paper 


Alan 


Write 



. w - (" +;ir7) n..,. 

l<itBgmtii>(5, 





~('’+S.-7)-^n.'. 



Miscdlanea 


4i2l 


llnilijiljing {.vliii hit) by c'Pi wc have 

'' ' I . 'a ’ ■ I s ;!. 1 + ( 2I - if ■''I ’ ^ £. „.1 W 


I ntflgniliiig 


■''1. '» * - 1 's-1 - 1)* " } j/' “ 


2 i .-2 
** 


“ 2p“^ /o di 'j-l * 

■j 4,-t, tj-i + (pj _ j’j) - /j * * 

" ai^l ■” ^Tj- 1 , T,-i (*) + jTTi 4 i-i, r,-i 

- 1 , ’s-i ■*■ ki- iV ~ 1 ^ 4 ) /o "" Vb’t-i 




( 2 ). 


lining (1) tnoliminatn j 




'"i kT,,T,W-^n,,,W+ ((’■'■ 2 ;,-i') 4.,4 

P-U'"V 2 p-ljj 


4 , ..,“ 4 ,- 1 ,. ,- 1 +: 


'' 2|.-1 


■(nj 


\ 2 p-V 


"Un-U 


2 p 






Writing 


T|-ri Ji-n ^ 
n + r , 2 r-l 


1 -p' 


I* 4,.,, “ 4, -I,, 1-1 + ] _ ,« ^4,.*, (*) “ 4],. I 


i-«» , 


1 - k “ * 


i.O. 4..T.“rr3 4,.l.„-J+ 


■''l.'i l-p*''!-!,**-* ■ l-p» 

whi«U iti tbs rotjuired twvtmnai tormiila. 




